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Part I. 


On some Cases of Fluid Motion 


1. Introductory Notes 


The equations of Hydrostatics are founded on the principles that the mutual 
action of two adjacent elements of a fluid is normal to the surface which separates 
them, and that the pressure is equal in all directions. The latter of these is 
a necessary consequence of the former, as has been shewn by Mr. Airy!. An 
exactly similar proof may be employed in Hydrodynamics, by which it may be 
shewn that, if the mutual action of two adjacent elements of a fluid in motion 
is normal to their common surface, the pressure must be equal in all directions, 
in order that the accelerating force which acts on the centre of gravity of an 
element may not become infinite, when we suppose the dimensions of the element 
indefinitely diminished. In Hydrostatics, the accurate agreement of the results of 
our calculations with experiments, (those phenomena which depend on capillary 
attraction being excepted), fully justifies our fundamental assumption. The same 
assumption is made in Hydrodynamics, and from it are deduced the fundamental 
equations of fluid motion. But the verification of our fundamental law in the case 
of a fluid at rest, does not at all prove it to be true in the case of a fluid in motion, 
except in the very limited case of a fluid moving as if it were solid. Thus, oil is 
sufficiently fluid to obey the laws of fluid equilibrium, (at least to a great extent), 
yet no one would suppose that oil in motion ought to be considered a perfect 
fluid. It would appear from the following consideration, that the fluidity of water 
and other such fluids is not quite perfect. When a mass of water contained in a 
vessel of the form of a solid of revolution is stirred round, and then left to itself, it 
presently comes to rest. This, no doubt, is owing to the friction against the sides 
of the vessel. But if the fluidity of water were perfect”, it does not appear how the 
retardation due to this friction could be transmitted through the mass. It would 
appear that in that case a thin film of fluid close to the sides of the vessel would 
remain at rest,? the remaining part of the fluid being unaffected by it. And in this 
respect, that part of POISSON’s solution of the problem of an oscillating sphere, 
which relates to friction, appears to me in some degree unsatisfactory. A term 
enters into the equation of motion of the sphere depending on the friction of the 
fluid on the sphere, while no such term enters into the equations of motion of the 
fluid, to express the equal and opposite friction of the sphere on the fluid. In fact, 
as long as we regard the fluidity of the fluid as perfect, no such term can enter. 
The only way by which to estimate the extent to which the imperfect fluidity of 


See also Professor Miller’s Hydrostatics, page 2. 
?This is the case for liquid helium-4, a Superfluid which behaves like a fluid with zero viscosity. 
3In nowadays language a Boundary Layer 


1. Introductory Notes 


fluids may modify the laws of their motion, without making any hypothesis as to 
the molecular constitution of fluids, appears to be, to calculate according to the 
hypothesis of perfect fluidity some cases of fluid motion, which are of such a nature 
as to be capable of being accurately compared with experiment. The cases of that 
nature which have hitherto been calculated, are by no means numerous. My object 
in the present paper which I have the honour to lay before the Society, has been 
partly to calculate some such cases which may be useful in determining how far we 
are justified in regarding fluids as perfectly fluid, and partly to give examples of 
the methods by which the solution of problems depending on partial differential 
equations may be effected. 

In the first seven articles, I have mentioned and explained some general principles, 
which are afterwards applied. Some of these are not new, but it was convenient 
to state them for the sake of reference. Others are I believe new, at least in their 
development. In the remaining articles, I have given different problems, of which I 
have succeeded in obtaining the solutions. As the problem to be solved is usually 
stated at the head of each article, I shall here only mention some of the results. 
As a particular case of the problem given in Art. 8., page 29, I find that, when 
a cylinder oscillates in an infinitely extended fluid, the effect of the inertia of the 
fluid is to increase the mass of the cylinder by that of the fluid displaced. In part 
of Art. 9., page 36, I find that when a ball pendulum oscillates in a concentric 
spherical envelope, the effect of the inertia of the fluid is to increase the mass of 
the ball by sea times that of the fluid displaced, a being the radius of the 
ball, and b that of the envelope. POISSON, in his solution of the problem of the 
sphere, arrives at the strange result that the envelope does not at all retard the 
oscillating sphere. I have pointed out the erroneous step by which he was led to 
this conclusion, which I am clearly called upon to do, in venturing to differ from 
so high an authority. Of the different cases of fluid motion which I have given, 
that which appears to be capable of the most accurate and varied comparison with 
experiment, is the motion of fluid in a rectangular box which is closed on all sides, 
given in Art. 13., page 57. The experiment consists in comparing the calculated 
and observed times of oscillation. I find that when the motion is small, the effect 
of the fluid on the motion of the box is the same as that of a solid having the same 
mass, centre of gravity, and principal axes, but having different moments of inertia, 
these moments being given by infinite series, which converge with great rapidity. I 
have also in Art. 11., page 47, given some cases of progressive motion, deduced on 
the supposition that the same particles of fluid remain in contact with the solid, 
which do not at all agree with experiment. 

In almost all the cases given in this paper, the problem of finding the permanent 
state of temperature in the several solids considered, supposing the surfaces of those 
solids kept up to constant temperatures varying from point to point, may be solved 
by a similar analysis. I find that some of these cases have been already solved by 
C. DUHAMEL in a paper ” Sur la méthode générale relative au mouvement de la 
chaleur dans les corps solides plongés dans des milieux dont la température varie 
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avec le temps” inserted in the 22nd Cahier of the Journal de l’Ecole Polytechnique. 
Paris, 14, 1833.4 The cases alluded to are those of the temperature in a solid 
sphere, and in a rectangular parallelepiped. Since, however, the application of the 
formulee in the two cases of fluid motion and of the permanent state of temperature 
is different, as well as the formule: themselves to a certain extent, I thought it 
might be worth while to give them. 


“nttps://gallica.bnf.fr/ark:/12148/cb34378280v/date 
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2. Theoretical Considerations on the 


Motion of Incompressible Elastic 
Fluids 


1. The investigations in this paper apply directly to incompressible fluids, as the 
fluids spoken of will be supposed to be, unless the contrary is stated. The motions 
of elastic fluids may in most cases be divided into two classes, one consisting of 
those condensations on which sound depends, the other, of those motions which 
the fluid takes in consequence of the motion of solid bodies in it. Those motions of 
the fluid, which take place in consequence of very rapid motions of solids, (such as 
those of bullets), form a connecting link between these two classes. The motions 
of the second class are, it is true, accompanied by condensations, and propagated 
with the velocity of sound, but if the motions of the solids are not great we may, 
without sensible error, suppose the motions of the fluid propagated instantaneously 
to distances where they cease to be sensible, and may neglect the condensation. 
The investigations in this paper will apply without sensible error to this kind of 
motion of elastic fluids. 

In all cases also the motion will be supposed to begin from rest, which allows us 
to suppose that udx + vdy + wdz is an exact differential dé where u, v and w 
are the components, parallel to the axes of x, y, and z, of the whole velocity of 
any particle. In applying our investigations however to fluids such as they exist 
in nature, this principle must not be strained too far. When a body is made to 
revolve continually in a fluid, the parts of the fluid near the body will soon acquire 
a rotatory motion, in consequence, in all probability, of the mutual friction of the 
parts of the fluid; so that after a time udx + vdy + wdz could no longer be taken 
an exact differential. It is true that in motion in two dimensions there is one sort 
of rotatory motion for which that quantity is an exact differential; but if a closed 
vessel, filled with fluid at first at rest, be made to revolve uniformly round a fixed 
axis, the fluid will soon do so too, and therefore that quantity will cease to be an 
exact differential. For the same reason, in the progressive motion of a solid in a 
fluid, the effect of friction continually accumulating, the motion might at last be 
sensibly different from what it would be if there were no friction, and that, even if 
the friction were very small. In the case of small oscillatory motions however it 
would appear that the effect of friction in the forward oscillation, supposing that 
friction small, would be counteracted by its effect in the backward oscillation, at 
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least if the two were symmetrical. In this case then we might expect our results 
to agree very nearly with experiment, so far at least as the time of oscillation is 
concerned. 

The forces which act on the fluid are supposed in the following investigations to 
be such that X dx + Y dy+ Z dz is the exact differential of a function of x, y and 
z, where X, Y, Z, are the components, parallel to the axes, of the accelerating 
force acting on the particle whose co-ordinates are x, y, z. The only effect of such 
forces, in the case of a homogeneous, incompressible fluid, being to add the quantity 
p: J (Xdx+Y dy + Zdz) to the pressure, the forces, as well as the pressure due 
to them, will for the future be omitted for the sake of simplicity. 


2. It is a recognised principle, and one of great importance in these investigations, 
that when a problem is determinate, any solution which satisfies all the requisite 
conditions, no matter how obtained, is the solution of the problem. In the case of 
fluid motion, when the initial circumstances and the conditions with respect to the 
boundaries of the fluid are given, the problem is determinate. If it were required 
to find what sort of steady motion could take place between given surfaces, the 
problem would not be determinate, since different kinds of steady motion might 
result from different initial circumstances. 

It may be well here to enumerate the conditions which must be satisfied in the 
case of a homogeneous incompressible fluid without a free surface, the case which 
is considered in this paper. We have first the equations, 


p ao 1; 
1 dy 
ea: ee A 
p dy W2, ( ) 
p doe 35 
putting 

_ du du du ; du 

ON de de dy ae 


and 2, w3 for the corresponding quantities for y and z, and omitting the forces. 
We have also the equation of continuity, 


du dv dw 
et a = 0: B 
dx dy dz . 8) 


Equation A and Equation B hold at all times for all points of the fluid mass. 

If o be the velocity of the point (x,y,z) of the surface of a solid in contact with 
the fluid resolved along the normal, and v the velocity, resolved along the same 
normal, of the fluid particle, which at the time ¢ is in contact with the above point 
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of the solid, we must have! 
v=0 (a) 


at all times and for all points of the fluid which are in contact with a solid. 
If the fluid extend to infinity, and the motion at first be zero at an infinite distance, 
we must have 


u=0, v=0, w=0, at an infinite distance. (b) 


An analogous condition is, that the motion shall not become infinitely great about 
a particular point, as the origin. 

Lastly, if up, v9, Wo, be the initial velocities, subject of course to satisfy Equation B 
and Equation a, we must have 


U=U9, VU=U, W=wW, when t=0. (c) 


In the most general cases the equations which u, v and w are to satisfy at every 
point of the mass and at every time are Equation B and the three equations 


dw, = dws 


dy dx’ 

se () 
dz dy ” 

dw3 day, 

dc dz- 


These equations being satisfied, the quantity @w,dxz + wady + w3dz will be an 
exact differential, whence p may be determined by integrating the value of dp given 
by Equation A. Thus the condition that these latter equations shall be satisfied is 
equivalent to the condition that the Equation C shall be satisfied. 

In nearly all the cases considered in this paper, and in all those of which the 
complete solution is given, the motion is such that udxz + vdy + wdz is an exact 
differential dg. This being the case, the Equation C are, as it is well-known, always 
satisfied, the value of p being given by the equation 


p dé 1 dé\*  /dd\? (dd? 
OS a | | ; (D) 
p de “2 dx dy dz 
w(t) being an arbitrary function of t, which may if we please be included in ¢. In 
this case, therefore, the single condition which has to be satisfied at all times, and 


‘For greater clearness, those equations which must hold for all values of the variables, within 
limits depending on the problem are denoted by capitals, while those which hold only for certain 
values of the variables, or of some of them, are denoted by small letters. The latter class serve 
to determine the forms of the arbitrary functions contained in the integrals of the former. 
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at every point of the mass is Equation B, which becomes in this case 


2 2 2 
Oe ged (E) 
dg? * dy® ~ dz? 


In the case of impulsive motion, if uo, Vg, Wo, be the velocities just before impact, 
u, v, w, the velocities just after, and g the impulsive pressure, the Equation A are 
replaced by the equations 


1 dq 

—-—=-u+u 

p ae 0; 

1d 

Ses Sa tips, (F) 
p dy 

1 dq 

SSS SW WO 5 

p dz 


and in order that these equations may be satisfied it is necessary and sufficient 
that (wu — uo) dx + (vu — vo) dy + (w — wo) dz be an exact differential dé, which gives 


G=C— pd. 


The only equation which must be satisfied at every point of the mass is Equation B, 
which is equivalent to Equation E, since by hypothesis uo, vp, and wo satisfy 
Equation B. The conditions according to Equation a and Equation b remain the 
same as before. 

One observation however is necessary here. The values of u, v and w are always 
supposed to alter continuously from one point in the interior of a fluid mass to 
another. At the extreme boundaries of the fluid they may however alter abruptly. 
Suppose now values of u, v and w to have been assigned, which do not alter abruptly, 
which satisfy Equation B and Equation C as well as the conditions according to 
Equation a, Equation b and Equation c, or, to take a particular case, values which 
do not alter abruptly, which satisfy the Equation B and the same conditions, and 
which render udx +v dy+w dz an exact differential. Then the values of e - and 
de will alter continuously from one point to another, but it does not follow that 
the value of p itself cannot alter abruptly. Similarly in impulsive motion the value 
of q may alter abruptly, although those of a a and ee alter continuously. Such 
abrupt alterations are, however, inadmissible; whence it follows as an additional 
condition to be satisfied, 


that the value of p or q, obtained by integrating Equation A 
or Equation F, shall not alter abruptly from one point of the (d) 
fluid to another. 
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An example will make this clearer. Suppose a mass of fluid to be at rest in a 
finite cylinder, whose axis coincides with that of z, the cylinder being entirely filled, 
and closed at both ends. Suppose the cylinder to be moved by impact with an 
initial velocity C’ in the direction of x; then shall 


wea C6, Cal. TSU: 


For these values render udx + vudy-+w dz an exact differential dé, where ¢@ satisfies 
Equation E; they also satisfy Equation a; and, lastly, the value of g obtained by 
integrating Equation F, namely, C’ — Cpx, does not alter abruptly. But if we had 
supposed that @ was equal to Cx + C’6, where 6 = tan~! (4), the Equation E and 
the condition according to Equation a would still be satisfied, but the value of q¢ 
would be C” — p- (Cx + C’6), in which the term pC"’6@ alters abruptly from 27pC’" 
to 0, as @ passes through the value 27. The condition according to Equation d then 
alone shews that the former and not the latter is the true solution of the problem. 
The fact that the analytical conditions of a problem in fluid motion, as far as those 
conditions depend on the velocities, may be satisfied by values of those velocities, 
which notwithstanding correspond to a pressure which alters abruptly, may be 
thus explained. Conceive two masses of the same fluid contained in two similar 
and equal closed vessels A and B. For more simplicity, suppose these vessels and 
the fluid in them to be at first at rest. Conceive the fluid in B to be divided by 
an infinitely thin lamina which is capable of assuming any form, and, at the same 
time, of sustaining pressure. Suppose the vessels A and B to be moved in exactly 
the same manner, the lamina in B being also moved in any arbitrary manner. It is 
clear that, except for one particular motion of the lamina, the motion of the fluid 
in B will be different from that of the fluid in A. The velocities u, v, w, will in 
general be different on opposite sides of the lamina in B. For particular motions of 
the lamina however the velocities u, v, w, may be the same on opposite sides of it, 
while the pressures are different. The motion which takes place in B in this case 
might, only for the condition according to Equation d, be supposed to take place 
in A. 
It is true that Equation A or Equation F, could not strictly speaking be said to hold 
good at those surfaces where such a discontinuity should exist. Still, to avoid the 
liability to error, it is well to state the condition according to Equation d distinctly. 
When the motion begins from rest, not only must udx + vdy + wdz be an exact 
differential dd, and u, v, w, not alter abruptly, but also ¢ must not alter abruptly, 
provided the particles in contact with the several surfaces remain in contact with 
those surfaces; for if this condition be not fulfilled, the surface for which it is not 
fulfilled will as it were cut the fluid into two. For it follows from the Equation D 
that “ must not alter abruptly, since otherwise p would alter abruptly from one 
point of the fluid to another; and a neither altering abruptly nor becoming infinite, 
it follows that ¢ will not alter abruptly. Should an impact occur at any period of 
the motion, it follows from Equation F that this cannot cause the value of ¢ to 
alter abruptly, since such an abrupt alteration would give a corresponding abrupt 
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alteration in the value of q. 


3. A result which follows at once from the principle laid down in the beginning 
of the last article is this, that when the motion of a fluid in a closed vessel which is 
at rest, and is completely filled, is of such a kind that udz+vudy-+w dz is an exact 
differential, it will be steady. For let u, v, w, be the initial velocities, and let us 
see if the velocity at the same point can remain u, v, w. First, udx + vdy + wdz 
being an exact differential, Equation A will be satisfied by a suitable value of p, 
which value is given by Equation D. Also Equation B is satisfied since it is so at 
first. The condition according to Equation a becomes v = 0, which is also satisfied 
since it is satisfied at first. Also the value of p given by Equation D will not alter 
abruptly, for “ = 0, or a function of t, and the velocities &c. are supposed not 
to alter abruptly. Hence, all the requisite conditions are satisfied; and hence, (Art. 
2., page 18) the hypothesis of steady motion is correct.” 


4. In the case of an incompressible fluid, either of infinite extent, or confined, 
or interrupted in any manner by any solid bodies, if the motion begins from rest, 
and if there be none of the cutting motion mentioned in Art. 2., page 18, the 
motion at the time t will be the same as if it were produced instantaneously by the 
impulsive motion of the several surfaces which bound the fluid, including among 
these surfaces those of any solids which may be immersed in it. For let u, v, w, 
be the velocities at the time t. Then by a known theorem udzx + vdy + wdz will 
be an exact differential dé, and @ will not alter abruptly (Art. 2., page 18). @ 
must also satisfy Equation E, and the conditions according to Equation a and 
Equation b. Now if u’, v’, w’, be the velocities on the supposition of an impact, 
these quantities must be determined by precisely the same conditions as u, v, and 
w. But the problem of finding wu’, v', w’, being evidently determinate, it follows 
that the identical problem of finding u, v and w is also determinate, and therefore 
the two problems have the same solution; so that 


This principle has been mentioned by M. CAUCHY, in a memoir entitled Mémoire 
sur la theorie de la propagation des ondes a la surface d’un fluide pesant, in the first 
volume of the Mémoires presented to the French Institute, page 14, 1827. It will 
be employed in this paper to simplify the requisite calculations by enabling us to 
dispense with all consideration of the previous motion, in finding the motion of the 
fluid at any time in terms of that of the bounding surfaces. One simple deduction 
from it is that, when all the bounding surfaces come to rest, each element of the 


2N.B. It is only within a space which is at least doubly connected that such a motion is possible. 
Thus in the example given in the preceding article , the axis of the cylinder, where the velocity 
becomes infinite, may be regarded as an infinitely slender core which we are forbidden to cross, 
and which renders the space within the cylinder virtually ring-shaped. 
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fluid will come to rest. Another is, that if the velocities of the bounding surfaces 
are altered in any ratio, the value of ¢ will be altered in the same ratio. 
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5. In calculating the initial motion of a fluid, corresponding to given initial motions 
of the bounding surfaces, we may resolve the latter into any number of systems 
of motions, which when compounded give to each point of each bounding surface 
a velocity, which when resolved along the normal is equal to the given velocity 
resolved along the same normal, provided that, if the fluid be enclosed on all sides, 
each system be such as not to alter its volume. For let u’, vu’, w’, v’, a’, be the 
values of u, v, &c., corresponding to the first system of motions; u”, uv”, &c., the 
values of those quantities corresponding to the second system, and so on; so that 


" 
u=utu +e, 
" 
v=v tute, 
/ " 
WW Pw Pees 


/ " 
VS=Y+V +::-, 


o=oa to"+-:. 


Then since we have by hypothesis u’ dz + v' dy + w’ dz an exact differential d¢’, 
u" da + uv" dy + w" dz an exact differential dé”, and so on, it follows that udax + 
vdy + wdz is an exact differential. Again by hypothesis 1’ = o’, v’ = 0”, &c., 
whence vy = o. Also, if the fluid extend to an infinite distance, u, v, and w must 
there vanish, since that is the case with each of the systems wu’, vu’, w’, &c. Lastly, 
the quantities ¢’, ¢”, &c., not altering abruptly, it follows that ¢, which is equal to 
go’ +¢"+---, will not alter abruptly. Hence the compounded motion will satisfy all 
the requisite conditions, and therefore, (Art. 2., page 18) it is the actual motion. 

It will be observed that the pressure p will not be obtained by adding together 
the pressures due to each of the above systems of velocities. To find p we must 
substitute the complete value of ¢@ in Equation D. If, however, the motion be very 
small, so that the square of the velocity is neglected, it will be sufficient to add 
together the several pressures just mentioned. 

In general the most convenient systems into which to decompose the motion of the 
bounding surfaces are those formed by considering the motion of each surface, or 
of a certain portion of each surface, separately. Such a portion may be either finite 
or infinitesimal. In fact, in some of the cases of motion that will be presently given, 
where ¢ is expressed by a double integral with a function under the integral sign 
expressing the motion of the bounding surfaces, it will be found that each element 
of the integral gives a value of @ such that, except about the corresponding element 


3. Superposition of different motions 


of the bounding surface, the motion of all particles in contact with those surfaces 
is tangential. 
A result which follows at once from this principle, and which appears to admit of 
comparison with experiment, is the following. Conceive an ellipsoid, or any body 
which is symmetrical with respect to three planes at right angles to each other, to 
be made to oscillate in a fluid in the direction of each of its three axes in succession, 
the oscillations being very small. Then, in each case, as may be shewn by the same 
sort of reasoning as that employed in Art. 8., page 29, in the case of a cylinder, 
the effect of the inertia of the fluid will be to increase the mass of the solid by a 
mass having a certain unknown ratio to that of the fluid displaced. Let the axes 
of co-ordinates be parallel to the axes of the solid; let x, y, z, be the co-ordinates 
of the centre of the solid, and let M, M’ M”", be the imaginary masses which we 
must suppose added to that of the solid when it oscillates in the direction of the 
axes of x, y, z, respectively. Let it now be made to oscillate in the direction of a 
line making angles a, 3, y, with the axes, and let s be measured along this line. 
Then the motions of the fluid due to the motions of the solid in the direction of 
the three axes will be superimposed. The motion being supposed to be small, the 
resultant of the pressures of the fluid on the solid will be three forces, equal to 
2 2 2 

M cos(a) - a M' cos({8) - | M" cos(7) - a4 
respectively, in the directions of the three axes. The resultant of these in the 
direction of the motion will be M,*3, where 


M, = M - cos*(a) + M’ - cos?(8) + M” - cos?(7). 


Each of the quantities M, M’, M” and M,, may be determined by observation, and 
we may find whether the above relation holds between them. Other relations of 
the same nature may be deduced from the principle explained in this article. 
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6. Conceive two solids, A and B, immersed in a fluid of infinite extent, the whole 
being at rest. Suppose A to be moved in any manner by impulsive forces, while B is 
held at rest. Suppose the solids A and B of such forms that, if either were removed, 
and the several points of the surface of the other moved instantaneously in any 
given manner, the motion of the fluid could be determined: then the actual motion 
can be approximated to in the following manner. Conceive the place of B to be 
occupied by fluid, and A to receive its given motion; then by hypothesis the initial 
motion of the fluid can be determined. Let the velocity with which the fluid in 
contact with that which is supposed to occupy B’s place penetrates into the latter 
be found, and then suppose that the several points of the surface of B are moved 
with normal velocities equal and opposite to those just found, A’s place being 
supposed to be occupied by fluid. The motion of the fluid corresponding to the 
velocities of the several points of the surface of B can then be found, and A must 
now be treated as B has been, and so on. The system of velocities of the particles 
of the fluid corresponding to the first system of velocities of the particles of the 
surface of B, form what may be called the motion of A reflected from B; the motion 
of the fluid arising from the second system of velocities of the particles of the 
surface of A may be called the motion of A reflected from B and again from A, and 
so on. It must be remembered that all these motions take place simultaneously. It 
is evident that these reflected motions will rapidly decrease, at least if the distance 
between A and B is considerable compared with their diameters, or rather with 
the diameter of either. In this case the calculation of one or two reflections will 
give the motion of the fluid due to that of A with great accuracy. It is evident 
that the principle of reflection will extend to any number of solid bodies immersed 
in a fluid; or again, the body B may be supposed to be hollow, and to contain 
the fluid and A, or else A to contain B. In some cases the series arising from the 
successive reflections can be summed, in which case the motion will be determined 
exactly. The principle explained in this article has been employed in other subjects, 
and appears likely to be of great use in this. It is the same for instance as that of 
successive influences in Electricity. 


7. If a mass of fluid be at rest or in motion in a closed vessel which it entirely 
fills, the vessel being either at rest or moving in any manner, any additional motion 
of translation communicated to the vessel will not affect the relative motion of 
the fluid. For it is evident that on the supposition that the relative motion is 
not affected the Equation B and the condition according to Equation a will still 
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be satisfied. Also, if @,, @2, w3, be the components of the effective force of any 
particle in the first case, and U, V, W, be the components of the velocity of 


translation, then 


aw av 
Wi ae? W2 ae W3 dt ’ 


will be the components of the effective force of the same particle in the second case. 
Now since by hypothesis w, dx + w2 dy + w3 dz is an exact differential, as follows 
from Equation C, and U, V, W, are functions of t only, it follows at once that 


dU dV dw 
(= ir) a+ (we ip) av (24 1) 


is an exact differential, where x, y, z, are the co-ordinates of any particle referred 
to the old axes, which are themselves moving in space with velocities U, V, W. 
But if x71, y1, 21, be the co-ordinates of the same particle referred to parallel axes 
fixed in space, we have 


nat f Uae, mayt [ Vat, naat | Wat, 


whence, supposing the time constant, dx = dx,, dy = dy, dz = dzj, and therefore 


dU dV dw 
(= ake (=: i) an (=: ai ) ae 


is an exact differential. Hence, Equation A can be satisfied by a suitable value of p. 
Denoting by p the pressure about the particle whose co-ordinates are x, y, x, in 
the first case, the pressure about the same particle in the second case will be 


edihzal haa 
P eo gee! gee! aes | @ 


none of the terms of which will alter abruptly, since by hypothesis p does not. 

Since then the present hypothesis satisfies all the requisite conditions, it follows 
from Art. 2, page 18 that this hypothesis is correct. If YF be the additional effective 
force of any particle of the vessel in consequence of the motion of translation, 
and we take new axes of 2’, y’, z’, of which the first is in the direction of F, the 
additional term introduced into the value of the pressure will be —p.¥ 2’, omitting 
the arbitrary function of the time. The resultant of the additional pressures on the 
sides of the vessel will be equal to Y multiplied by the mass of the fluid, and will 
pass through the centre of gravity of the fluid, and act in the direction of —z’. 


28 


4, Reflection 


4.1. Motion between two cylindrical surfaces having 
a common axis 


8. Let us conceive a mass of fluid at rest, bounded by two cylindrical surfaces 
having a common axis, these surfaces being either infinite or bounded by two 
planes perpendicular to their axis. Let us suppose the several generating lines of 
these cylindrical surfaces to be moved parallel to themselves in any given manner 
consistent with the condition that the volume of the fluid be not altered: it is 
required to determine the initial motion at any point of the mass. 

Since the motion will take place in two dimensions, let the fluid be referred to polar 
co-ordinates r, 6, in a plane perpendicular to the axis, r being measured from the 
axis. Let a be the radius of the inner surface, b that of the outer, f(@) the normal 
velocity of any point of the inner surface, F'(@) the corresponding quantity for the 
outer. 

Since for any particular radius vector between a and 6 the value of @ is a periodic 
function of 6 which does not become infinite, (for the motion at each point of each 
bounding surface is supposed to be finite), and which does not alter abruptly, it 
may be expanded in a converging series of sines and cosines of # and its multiples. 
Let then 


@ = Py + S— [Pn + cos(nB) + Qn + sin(nd)] . (4.1) 
1 
Substituting the above value in the equation 
d d@é do 
F ‘ = 4.2 
dr ¢ a) ag °° ce 


which ¢ is to satisfy, and equating to zero the coefficients of corresponding sines 
and cosines, which is allowable, since a given function can be expanded in only 
one series of the form according to Equation 4.1, we find that Py) must satisfy the 


equation 
r os r eas =0 
dr dr J’ 


of which the general integral is 


Po=A-ln(r) +B, 


29 


4, Reflection 


the base being e,' and P,, and Q,, must both satisfy the same equation, viz. 


i 
rae (r SB) - aR, =0, 


of which the general integral is 
C 
RSS ar". 
rr 


We have then, omitting the arbitrary constant in ¢, as will be done for the future, 
since we have occasion to use only the differential coefficients of ¢, 


@ = Ag: In(r +> { (= + Al, r*) - cos(n@) + (= + Bir") sin(n)} , (4.3) 


with the conditions 


de 
ae f(@) when r=a, (4.4) 
ae = F(@) when r=b. (4.5) 
dr 
Let 
f(8) = Co + se nr cos(n#) + D, -sin(n@)] , 
1 
F(6)=Cot+ pwler -cos(n@) + Di, - sin(né)] ; 
i 
so that 
1 27 
Co= sf £0) 08, 
2m Jo 
1 Qn 
C, = — af f(@’) - cos(n6’) dé’, 
Tm Jo 
1 QT 
Dr = =: | f (0) - sin(n6’) do’, 
m Jo 


‘In the original paper STOKES uses the notation log(x). In the following we always use the 
notation In(x), the Logarithmus naturalis. It is further 
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with similar expressions for C(, &c. Then the condition according to Equation 4.4 


gives 


whence, 


aE { (2a, + ater) stn 


+(- + Bia ot) -sin(n)} 


=C+ +) (C,, - cos(n@) + D,, + sin(nd)) ; 


Ao =a: Co, 
An toon-1 if 
qnrtl =e = 
By, 1 on-1 i 
qntl ae By, rT se Dn 


Similarly, from the condition according to Equation 4.5, we get 


Ap = 6-CG, 
An /yn-1 1 / 
nari si Cs 


Bn Iyn-1 if ! 
sari ~ Bnd = De 


It will be observed that a- Cp = b- Cj, by the condition that the volume of fluid 
remains unchanged, which gives 


20 20 
af reyao=o- [ F (6) a6’. 


From the above equations we easily get 


az" b2" 


n-: (per = a2”) : {or : CG. Tad ae) : or ’ 


and, changing the sign of n, 


1 


A, = 2n) er iC, Sar Cas 


n-(b"—a 
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with similar expressions for B, and B’,, involving D in place of C. 
We have then 


(oe) 


1 1 
@=a-Co-In(r) 4 teen — 
0 2 (b2” — a2n) 


{ [(o"** - CL —a™** -C,) - cos(né) 


az" p2” 
+ (b-"!. Di —a-™1. D,) - sin(n6)] - a 
4 [BC a0)  cas(nt 
ua Cee ‘ Di ts q?hti : Dn) : sin(n@)| : a ; (4.6) 


which completely determines the motion. 

It will be necessary however, (Art. 2., page 18), to shew that this value of @ does 
not alter abruptly for points within the fluid, as may be easily done. For the 
quantities C,,, D, cannot be greater than 4 : a +f (0) d6, where each element of 
the integral is taken positively; and since by hypothesis f(@) is finite for all values 
of # from 0 to 27, it follows that neither C;, nor D, can be numerically greater than 
a constant quantity which is independent of n. The same will be true of C!, and 
Di. Remembering then that r > a and r < b, it can be easily shewn that the series 
which occur in Equation 4.6 have their terms numerically less than those of eight 
geometric series respectively whose ratios are less than unity; and since moreover 
the terms of the former set of series do not alter abruptly, it follows that ¢ cannot 
alter abruptly. The same may be proved in a similar manner of the differential 
coefficients of @. The other infinite series expressing the value of @ which occur 
in this paper may be treated in the same way: and in Art. 10., page 41, where @ 
is expressed by a definite integral, the value of @ and its differential coefficients 
will alter continuously, since that is the case with each element of the integral. It 
will be unnecessary therefore to refer again to the condition according to Equation d. 


If the fluid be infinitely extended, we must suppose C’, and D!, to vanish in 
Equation 4.6, since the velocity vanishes at an infinite distance; we must then make 
b infinite, which reduces the above equation to 


n+l 


“— . {C,, + cos(nd) + Dp + sin(nd)} . (4.7) 


@ = aCo- In(r) — S- 
1 


nn: 


This value of @ may be put under the form of a definite integral: for, replacing Co, 
C, and D, by their values, it becomes 


Soinir)- [ s@)a0- 2.92 (2) [01 -cosin- 0-120 


n 
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which becomes on summing the series 


a on al a \/ a j a hee 
svn): f po aat + %. | In 1—2-— -cos(@ — 6) + 5 - FO) de; 


whence 


ee. pf" 1 ar-cos(9 — 6') — a? t(0") a0" 
dr oar Jo |2. r2—2ar-cos(6 — 6’) + a? 


If we suppose r to become equal to a, the quantity under the integral sign vanishes, 
except for values of 6’, which are indefinitely near to 0. The value of the integral 
itself becomes 7m - f(@).2 Hence it appears, that to the disturbance of each element 
of the surface, there corresponds a normal velocity of the particles in contact with 
the surface, which is zero, except just about the disturbed element. The whole 
disturbance of the fluid will be the aggregate of the disturbances due to those of 
the several elements of the surface. The case of the initial motion of fluid within a 
cylinder, and the analogous cases of motion within and without a sphere, which 
will be given in the next article, may be treated in the same manner. 


The velocity in the direction of r given by Equation 4.7, (= a), 


= £20 > (2) (6, - cos(n8) + Dy sin(nd)} 


and that perpendicular to r, and reckoned positive in the same direction as 6, 
(= 5 a9) 


¥ Cu -{C,, - sin(n@) — Dy, - cos(n@)} . 


Conceive a mass of fluid comprised between two infinite parallel planes, and suppose 
that a certain portion of this fluid contains solid bodies bounded by cylindrical 
surfaces perpendicular to these planes. The whole being at first at rest, suppose 
that the surfaces of these solids are moved in any manner, the motion being in two 
dimensions. Conceive a circular cylindrical surface described perpendicular to the 
parallel planes, and with a radius so large that all the solids are comprised within 
it. Then, (Art. 4., page 22), we may suppose the motion of the fluid at any time 
to have been produced directly by impact. On this supposition the initial motion 
of the part of the fluid without the above cylindrical surface will be determined in 
terms of the normal motion of the fluid forming that surface, as has just been done. 
If Co be different from zero, then, at a great distance in the fluid, the velocity will 


be ultimately aC and directed to or from the axis of the cylinder, and alike in 


2Porsson, Théorie de mathématique la Chaleur, chap. VII, Paris 1835, https: //books. google. 
de/books?id=uvc_AAAAYAAJ&h1=de&source=gbs_navlinks_s 
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all directions. Since the rate of increase of volume of a length / of the cylinder is 
equal to 


2a 
la [ f (0) d&’ = 2rlaCy, 
0 


it appears that the velocity at a great distance is proportional to the expansion 
or contraction of a unit of length of the solids. If however there should be no 
expansion or contraction, or if the expansion of some of the solids should make 
up for the contraction of the rest, then in general the most important part of the 


motion at a great distance will consist of a velocity C’eos() directed to or from 
C’ sin(91) 
r2 


re 
the centre, and another perpendicular to the radius vector, the value of C’ 
and the direction from which 6, is measured varying from one instant to another. 


The resultant of these velocities will vary inversely as the square of the distance. 


Resuming the value of @ given by Equation 4.6, let us suppose that the interior 
cylindrical surface is rigid, and moved with a velocity C in the direction from which 
0 is measured, the outer surface being at rest: then f(@) = C’- cos(6), F'(@) = 0; 
whence C; = C, and the other coefficients are each zero. We have then 


Cras {7 


Coe 


z 7 -cos(0) . (4.8) 
Suppose now that the inner cylinder has a small oscillatory motion about an axis 
parallel to the axes of the cylinders, the cylinders having their axes coincident in 
the position of equilibrium. Let ~ be the angle which a plane drawn through the 
axis of rotation, and that of the solid cylinder at any time makes with a vertical 
plane drawn through the former. The motion of translation of the axis of the 
cylinder will differ from a rectilinear motion by quantities depending on 77: the 
motion of rotation about its axis will be of the order w, but will have no effect on 
the fluid. Therefore in considering the motion of the fluid we may, if we neglect 
squares of w, consider the motion of the cylinder rectilinear. The expression given 
for @ by Equation 4.8 will be accurately true only for the instant when the axes of 
the cylinders coincide; but since the whole resultant pressure on the solid cylinder 
in consequence of the motion is of the order w, we may, if we neglect higher powers 
of w than the first, employ the approximate value of ¢ given by Equation 4.8. 
Neglecting the square of the velocity, we have 


seit 
eae a 


In finding the complete value of sd it would be necessary to express @ by co-ordinates 
referred to axes fixed in space, which after differentiation we might suppose to 
coincide with others fixed in the body. But the additional terms so introduced 
depending on the square of the velocity, which by hypothesis is neglected, we may 
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differentiate the value of ¢ given by Equation 4.8 as if the axes were fixed in space. 
We have then, to the first order of approximation, 


do qa’. bee 
Co eae spine -cos(0) . 


If 1 be the length of the cylinder, the pressure on the element Ja - d@, resolved 
parallel to x and reckoned positive when it acts in the direction of x, 


Z pla? . $C br ; 
Sea a + ap -cos"(6) dé; 


and integrating from # = 0 to @ = 27, we have the whole resultant pressure parallel 
to x 
b? + a? x. dC 
= ~ (B — a2) 3 Tpla 7 aE : 
dc 


Since G is the effective force of the axis, parallel to x, and that parallel to y is 
of the order 7?, we see that the effect of the inertia of the fluid is to increase the 
mass of the cylinder by Gottsy - 44, where jt is the mass of the fluid displaced. This 
imaginary additional mass must be supposed to be collected at the axis of the 
cylinder. 

If the cylinder oscillates in an infinitely extended fluid, it follows that b = oo, and 
the additional mass becomes equal to that of the fluid displaced. This appears 
to be a result capable of being compared with experiment, though not with very 
great accuracy. Two cylinders of the same material, and of the same radius, but 
whose lengths differ by several radii, might be made to oscillate in succession in a 
fluid, at a depth sufficiently great to allow us to neglect the motion of the surface 
of the fluid. The time of oscillation of each might then be calculated as if the 
cylinder oscillated in vacuum, acted on by a moving force equal to its weight minus 
that of the fluid displaced, acting downwards through its centre of gravity, and 
having its mass increased by an unknown mass collected in the axis. Equating the 
time of oscillation so calculated to that given by observation, we should determine 
the unknown mass. The difference of these masses would be very nearly equal to 
the mass which must be added to that of a cylinder whose length is equal to the 
difference of the lengths of the first two, when the motion is in two dimensions. 
This evidently comes to supposing that, at a distance from the middle of the longer 
cylinder not greater than half the difference of the lengths of the two, the motion 
may be taken as in two dimensions. The ends of the cylinders may be of any form, 
provided that they are all of the same. They may be suspended by fine equal wires, 
in which case we should have a compound pendulum, or attached to a rigid body 
oscillating above the fluid by means of thin flat bars of metal, whose plane is in 
the plane of motion. Another way of getting rid of the motion in three dimensions 
about the ends would be, to make those ends plane, and to fix two rigid planes 
parallel to the plane of motion, which should be almost in contact with the ends of 
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the cylinder. 


4,2. Motion between two concentric spherical 
surfaces.—Motion of a ball pendulum enclosed in 
a spherical case 


9. Let a mass of fluid be at rest, comprised between two concentric spherical 
surfaces. Let the several points of these surfaces be moved in any manner consistent 
with the condition that the volume of the fluid be not changed: it is required to 
determine the initial motion at any point of the mass. 

Let a, b, be the radii of the inner and outer spherical surfaces respectively; then 
employing the co-ordinates r, 6, w, where r is the distance from the centre, 6 the 
angle which r makes with a fixed line passing through the centre, and w the angle 
which a plane passing through these two lines makes with a fixed plane through 
the latter. The value of ¢ corresponding to any radius vector comprised between a 
and b can be expanded in a converging series of LAPLACE’s coefficients. Let then 


b=VtVit---tVat-=, 


V,, being a LAPLACE’s coefficient of the n™ order. 
Substituting in the equation, 


Prd 1 clare gam d@ 1 do 
: : : : =, 
"ar?" sin(@) | dd (sin | sin’(0)  du2 
which ¢ is to satisfy, employing the equation 
1 d dV, 1 dV, 
1) a (eine | 4 pan ail. 4.9 
te) VRE ay ae (sin 99 ) sin2(0) dus? ae 


and then equating to zero the LAPLACE’s coefficients of the several orders, we find 


d@rv, 


The general integral of this equation is 


nr oy 
Vi, =Cr + pnt 5 
where C and C” are functions of 9 and w. Substituting in Equation 4.9, and 
equating coefficients of the two powers of r which enter into it separately to zero, 
we find that both C and C’ satisfy it, and therefore are both LAPLACE’s coefficients 
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of the n** order. We have then 
ioe) ‘ Ze 
b= D0 (Yar + Se) (4.10) 
0 


where Y,, and Z,, are each LAPLACE’s coefficients of the n“ order, and do not 
contain r. Let f(@,w) be the normal velocity of the point of the inner surface 
corresponding to 6 and w, F'(0@,w) the corresponding quantity for the outer; then 
the conditions which ¢ is to satisfy are that 


de 
oF = f(0,w) when r=a, 
de 
A = F(0,w) when r=b. 


Let f(@,w), expanded in a series of LAPLACE’s coefficients, be 


PtPt+t---4 motte 


which expansion may be performed by the usual formula, if not by inspection: then 
the first condition gives 


oe) 


0 


0 
and equating LAPLACE’s coefficients of the same order, we get 


ie: (n+1)-Z, 


Let F'(0,w), expanded in a series of LAPLACE’s coefficients, be 


P+ PL +e + Plt; 
then from the second condition, we get 


(n+1)-Zp 


n—-1 
n-Y,b"™ — pnt 


= (4.12) 
From Equation 4.11 and Equation 4.12 we easily get 


Pest? = Poa? 


Yn = n> (b2nti — q2ntt) ’ 
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Qnt1p2n+1 Py, P, 
igi) Um {ey — Pe } 


Zn ) 
(n +1) - (2741 — g2nt1) 


provided n be greater than 0. If n = 0, we have 


Lo Lo 
Sree s) os = Pi. 


But the condition that the volume of the fluid be not altered, gives 


T 20 T 2a 
2 2 - Qj — 2 2 ~Qy 
a i / f(0,w) - sin(@) dO dw = b / : F(0,w) -sin(@) dO dw, 


or Ana? Py = An0' PF, . 


which reduces the two equations just given to one. 
We have then, omitting the constant Yo, 


Po: a? — 1 / n+2 n+2 n 
= perce [FR = Poa) 
1 


qztl . bentl Pp P, 1 
(n+1) . (a ~ as , =a} (4.13) 
which determines the motion. 


When the fluid is infinitely extended, we have P’ = 0, since the velocity vanishes 
at an infinite distance, and b = oo, whence 


qr? . 


eS enya n+1) a. 


It may be proved, precisely as was done, (Art. 8., page 29), for a motion in two 
dimensions, that if any portion of an infinitely extended fluid be disturbed by 
the motion of solid bodies, or otherwise, if all the fluid beyond a certain distance 
from the part disturbed were at first at rest, the velocity at a great distance will 
ultimately be directed to or from the disturbed part, and will be the same in all 
directions, and will vary as +. The coefficient of J will be proportional to the rate 
of gain or loss of volume of the part disturbed. If however this rate should be zero, 
then the most important part of the velocity at a great distance will in general be 


that depending on the term ae in @. Since the general form of P, is 


A-cos(@) + B-sin(@) cos(w) + C - sin(@) sin(w) , 


we easily find, by making use of rectangular co-ordinates, changing the direction 
of the axes, and then again adopting polar co-ordinates, that the above term in 
@ takes the form sea 9, being measured from some line passing through the 
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origin. The motion will therefore be the same as that round a ball pendulum in an 
incompressible fluid, the centre of the ball being in the origin; a case of motion 
which will be considered immediately. In order to represent the motion at different 
times, we must suppose the velocity and direction of motion of the ball to change 
with the time. 

The value of @ given by Equation 4.13 is applicable to the determination of the 
motion of a ball pendulum enclosed in a spherical case which is concentric with 
the ball in its position of equilibrium. If C’ be the velocity of the centre of the ball 
at the instant when the centres of the ball and case coincide, and if 6 be measured 
from the direction in which it is moving, we shall have 


f(0) =C'-cos(9), F(#) =0; 
Set PaO eo. Teale... FP, SU, 


and the value of @ for this instant is accurately 


Cua b? 
“Bi is) . (+ | si) - cos(9) , 


which, when b = oo, becomes 


which is the known expression for the value of @ for a sphere oscillating in an 
infinitely extended, incompressible fluid. 

It may be shewn, by precisely the same reasoning as was employed in the case of 
the cylinder, that in calculating the small oscillations of the sphere the value of ae 


to be employed is 
a. b3 
“aay (« a - cos(9) ; 


and from the equation p= —p- e. we easily find that the whole resultant pressure 
on the sphere in the direction of its centre, and tending to retard it, is 


4 mpa® we de 
3 (b3 — a3) OT Oa?) dt’ 


and that perpendicular to this direction is zero. Since a is the effective force of 
the centre in the direction of the motion, and that perpendicular to this direction 
is of the second order, the effect of the inertia of the fluid will be to increase the 


mass of the sphere by a mass 


4  mpa° P\ +20? pb 
3° (68 — a3) \* ~ (8 —a3) 2 


’ 
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i being the mass of the fluid displaced; so that the effect of the case is, to increase 
the mass which we must suppose to be added to that of the ball in the ratio of 
(b? + 2a?) to (b? — a3). 

POISSON, in his solution of the problem of the oscillating sphere given in the 
Mémoires de l’Académie® arrives at a different conclusion, viz. that the case does 
not at all affect the motion of the sphere. When the elimination which he proposes 
at p. 563 is made, the last term of equation (f) p. 550 becomes 


oy LEC cee 
Qa2cr\- (l— dy) \ dt dt3 )’ 


where a is the velocity of propagation of sound, and 6 the ratio of the density of air 
to that of the ball, ¢ and ¢’ being functions derived from others which enter into 
the value of @ by putting r = c, where c is the radius of the ball. He then argues 
that this term may be neglected as insensible, since it involves 6 in the numerator 
and a? in the denominator, tacitly assuming that ae 4+ &C is not large since @ 


“des 
is not large. Now for the disturbances of the air which have the same period as 
those of the pendulum, “ is not large compared with @, as it is for those on which 


sound depends. Let then POISSON’s solution of equation (a), p. 547 of the volume 
already mentioned, be put under the form 


a lel-Z ero Dpee tr -2-P OD}, 


f' and F” denoting the derived functions, and all the LAPLACE’s coefficients except 
those of the first order being omitted, the value of ¢ just given being supposed to 
be a LAPLACE’s coefficient of that order. Then if we expand the above functions 
in series ascending according to powers of *, we find 


1 1 1 
b= 5 OF FO} py OF PO} + ay UO) — PMO} 
and in order that when a = oo this equation may coincide with Equation 4.10. 
When all the LAPLACE’s coefficients except those of the first order are omitted in 
that equation, it will be seen that it is necessary to suppose f’”(t) — F’”’(t), and 
therefore f(t) — F(t), to be of the order a?, while f(t) + F(t) is not large. Putting 
then 


% Mémoire sur les mouvements simultanés d’un pendule et de Vair environnant” in Mémoires 
de l’Académie des sciences, Tome 11, p. 521, 1832. https://gallica.bnf.fr/ark:/12148/ 
bpt6k3226g 
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we shall have 


C+ =x(t-S) +x (t+ 5) +08 fa (1-5) -a(t+5)}, 


so that 1c) contain a term of the order a”, and the term which POISSON 
proposes to leave out will be of the same order of magnitude as those retained. 
In making the experiment of determining the resistance of the air to an oscillating 
sphere, it would appear to be desirable to enclose the sphere in a concentric spherical 
case, which would at the same time exclude currents of air, and facilitate in some 
measure the experiment by increasing the small quantity which is the subject of 
observation. The radius of the case however ought not to be nearly as small as 
that of the ball, for if it were, in the first place a small error in the position of 
the centre of the ball when at rest might not be insensible, and in the second 
place the oscillations would have to be inconveniently small, in order that the 
value of @ which has been given might be sufficiently approximate. The effect of a 
small slit in the upper part of the case, sufficient to allow the wire by which the 
ball is supported to oscillate, would evidently be insensible, for the condensation 
being insensible in a vertical plane passing through the axis of rotation, since the 
alteration of pressure in that plane is insensible, the air would not have a tendency 
alternately to rush in and out at the slit. 


4.3. Effect of a distant rigid plane on the motion of a 
ball pendulum 


10. Although this problem may be more easily solved by an artifice, it may be well 
to give the direct solution of it by the method mentioned in Article 6., page 27. In 
order to calculate the motion reflected from the plane, it will be necessary to solve 
the following problem: 


To find the initial motion at any point of a mass of fluid infinitely extended, 
except where it is bounded by an infinite solid but not rigid plane, the initial motion 
of each point of the solid plane being given. 


It is evident that motion directed to or from a centre situated in the plane, the 
velocity being the same in all directions, and varying inversely as the square of the 
distance from that centre, would satisfy the condition that udx + vdy + wdz is 
an exact differential, and would give to the particles in contact with the plane a 
velocity directed along the plane, except just about the centre. Let us see if the 
required motion can be made up of an infinite number of such motions directed to 
or from an infinite number of such centres. 

Let x, y, z, be the co-ordinates of any particle of fluid, the plane xy coinciding 
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with the solid plane, and the axis of z being directed into the fluid. Let x’, y’, be 
the co-ordinates of any point in the solid plane: then the part of ¢@ corresponding 
to the motion of the element dz’ dy’ of the plane will be 


v(2', y') da’ dy! 
J@-2P+ yah +2 


and therefore the complete value of ¢ will be given by the equation 


v(a',y’) da’ dy’ fa 
| | aa aes 
ae 


The velocity parallel to z at any point = 


(a — #)? + (y —y')? + 27]? 


Now when z vanishes the quantity under the integral signs vanishes, except for 
values of x’ and y/ indefinitely near to x and y respectively, the function w(2’, y’) 
being supposed to vanish when 2’ or y’ is infinite. Let then ve’ =2+6€,y'’=y+y, 
then, € and 7 being as small as we please, the value of the above expression when 
z = 0 becomes 


™ 
—the limit of [. eg abn + Sy +1) db dy when z=0. 
feta +22) 


Now if w(2’, y’) does not alter abruptly between the limits x — & and «+ & of 2’, 
and y — 7, and y + 7, of y’, the above expression may be replaced by 


zd& dn 


—w(z,y) x the limit of cE i. J , 
€2 


+7? + 2? 
which is = —27-w(a,y). 
If now f(z’, y’) be the given normal velocity of any point (2’, y’) of the solid plane, 


the expression for @ given by Equation 4.14 may be made to give the required 
normal velocity of the fluid particles in contact with the solid plane by assuming 


w(a',y') = ars Sf). 


7 =f a f(a’, y’) da’ dy’ 
On Ja — 2’)? + (y— yy)? + 2? 


whence 
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This expression will be true for any point at a finite distance from the plane xy even 
when f(z’, y’) does alter abruptly; for we may first suppose it to alter continuously, 
but rapidly, and may then suppose the rapidity of alteration indefinitely increased: 
this will not cause the value of @ just given to become illusory for points situated 
without the plane xy. 

If it be convenient to use polar co-ordinates in the plane ry, putting x = q- cos(w), 
y=q-sin(w), 2’ = - cos(w’), y’ = qd - sin(w’) and replacing f(2’,y’) by f(d,w’), 
the equation just given becomes 


*. = fo ie f(q’,w’)q’ dq’ du’ 
On J+? — 2qq' - -cos(w — w') + 22 


To apply this to the case of a sphere oscillating in a fluid perpendicularly to a 
fixed rigid plane, let a be the radius of the sphere, and let its centre be moving 
towards the plane with a velocity C at the time t. Then, (Art. 4., page 22), we 
may calculate the motion as if it were produced directly by impact. Let h be the 
distance of the centre of the sphere from the fixed plane at the time t, and let the 
line h be taken for the axis of z, and let r, 0, be the polar co-ordinates of any point 
of the fluid, r being the distance from the centre of the sphere, and @ the angle 
between the lines r and h. Then if the fluid were infinitely extended around the 
sphere we should have 


Ca? - cos(@) 
= ——__~_—_ 4.15 
é = (4.15) 
The velocity of any particle, resolved in a direction towards the plane, = ae : 
cos(@) — ic¢ - sin(0) 
Ca? 
See {cos*@) — = sn(@)} 


For a particle in the plane xy we have 
r-cos(@)=h, r-sin(@)=q, 
and the above velocity becomes 
Ca - (2h? — q’) 
(n+ 4g?) 


We must now, according to the method explained in Article 6., page 27, suppose 
the several points of the plane xy moved with the above velocity parallel to z. We 


have then Ca! on? ”) 
roo a: —q 
f(¢,0") = 
(h? + q”)° 
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whence, for the motion of the sphere reflected from the plane, 


_ CA a3 oo 20 (2h? 45 q’”) q/ dq’ du’ sai 
ea *. (4.16) 
0 h2 + q’) ; Ve + q'? — 2qq' - cos(W = w") 4 22 


We must next find the velocity, corresponding to this value of ¢, with which the 
fluid penetrates the surface of the sphere. We have in general 


z=h-r-cos(@#), q=r-sin(6), 


whence 
1 
Ve + q’? — 2qq' - cos(w — w’) + 2? 
- 1 
JRF? +g? — hr - cos() — 2q'r - sin(@) cos(w — w') 


Now supposing the ratio of a to h to be very small, and retaining the most important 
term, the value of a when r = a will be equal to the coefficient of r when ¢ is 
expanded in a series ascending according to powers of r, 


Se a? [ [ (2h? — q*) - {h- cos(9) + q/ + sin(@) cos(w — w’)} q' dq! dw’ 
0 Jo 


An (h2 + q/2)4 
-. ess °° (2h? — q’*)q' dq Ca? - cos(6) 
= 504 h + cos(@) - i (4g aca (4.17) 


In order now to determine the motion reflected from the plane and again from the 
sphere, we must suppose the several points of the sphere to be moved with a normal 


velocity CaP cos) or, which is the same, we must suppose the whole sphere to be 
moved towards the plane with a velocity ae Hence the value of @ corresponding 


to this motion will be given by the equation 


Ca® - cos(8) 


os 16h3r2 ere) 
For points at a great distance from the centre of the sphere, the motion which is 
twice reflected will be very small compared with that which is but once reflected. 
For points close to the sphere however, with which alone we are concerned, those 
motions will be of the same order of magnitude, and if we take account of the one 
we must take account of the other. 


Putting g=r-sin(@), z = h—r-cos(@) in Equation 4.16, expanding, and retaining 
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the two most important terms, we have 


o=c-(K-Ses) . (4.19) 


K being a constant, the value of which is not required, and the second term being 
evidently found by multiplying the quantity at the second side of Equation 4.17 
by r. Adding together the parts of @ given by Equation 4.15, Equation 4.18 and 
Equation 4.19, putting r = a, replacing C' by x and taking for h the value which 
it has in equilibrium, just as in the case of the oscillating cylinder in Article 8., 
page 29, we have for the small motion of the sphere 


dé dG > _ 3a?) dc 
aK EAS (145) 


-cos(0) . 


The resultant of the part of the pressure due to the first term is zero: that due to 


the second term is greater than if the plane were removed in the ratio of 1 + jar 


to 1. Consequently, if we neglect quantities of the order ae the effect of the 


inertia of the fluid is, to add a mass equal to @ + 3 . =| - £ to that of the sphere, 


without increasing the moment of inertia of the latter about its diameter. The 
effect therefore of a large spherical case is eight times as great as that of a tangent 
plane to the case, perpendicular to the direction of the motion of the ball. 
The effect of a distant rigid plane parallel to the direction of motion of an oscillating 
sphere might be calculated in the same manner, but as the method is sufficiently 
explained by the first case, it will be well to employ the artifice before alluded to, 
an artifice which is frequently employed in this subject. It consists in supposing an 
exactly symmetrical motion to take place on the opposite side of the rigid plane, 
by which means we may evidently conceive the plane removed. 
Let the sphere be oscillating in the direction of the axis of x, the oscillations in 
this case, as in the last, being so small that they may be taken as rectilinear in 
calculating the motion of the fluid; and instead of a rigid plane conceive an equal 
sphere to exist at an equal distance on the opposite side of the plane xy, moving 
in the same direction and with the same velocity as the actual sphere. Let r, 0, w, 
be the polar co-ordinates of any particle measured from the centre of the sphere, 6 
being the angle between r and a line drawn through the centre parallel to the axis 
of x, and w the angle which the plane passing through these lines makes with the 
plane xz. Let r’, 6’, w’, be the corresponding quantities symmetrically measured 
from the centre of the imaginary sphere. 
If the fluid were infinite we should have for the motion corresponding to that of 
the given sphere 
Ca? - cos(@) 
a 


The motion reflected from the plane is evidently the same as that corresponding to 


(4.20) 
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the motion of the imaginary sphere in an infinite mass of fluid, for which we have 


Ca? - cos(6") 
== 4.21 
? Qrl2 ( ) 
Now 
r’ - cos(6’) = r- cos(@) , 
r’-sin(@’) sin(w’) = r- sin(@) sin(w) , 
r’ -sin(6’) cos(w’) + r+ sin(@) cos(w) = 2h; 
whence 


r? — 7? 4 Ah? — Ahr - sin(8) cos(w) , 
and Equation 4.21 is reduced to 
_ Ca?r - cos(@) 
2- ire + 4h? — Ahr - sin(@) cos(w)]° | 


C= 


Retaining only the terms of the order arr or es so as to get the value of “ to the 
3 5 5 
order $3, the above equation is reduced to 


_ CaPr - cos(0) 


Tree (4.22) 


o) = 
and the value of a when r = a is, to the required degree of approximation, 


_ Ca? - cos(9) 
16h3 


For the value of ¢ corresponding to the motion of the imaginary sphere reflected 
from the real sphere, we shall therefore have 


Ca® - cos(8) 
= ——___—_— 4.23 
? ohare ( ) 
Adding together the values of ¢ given by Equation 4.20, Equation 4.22 and Equa- 
tion 4.23, putting r = a, and replacing C' by ac we have, to the requisite degree 
of approximation, 


dé a Ba Ne cde 
=_=_lc . 1 | . . . “ 
( 16 =) TA, 


Hence in this case the motion of the sphere will be the same as if an additional 


mass equal to (1 + 3 : 5 - £ were collected at its centre. The effect therefore 
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of a distant rigid plane which is parallel to the direction of the motion of a ball 
pendulum will be half that of a plane at the same distance, and perpendicular to 
that direction. It would seem from POISSON’s words at page 562 of the eleventh 
volume of the Mémoires de l’Académie, that he supposed the effect in the former 
case to depend on a higher order of small quantities than that in the latter. 

If the ball oscillates in a direction inclined to the plane, the motion may be easily 
deduced from that in the two cases just given, by means of the principle of super- 
position. 


11. The values of ¢ which have been given for the motion of translation of a 
sphere and cylinder, do not require us to suppose that either the velocity, or the 
distance to which the centre of the sphere or axis of the cylinder has been moved, 
is small, provided the same particles remain in contact with the surface. The same 
indeed is true of the values corresponding to a motion of translation combined 
with a motion of contraction or expansion which is the same in all directions, but 
varies in any manner with the time. The value of ¢ corresponding to a motion 
of translation of the cylinder is eee C' being the velocity of the axis, and 
? being measured from a line drawn in the direction of its motion. The whole 
resultant of the part of the pressure due to the square of the velocity is zero, since 
the velocity at the point whose co-ordinates are r, 6, is the same as that at the point 
whose co-ordinates are r and 7 — 9. To find the resultant of the part depending 
on e it will be necessary to express @ by means of co-ordinates referred to axes 
fixed in space. Let Ox, Oy, be rectangular axes passing through the centre of any 
section of the cylinder, @ the angle which the direction of motion of the axis makes 
with Ox, 6’ the inclination of any radius vector to Ox; then 

C a? ! : /\ 2 
o= rae {r - cos(@") cos(@) +r - sin(@") sin(w) } 
az : (C's BS C"y) 
(x? + y?) 


d 


putting C’ and C” for the resolved parts of the velocity C along the axes of x and 
y respectively. Taking now axes Az’, Ay’, parallel to the former and fixed in space, 
putting a and @ for the co-ordinates of O, differentiating @ with respect to t, and 
replacing ae by C’, and ao by C”, and then supposing a and ( to vanish, we have 


do @C?_— 2a? -(Cln + Cty)” - (w@- Sty F) 


dt = (a? + y?) (2 + y?)? (ery?) 


The resultant of the part of the pressure due to the first two terms is zero, since 
the pressure at the point (x,y) depending on these terms is the same as that at 
the point (—z,—y). It will be easily found that the resultant of the whole pressure 
parallel to x, and acting in the negative direction, on a length / of the cylinder, 
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is equal to pla? - ac and that parallel to y equal to mpla? - dc The resultant 
of these two will be mpla? ¥Y, where ¥ is the effective force of a point in the axis 
of the cylinder, and will act in a direction opposite to that of ¥. Hence the only 
effect of the motion of the fluid will be, to increase the mass of the cylinder by that 
of the fluid displaced. In a similar manner it may be proved that, when a solid 
sphere moves in any manner in an infinite fluid, the only effect of the motion of 
the fluid is to increase the mass of the sphere by half that of the fluid displaced. 
A similar result may be proved to be true for any solid symmetrical with respect to 
two planes at right angles to each other, and moving in the direction of the line of 
their intersection in an infinitely extended fluid, the solid and fluid having been at 
first at rest. Let the planes of symmetry be taken for the planes of xy and xz, the 
origin being fixed in the body: then it is evident that the resultant of the pressure 
on the solid due to the motion will be in the direction of the axis of 7, and that 
there will be no resultant couple. Let C’ be the velocity of the solid at any time; 
then the value of ¢ at that time will be of the form Cy(z,y, z), where C' alone 
contains t, (Art. 4., page 22), and the velocity of the particle whose co-ordinates 
are x, y, Z, being proportional to C, the vis viva of the solid and fluid together 
will be proportional to C?. Now if no forces act on the fluid and solid, except the 
pressure of the fluid, this vis viva must be constant;* therefore C must be constant: 
therefore the resultant of the fluid pressure on the solid must be zero. If now C’ be 
a function of t we shall have 


aC: x 
p= —p-V(2,y,2)° +P 


p’ being the pressure when C is constant. Since therefore the resultant of the 
fluid pressure varies for the same solid and fluid as a the effective force, and for 


4Tf an incompressible fluid which is homogencous or heterogeneous, and contains in it any number 
of rigid bodies, be in motion, the rigid bodies being also in motion, if the rigid bodies are 
perfectly smooth, and no contacts are formed or broken among them, and if no forces act except 
the pressure of the fluid, the principle of vis viva gives 


A a i a 


where v is the whole velocity of the mass m, and the sign }> extends over the whole fluid and 
the rigid bodies spoken of, and where dS is an element of the surface which bounds the whole, 
p, the pressure about the element dS’, and v the normal velocity of the particles in that element, 
reckoned positive when tending into the fluid, and where the sign | extends to all points of the 
bounding surface. To apply equation Equation a to the case of motion at present considered, 
let us first confine ourselves to a spherical portion of the fluid, whose radius is r, and whose 
centre is near the solid, so that dS refers to the surface of this portion. Let us now suppose r to 
become infinite: then the second side of Equation a@ will vanish, provided p, remain finite, and v 
decreases in a higher ratio than =. Both of these will be true, (Art. 9., page 36); for v will vary 
ultimately as +, since there is no alteration of volume. Hence if the sign 5+ extend to infinity, 
we shall have }* mv? constant. 
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different fluids varies as p, the effect of the inertia of the fluid will be, to increase 
the mass of the solid by n times that of the fluid displaced, n depending only on 
the particular solid considered. 

Let us consider two such solids, similar to each other, and having the co-ordinate 
planes similarly situated, and moving with the same velocities. Let the linear 
dimensions of the second be greater than those of the first in the ratio of m to 1. 
Let u, v, w, be the velocities, parallel to the axes, of the particle (x, y, z) in the fluid 
about the first; then shall the corresponding velocities at the point (mx,my,mz) 
in the fluid about the second be also u, v, w. For 


ud(mz) + ud(my) + wd(mz) =m- (udz+ vdy + wdz) (4.24) 


and is therefore an exact differential, since wdx + vdy + wdz is one: also the 
normal at the point (x,y,z) in the first surface will be inclined to the axes at 
the same angles as the normal at the point (mz, my, mz) of the second surface is 
inclined to its axes, and therefore the normal velocities of the two surfaces at these 
points are the same; and the velocities of the fluid at these two points parallel 
to the axes being also the same, it follows that the normal velocity of each point 
of the second surface is equal to that of the fluid in contact with it. Lastly, the 
motion about the first solid being supposed to vanish at an infinite distance from 
it, that about the second will vanish also. Hence the supposition made with respect 
to the motion of the fluid about the second surface is correct. Now putting @ for 
J (wdx + vdy + wdz) for the fluid in the first case, the corresponding integral for 
the fluid in the second case will be m@, if the constant be properly chosen, as 
follows from Equation 4.24. Consequently the value of that part of the expression 
for the pressure, on which the resistance depends, will be m times as great for 
any point in the second case as it is for the corresponding point in the first. Also, 
each element of the surface of the second solid will be m? times as great as the 
corresponding element of the surface of the first. Hence the whole resistance on 
the second solid will be m? times as great as that on the first, and therefore the 
quantity n depends only on the form, and not on the size of the solid. 

When forces act on the fluid, it will only be necessary to add the corresponding 
pressure. Hence when a sphere descends from rest in a fluid by the action of gravity, 
the motion will be the same as if a moving force equal to that of the sphere minus 
that of the fluid displaced acted on a mass equal to that of the sphere plus half 
that of the fluid displaced. For a cylinder which is so long that we may suppose the 
length infinite, descending horizontally, everything will be the same, except that 
the mass to be moved will be equal to that of the cylinder plus the whole of the 
fluid displaced. In these cases, as well as in that of any solid which is symmetrical 
with respect to two vertical planes at right angles to each other, the motion will 
be uniformly accelerated, and similar solids of the same material will descend 
with equal velocities. These results are utterly opposed even to the commonest 
observation, which shews that large solids descend much more rapidly than small 


49 


4, Reflection 


ones of the same shape and material, and that the velocity of a body falling in a 
fluid, (such as water), does not sensibly increase after a little time. It becomes 
then of importance in the theory of resistances to enquire what may be the cause 
of this discrepancy between theory and observation. The following are the only 
ways of accounting for it which suggest themselves to me. 

First. It has been supposed that the same particles remain in contact with the 
solid throughout the motion. It must be remembered that we suppose the ultimate 
molecules of fluids, (if such exist), to be so close that their distance is quite 
insensible, a supposition of the truth of which there can be hardly any doubt. 
Consequently we reason on a fluid as if it were infinitely divisible. Now if the 
motion which takes place in the cases of the sphere and cylinder be examined, 
supposing for simplicity their motions to be rectilinear, it will be found that a 
particle in contact with the surface of either moves along that surface with a 
velocity which at last becomes infinitely small, and that it does not reach the end 
of the sphere or cylinder from which the whole is moving until after an infinite time, 
while any particle not in contact with the surface is at last left behind. It seems 
difficult to conceive of what other kind the motion can be, without supposing a 
line, (or rather surface) of particles to make an abrupt turn. If it should be said 
that the particles may come off in tangents, it must be remembered that this sort 
of motion is included in the condition which has been assumed with respect to the 
surface. 

Secondly. The discrepancy alluded to might be supposed to arise from the friction 
of the fluid against the surface of the solid. But, for the reason mentioned in the 
beginning of this paper, this explanation does not appear to me satisfactory. 
Thirdly. It appears to me very probable that the spreading out motion of the 
fluid, which is supposed to take place behind the middle of the sphere or cylinder, 
though dynamically possible, nay, the only motion dynamically possible when the 
conditions which have been supposed are accurately satisfied, is unstable; so that 
the slightest cause produces a disturbance in the fluid, which accumulates as the 
solid moves on, till the motion is quite changed. Common observation seems to 
shew that, when a solid moves rapidly through a fluid at some distance below the 
surface, it leaves behind it a succession of eddies in the fluid. When the solid has 
attained its terminal velocity, the product of the resistance, or rather the mean 
resistance, and any space through which the solid moves, will be equal to half the 
vis viva of the corresponding portion of its tail of eddies, so that the resistance will 
be measured by the vis viva in the length of two units of that tail. So far therefore 
as the resistance which a ship experiences depends on the disturbance of the water, 
which is independent of its elevation or depression, that ship which leaves the least 
wake ought, according to this view, to be ceteris paribus the best sailer. The 
resistance on a ship differs from that on a solid in motion immersed in a fluid in 
the circumstance, that part of the resistance is employed in producing a wave. 
Fourthly, the discrepancy alluded to may be due to the mutual friction, or imperfect 
fluidity of the fluid. 
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4.4. Motion about an elliptic cylinder of small 
eccentricity 


This particular problem, so far at least as concerns motion of translation, is of little 
interest in itself, because GREEN (see ” Researches on the Vibrations of Pendulums in 
Fluid Media” in Transactions of the Royal Society of Edinburgh, Vol. XIII. p. 54, or 
p. 315 of his collected works’) has determined the motion of a fluid about an ellipsoid 
moving in any manner with a motion of translation only; and the ellipsoid includes of 
course as a particular case an elliptic cylinder of any eccentricity. The problem in the 
text will however serve as an example of the mode of proceeding in the case of a cylinder 
of any kind differing little from a circular cylinder. 

In the case of such a cylinder, supposed to be free from abrupt changes of form, it might 
safely be assumed that the expression for @ which applies to the fluid beyond the greatest 
radius vector of any point of the surface might also be used for some distance within, 
as explained in the text. By starting with this assumption, which would be verified in 
the end, the process of solution would of course be shortened. We should simply have to 
take the Equation 4.31’, form the Equation 4.27 for the velocity normal to the surface, 
putting r = c- [1 + €-cos(20)], and expanding as far as the first power of €, and equate 
the result to the Equation 4.26. We should thus determine the arbitrary constants in 
Equation 4.31’, which would complete the Solution of the problem. 


12. The value of ¢, which has been deduced, (Art. 8., page 29), for the motion 
of the fluid about a circular cylinder, is found on the supposition that for each 
value of r there exists, or may be supposed to exist, a real and finite value of ¢. 
This will be true, in any case of motion in two dimensions where udz + v dy is 
an exact differential, for those values of r for which the fluid is not interrupted, 
but will be true for values of r for which it is interrupted by solids only when it is 
possible to replace those solids at any instant by masses of fluid, without affecting 
the motion of the fluid exterior to them, those masses moving in such a manner that 
the motion of the whole fluid might have been produced instantaneously by impact. 
In some cases such a substitution could be made, while in others it probably could 
not. In any case however we may try whether the expansion given by Equation 4.3 
will enable us to get a result, and if it will, we need be in no fear that it is wrong, 
(Art. 2., page 18). The same remarks will apply to the question of the possibility 
of the expansion of @ in the series of LAPLACE’s coefficients given in Equation 4.10, 
for values of r for which the fluid is interrupted. They will also apply to such a 
question as that of finding the permanent temperature of the earth due to the 
solar heat, the earth being supposed to be a homogeneous oblate spheroid, and the 
points of the surface being supposed to be kept up to constant temperatures, given 
by observation, depending on the latitude. 


“https: //www.biodiversitylibrary.org/item/125980 
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In cases of fluid motion such as those mentioned, the motion may be determined 
by conceiving the whole mass of fluid divided into two or more portions, taking 
the most general value of ¢@ for each portion, this value being in general expressed 
in a different manner for the different portions, then limiting the general value 
of @ for each portion so as to satisfy the conditions with respect to the surfaces 
of solids belonging to that portion, and lastly introducing the condition that the 
velocity and direction of motion of each pair of contiguous particles in any two of 
the portions are the same. The question first proposed will afford an example of 
this method of solution. 

Let an elliptic cylinder be moving with a velocity C’, in the direction of the major 
axis of a section of it made by a plane perpendicular to its axis. The motion being 
supposed to be in two dimensions, it will be sufficient to consider only this section. 
Let 

r=c-|l+e-cos(20)| 


be the approximate equation to the ellipse so formed, the centre being the pole, 
and powers of € above the first being neglected. Let a circle be described about 
the same centre, and having a radius y equal to c: (1+ k), k being ¢ €, and being 
a small quantity of the order «. Let the portions of fluid within and without the 
radius y be considered separately, and putting 


Tr=ct+éZ. 
Let the value of @ corresponding to the former portion be 
PtOe+ Re, 


P, Q and R being functions of 6, and the term in z? being retained, in order to 
get the value of “ true to the order ¢, while the terms in z?, &c. are omitted. 
Substituting this value of ¢ in Equation 4.2, and equating to zero coefficients of 
different powers of z, we have 

Q EL xdeP 


fe 9a) 92 abr? 


which is the only condition to be satisfied, since the other equations would only 
determine the coefficients of z°, &c. in terms of the preceding ones. We have then 
TP dep 


Now if € be the angle between the normal at any point of the ellipse, and the major 
axis, we have 
€ =6+ 2e-sin(26), 
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and the velocity of the ellipse resolved along the normal 
= C'- cos(€) = C- (1 — €) - cos(@) + Ce - cos(30) . (4.26) 
The velocity of the fluid at the same point resolved along the normal is 


de 


; i] 
ae + 2€- sin(26) - tan? (4.27) 
or ad ae 
Fras sin(20) - rT (4.27’) 


Let P and Q be expanded in series of cosines of 6 and its multiples, so that 


eS YF: cos(nf), Q= Yau. cos(n@) , 


there being no sines in the expansions of P and Q, since the motion is symmetrical 
with respect to the major axis; then 


o= Y {Pe + Que - > : (2, - is -P,) 2 -cos(n) ; (4.28) 
0 


ie 7 So {a- : (2.- PR.) ua} cos(n8) ; (4.29) 
ay wh" {2 | (2-7) ah sinus (4.30) 


For a point in the ellipse, z = ce-cos(20), whence from Equation 4.27, Equation 4.29 
and Equation 4.30, we find that the normal velocity of the fluid 


= 32 {cont + § [n(n 2): 2 — Qa -cos[(n ~2) 4 


+5. [n(n +2) Qu] -coslln +2) -a]} 


which is the same thing as 


= On| \ -cos(nd) , (4.31) 
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if we suppose P and Q to be zero when affected with a negative suffix. This 
expression will have to be equated to the value of C’- cos(&) given by Equation 4.26. 
For the part of the fluid without the radius 7 we have® 


@ = Ao: In(r +2 -cos(n) , (4.31’) 


since there will be no sines in the expression for @, because the motion is symmetrical 
with respect to the major axis, and no positive powers of r, because the velocity 
vanishes at an infinite distance. 

From the above value of @ we have, for the points at a distance 7 from the centre, 


de Ao | n- An 
— = — -cos(n@) , 
dr y ; eyore 
1 

= = -sin(né) . 
FA 


Equating the above expressions to a velocities along and perpendicular to the 
radius vector given by Equation 4.29 and Equation 4.30, when z is put = k-c, and 
then equating coefficients of corresponding sines and cosines, we have 


P, n:-Apn 


2 = 


i An 


(l1—k)-—+kQn= asa (4.33) 


when n > 0, and equating constant terms we have 


y=c:(1+k), 


®The first term of this expression is accurately equal to zero, since there is no expansion or 
contraction of the solid, (Art. 8., page 29). I have however retained it, in order to render the 
solution of the problem in the present article independent of the proposition referred to. 
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Substituting these values in Equation 4.31, it becomes 


Se An_ n-An  € An 
{$40 @-2), ie aa Pe ak Ze a 
0 

As. €20 
cos(nf) + — — = ©. cos(28).. 


In the case of a circular cylinder the quantities Ap, Az, As, &c. are each zero. 
In the present case therefore they are small quantities depending on «. Hence, 
neglecting quantities of the order €? in the above expression, it becomes 


oe) 


: A 
Ao > zea cos(30) — Ss" Z -cos(n@) , 


Cc Cc : cntl 


which must be equal to 
C-{(1—€) -cos() + €- cos(30)} . 
Equating coefficients of corresponding cosines, we have 


A, =—-C-(1-6)-e’, 
A= Cee. 


and the other quantities Ap, Az, &c. are of an order higher than «. Hence, for the 
part of the fluid which lies without the radius y, we have 


d=-C- {a —e)- e - cos(@) + ee : cos(30)} j (4.34) 


and for the part which lies between that radius and the ellipse we have from 
Equation 4.28 


@ = —Cc- {(1 — €) - cos(6) + €- cos(30)} 
+C- {(1 —e) - cos(6) + 3¢€ - cos(30)} - z — < -cos(@) - 2”. (4.35) 


The value of ¢ given by Equation 4.35 may be deduced from that given by Equa- 
tion 4.34 by putting r = c+ z, and expanding as far as to z’. In the case of the 
elliptic cylinder then it appears that the same value of ¢ serves for the part of the 
fluid without, and the part within the radius y. If the cylinder be moving with a 
velocity C’ in the direction of the minor axis of a section, the value of ¢ will be 
found from that given by Equation 4.34 by changing the sign of €, putting C’ for 
C’, and supposing @ to be measured from the minor axis. 

If the cylinder revolve round its axis with an angular velocity w, the normal velocity 
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of the surface at any point will be 2wec- sin(20). Since €? is neglected, we may 
suppose this normal velocity to take place on the surface of a circular cylinder 
whose radius is c; whence, (Art. 8., page 29), the corresponding value of @ will be 


wect 


-sin(26). 


If we suppose all these motions to take place together, we have only, (Art. 5., 
page 25), to add together the values of @ corresponding to each. If we suppose the 
motion very small, so as to neglect the square of the velocity, we need only retain 
the terms depending on “2 ; ie and de , in the value of ae and we may calculate 
une pressure due to each separately. The resultant of the pressure due to the term 
de ~ will evidently be zero, on account of the ay of the corresponding motion, 
while the resultant couple will be of the order e?, since the pressure on any point of 
the surface, and the perpendicular from the ane ee the normal at that point, are 
each of the order €. The pressure due to the term ¢ ra © will evidently have a resultant 
in the direction of the major axis of a section of the cylinder; and it will be easily 
proved that the seer pressure on a length / of ae cylinder is mpc7l- (1 —2e)- ac 
That due to the term ¢ ic will be mpc? - (1 + 2e)- “©, acting along the minor axis. 
If the cylinder be constrained to oscillate so that its axis oscillates in a direction 
making an angle a with the major axis, and if C” be its velocity, which is supposed 


to be very small, the resultant pressures along the major and minor axes will be 


dc” 

tf eK Rea 

[Le ( €) - cos(a) a 

and eu 
S(Pse Dey nee peruse 

i (1 + 2e) - sin(a) ay 


respectively, where py is the mass of the fluid displaced. Resolving these pressures 
in the direction of the motion, the resolved part will be 


ac" 
dt 


e? dc” 
[L- [1 ~ 5 -cos(2a) en ra 


e being the eccentricity; so that the effect of the iene of the fluid will be, to 


ju [1 — 2€- cos(2a)] - 


or 


increase the mass of the solid by a mass equal to ju - la -$ —-< -cos(2a)| , which must 


be supposed to be collected at the axis. 

A similar method of calculation would apply to any given solid differing little either 
from a circular cylinder or from a sphere. In the latter case it would be necessary 
to use expansions in series of LAPLACE’s coefficients, instead of expansions in series 
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of sines and cosines. 


4.5. Motion of fluid in a closed box whose interior is 
of the form of a rectangular parallelepiped 


13. The motion being supposed to begin from rest, the motion at any time may 
be supposed to have been produced by impact (Art. 4., page 22). The motion 
of the box at any instant may be resolved into a motion of translation and three 
motions of rotation about three axes parallel to the edges, and passing through 
the centre of gravity of the fluid, and the part of ¢ due to each of these motions 
may be calculated separately. Considering any one of the motions of rotation, we 
shall see that the normal velocity of each face in consequence of it will ultimately 
be the same as if that face revolved round an axis passing through its centre, and 
that the latter motion would not alter the volume of the fluid. Consequently, in 
calculating the part of @ due to any one of the angular velocities, we may calculate 
separately the part due to the motion of each face. 

Let the origin be in a corner of the box, the axes coinciding with its edges. Let 
a, b, c, be these edges, U, V, W, the velocities, parallel to the axes, of the centre 
of gravity of the interior of the box, w’, w”, w’”, the angular velocities of the box 
about axes through this point parallel to those of x, y, z. Let us first consider the 
part of @ due to the motion of the face xz in consequence of the angular velocity 
Gols 

The value of @ corresponding to this motion must satisfy the equation 


io do 
pave ph pele 4. 
dpe ody? m7 Cae 
with the conditions d 
<f =o, when «=Oora, (4.37) 
- =0, when y=), (4.38) 
de m a _ 
a (2 5) , when y=0, (4.39) 


within limits corresponding to those of the box. 

Now, for a given value of y, the value of @ between x = 0 and x = a can be expanded 
in a convergent series of cosines of ** and its multiples; and, since Equation 4.37 
is satisfied, the series by which “ will be expressed will also hold good for the 
limiting values of x, and will be convergent. The general value of ¢ then will 


be of the form )>>° Y,, - cos (22). Substituting in Equation 4.36, and equating 
coefficients of corresponding cosines, which may be done, since any function of x 
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can be expanded in but one such series of cosines between the limits 0 and a, we 
find that the general value of Y, is C-e-« +C"’-e77a 


2 , or, changing the constants, 
nm-(b— nm: (b— nt nh 
¥,= An: fe ae oe Ns Ba fee beh 


when n > 0, and for n = 0, 
Yo=Ao-y+ Bo. 


From the condition according to Equation 4.38 we have 


Ay + 2-5" Ba: {e"s — eh - COS (=) =0: 
as a 


whence Ap = 0, B, = 0, and, omitting Bo, 


(oe) 
nr-(b—y) nm: (b—y) NTL 
@=S7An- ye ao +e€ 4 -cos {| ——]) . 
a 
1 


From the condition according to Equation 4.39, we have 


CO 
Tv nb _ nb NTL m a 
---5 nAn,ye* —e «* $-cos{—])=w -(x—-—)}). 
as a 2 


Determining the coefficients in the usual manner, we have 


Darul! . 1 
An = 373 = ea) pe nnb _nrb? 
NT ea —e a 
whence ea fs 
nn:-(b—y nt-(b—y 
F Agr" I ee es (a) 
—4 P as - COs —— 
73 n°? ee ee nah ) 


0 


putting >°,, for shortness, to denote the sum corresponding to odd integral values 
of n from 1 to oo. 

It is evident that the value of ¢ corresponding to the motion of the opposite face 
in consequence of the angular velocity w’” will be found from that just given by 
putting (b— y) for y, and changing the sign of w””; whence the value corresponding 


to the motion of these two faces in consequence of w” will be 


4aq2y)"" 3 it {ew -1}-e a +{e a -1}-6% es 


a 0 he @a—e€@ a 


Let this expression be denoted by ww (x, a, y, b). It is evident that the part of @ due 
to the motion of the two faces parallel to the plane yz will be got by interchanging x 
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and y, a and b, and changing the sign of w’”” in the last expression, and will therefore 
be —w'’w(y,b, z,a). The parts of ¢ corresponding to the angular velocities w’, w”, 
will be got by interchanging the requisite quantities. Also the part of ¢ due to the 
velocities U, V, W, will be Ux + Vy + Wz, (Art. 7., page 27), and therefore we 
have for the complete value of @ 


Ux + Vy Te Wz+ ws" ; {p(a,a,y, b) _ wy, ba a)} 


Tv uw! : {v(y, b, z,c) = w(z,c, y, b)} 
tae {w(z,¢, , a) = w(x, a, 2,¢)} : 


According to Art. 7., page 27 we may consider separately the motion of translation 
of the box and fluid, and the motion of rotation about the centre of gravity of the 
latter; and the whole pressure will be compounded of the pressures due to each. 
The pressures at the several points of the box due to the motion of translation 
will have a single resultant, which will be the same as if the mass of the fluid were 
collected at its centre of gravity. Those due to the motion of rotation will have a 
single resultant couple, to calculate which we have 


w) = uw” {p(z, a, y, b) = wy, b, x, a)} aa &e. 


Since for the motion of rotation there is no resultant force, we may find the resultant 
couple of the pressures round any origin, that for instance which has been chosen. 
If now we suppose the motion very small, so as to neglect the square of the velocity, 
we may find a as if the axes were fixed in space. We have then for the motion of 


rotation dl" 
W 


pD=—Pp: Mae : {p(x, a, y, b) ~~ wy, b, x, a)} = OLE, 


Hence we may calculate separately the couples due to each of the quantities 


au, dt and de It is evident from the symmetry of the motion that this due 
to la will act round the axis of z, and that the pressures on the two faces 


perpendicular to that axis will have resultants which are equal and opposite. Also, 
since w(a,a,y,b) = —wW(0,a,y,b) and v(z,a, b,b) = —v (xz, a,0,b), it will be seen 
that the couples due to the pressures on the faces perpendicular to the axes of x 
and y will be twice as great respectively as those due to the pressures on the planes 
yz and xz. The pressure on the element dy dz of the plane yz will be p,—» dy dz, 
and the moment of this pressure round the axis of z, reckoned positive when it 
tends to turn the box from x to y, will be 


du” 
dt 


—p° -y{W(0, a, y, b) — wy, b,0,a)} dy dz. 
Substituting the values of the functions, integrating from y = 0 to y = b, and from 


z=0toz=c, replacing 7, + by its value and reducing the other terms, it 
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will be found that the couple due to the pressure on the plane yz is 


a®bc dw 8patc dw” 1 l-es 8pb4e dw” 1 i-e > 
E ‘ > p : : — ‘ is 


Nia * 


2400 dt 8 dt SB ype nh dt SB 1+ ee 


We shall get the couple due to the pressure on the plane xz by interchanging a 
and b, changing the sign of w’”, and measuring the couple in the opposite direction, 


or, which is the same, by merely interchanging a and b. Adding together these 


two couples and doubling their sum we shall find that the couple due to da is 


nib naa 
32 1 Lee ee 1—e7 b 
Cy ee Ee ors do) 
: tee ca DL apoee 12 


Similarly, the couple due to tet will be —A- dur 


y to z, and that due to dae will be —B- a tending to turn the box from z to 
x, where A and B are derived from C' by interchanging the requisite quantities. 
Hence, considering the motions both of translation and rotation of the box, we see 
that the small motions of the box will take place as if the fluid were replaced by a 
solid having the same mass, centre of gravity, and principal axes, and having A, B 
and C’ for its principal moments. This will be true whether forces act on the fluid 
or not, provided that if there are any they are of the kind mentioned in Art. 1., 
page 17. 

Putting A,, B,, C,, for the principal moments of inertia of the solidified fluid we 
have 


tending to turn the box from 


pabc 
C,= a (a? + b’) 2 


Taking the ratio of C to C), replacing each term such as 


nib nib 
l-—e a 2-€ a 
nab by die nab ? 
lt+e a 1l+e a 


putting for 
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384 


7? 


its approximate value 1.260497, and for its approximate value 1.254821, and 


employing subsidiary angles, we have’® 


C a* + bt 1 
— = 1.260497 - ——_.—_— — 1.254821 - . in(2 
C ab - (a? + 6?) an ti (a O7) De ne versie) 


/ 


b3 i sculls 
| ee S- a mini) —1, 
0 


where 


so that 
L-tan(@,) =10—k- = 
L- tan(6’,) =10-k- =, 
where k = 0.6821882. 
The numerical calculation of this ratio is very easy, on account of the great rapidity 
with which the series contained in it converges, both on account of the coefficients, 
and on account of the rapid diminution of the angles 6, and 6/,. The values of 4 
and 2 will be derived from that of & by putting c for a in the first case, and c 
for b in the second. The calculation of the small motions of the box will thus be 
reduced to a question of ordinary rigid dynamics. 
These results appear capable of being accurately compared with experiment. For 
this purpose it will only be necessary to attach a box, capable of containing fluid, 
to a rigid body oscillating as a pendulum. The box may itself form the rigid body. 
The centre of gravity of the interior of the box should be in a vertical plane passing 
through the axis of suspension, which will be known by observing whether the 
position of equilibrium of the whole is affected by filling the box with fluid. The 
mass, moment of inertia, and depth of the centre of gravity of the solid, including 
the box, must first be found. The last of these may be found by loading the upper 
part of the oscillating body till the equilibrium just becomes unstable: the moment 


"The versine or versedsine is a trigonometric function found in some of the earliest (Sanskrit 
Aryabhatia) trigonometric tables. The versine of an angle is 1 minus its cosine. Expressed 
in terms of common trigonometric functions sine, cosine, and tangent, the versine is equal to 
versin 0 = 1 — cos(8) = 2sin” (2) = siné tan (2). 

8Tt will be shewn further on, in a supplement to this paper, that either of these two infinite series 
may be expressed by means of the other, so that we shall have only one of the infinite series to 


calculate in any case, for which we may choose the more rapidly convergent. 
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of inertia will then be found by means of the time of oscillation when the weight is 
removed; or else both may be determined by the times of oscillation when the solid 
is loaded with another of known mass and form and placed in a known position, 
and again when it is not loaded. The same must then be done when the box is 
filled with fluid. We shall thus determine the moment of inertia and depth of the 
centre of gravity of the fluid; and, subtracting the moment of inertia due to the 
motion of translation of the fluid, we shall thus get that due to the motion of 
rotation of the box, and thus determine in succession by observation the quantities 
A, B and C, or any one of them. These quantities might also be determined by 
making the box oscillate by torsion, and observing the time of oscillation. It must 
be remembered that the moment of inertia due to the motion of translation of 
the centre of gravity of the fluid, being capable of being derived from the general 
dynamical principle, that the motion of the centre of gravity of any system is the 
same as if the whole mass were collected there, and the external moving forces 
applied there, is of no use whatever in determining the question of the equality of 
the pressure in all directions, or that of the amount of friction. It would seem to be 
most convenient to have the centre of gravity of the fluid in the axis of suspension. 
In this case if M, M’, be the masses of the solid and fluid, jz, yu’, their moments of 
inertia, t, t’, the times of oscillation, in seconds, when the box is empty and when 
it is full respectively, h the depth of the centre of gravity of the solid, / the length 
of the second’s pendulum, we have 


w=lt?Mh, 
wtp =it?Mh; 


whence 
po =t-@?=—)-Mh. 


If the centre of gravity of the fluid be at a depth h’ below the axis of suspension, 
we shall have 

m4 =e Ge = t?) ~-Mh+ it!??M'h’ ; 
in this case pu’ — M’h” will be the moment of inertia due to the motion of rotation 
of the box. 
When one of the quantities a, b, becomes infinitely great compared with the other, 
the ratio & becomes 1, as will be seen from Equation 4.40. This result might have 
been expected. When a = 0, the value of & is 0.156537. 
The experiment of the box appears capable of great variety as well as accuracy. 
We may take boxes in which the edges have various ratios to each other, and may 
make the same box oscillate in various positions. 
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4.6. Initial motion in a rectangular box, the several 
points of the surface of which are moved with 
given velocities, consistent with the condition 
that the volume of the fluid is not altered 


15. Employing the same notation as in the last case, let F'(x, y) be the given normal 
velocity at any point of the face in the plane xy. Let {¥ Fs F(a, y) dz dy = Wab, 
and let 

F(z,y) = flay) +W : 
then, since the normal motion of the above face due to the function f(z, y) does 


not alter the volume of the fluid, we may consider separately the part of ¢ due to 
this quantity. For this part we have 


oe oe ao 
=0;, 4.41 
day idye de? ey) 
with the conditions 4 
Oo. when x=0 ora, (4.42) 
dx 
d 
=, when y=0O orb, (4.43) 
e =0, when z=c, (4.44) 
d 
“e =] (ory) when, z= 0; (4.45) 
Zz 


within limits corresponding to those of the box. 
For a given value of z the value of ¢ from x = 0 to x = a and from y=0 toy =b 
may be expanded in a series of the form 


S Ss *'Prnsn * COS (=) ae (=) 
; a b 
0 0 


the sign )> referring to m, and )~’ to n: and since the values of ¢, a and “e do not 
alter abruptly, and Equation 4.42 and Equation 4.43 are satisfied, it follows that the 
series by which ¢, a and “ are expressed are convergent, and hold good for the 
limiting values of x and y. Substituting the value of ¢ just given in Equation 4.41, 


equating to zero coefficients of corresponding cosines, and introducing the condition 
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according to Equation 4.44, we have, omitting the constant, or supposing Apo = 0, 


ee Le m(c—z) m-(C—z) MTL NT 
a i AM Gre a aw 
0 0 


where 


b2 - 
Determining the coefficients such as A,,,,, from the condition according to Equa- 
tion 4.45 in the usual manner we have, m and n being > 0,? 


4c 1 a MTX ny 
Amn = ~ rpab , (eP™ — e-P™) / I(t)" C08 ea re ee dr dy, 


2 1 oe i ny 
Aon = aa (oF oF) | i f(x,y) + cos (=) dx dy, 


with a similar expression for A,,,9, whence the value of ¢ corresponding to f(x, y) 
is known. In a similar manner we may find the values corresponding to the similar 
functions belonging to each of the other faces. If W’ be the quantity corresponding 
to W for the face opposite to the plane xy, and U, U’, correspond to W, W’, for the 
faces perpendicular to the axis of x, and if V, V’, be the corresponding quantities 
for y, there remains only to be found the part of @ due to these six quantities. 
Since U, U’, are the velocities parallel to the axis of x of the faces perpendicular to 
that axis, and so for V, V’, &c., the motion corresponding to these six quantities 
may be resolved into three motions of translation parallel to the three axes, the 
velocities being U, V and W, and that motion which is due to the motions of the 
faces opposite to the planes yz, xz, ry, moving with velocities U'’ — U, V'—V, 
W’'—W, parallel to the axes of x, y, z, respectively. The condition that the volume 
of the fluid remains the same requires that 


1 1 1 
—-(U'-U)+-—-(V'-V)+-—-(W’-W) =0. 
a b Cc 
It will be found that the velocities 
x 
erate bi 
w==.(U'-U), 
v=e-(V'-V), 
w==-(W'-W), 


°The function f(x,y) in these integrals may be replaced by F (x,y), since fy ie W - cos (42%) - 


cos ("%£) da dy = 0, unless m =n = 0. 
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satisfy all the requisite conditions. Hence the part of ¢ due to the six quantities U, 
U', V, V’, W, W’, is 
2 2 2 


VERVE WH 0) SV WW. 


2b 2c 

This quantity, added to the six others which have already been given, gives the 
value of ¢ which contains the complete solution of the problem. 

The case of motion which has just been given seems at first sight to be an imaginary 
one, capable of no practical application. It may however be applied to the deter- 
mination of the small motion of a ball pendulum oscillating in a case in the form 
of a rectangular parallelepiped, the dimensions of the case being great compared 
with the radius of the ball. For this purpose it will be necessary to calculate the 
motion of the ball reflected from the case, by means of the formule: just given, 
and then the motion again reflected from the sphere, exactly as has been done in 
the case of a rigid plane (Art. 10, page 41). In the present instance however the 
result contains definite integrals, the numerical calculation of which would be very 
troublesome. 
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On the Theories of the Internal 
Friction of Fluids in Motion, and of 
the Equilibrium and Motion of 
Elastic Solids 


1. Introductory Notes 


The equations of Fluid Motion commonly employed depend upon the fundamental 
hypothesis that the mutual action of two adjacent elements of the fluid is normal 
to the surface which separates them. From this assumption the equality of pressure 
in all directions is easily deduced, and then the equations of motion are formed 
according to D’ ALEMBERT’s principle. This appears to me the most natural light 
in which to view the subject; for the two principles of the absence of tangential 
action, and of the equality of pressure in all directions ought not to be assumed 
as independent hypotheses, as is sometimes done, inasmuch as the latter is a 
necessary consequence of the former!. The equations of motion so formed are very 
complicated, but yet they admit of solution in some instances, especially in the case 
of small oscillations. The results of the theory agree on the whole with observation, 
so far as the time of oscillation is concerned. But there is a whole class of motions 
of which the common theory takes no cognizance whatever, namely, those which 
depend on the tangential action called into play by the sliding of one portion of a 
fluid along another, or of a fluid along the surface of a solid, or of a different fluid, 
that action in fact which performs the same part with fluids that friction does with 
solids. 

Thus, when a ball pendulum oscillates in an indefinitely extended fluid, the common 
theory gives the arc of oscillation constant. Observation however shews that it 
diminishes very rapidly in the case of a liquid, and diminishes, but less rapidly, in 
the case of an elastic fluid. It has indeed been attempted to explain this diminution 
by supposing a friction to act on the ball, and this hypothesis may be approximately 
true, but the imperfection of the theory is shewn from the circumstance that no 
account is taken of the equal and opposite friction of the ball on the fluid. 

Again, suppose that water is flowing down a straight aqueduct of uniform slope, 
what will be the discharge corresponding to a given slope, and a given form of the 
bed? Of what magnitude must an aqueduct be, in order to supply a given place 
with a given quantity of water? Of what form must it be, in order to ensure a given 
supply of water with the least expense of materials in the construction? These, and 
similar questions are wholly out of the reach of the common theory of Fluid Motion, 
since they entirely depend on the laws of the transmission of that tangential action 
which in it is wholly neglected. In fact, according to the common theory the water 
ought to flow on with uniformly accelerated velocity; for even the supposition of a 


‘This may be easily shewn by the consideration of a tetrahedron of the fluid, as in Art. 4., page 
82 
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certain friction against the bed would be of no avail, for such friction could not be 
transmitted through the mass. The practical importance of such questions as those 
above mentioned has made them the object of numerous experiments, from which 
empirical formulze have been constructed. But such formule, although fulfilling 
well enough the purposes for which they were constructed, can hardly be considered 
as affording us any material insight into the laws of nature; nor will they enable us 
to pass from the consideration of the phenomena from which they were derived to 
that of others of a different class, although depending on the same causes. 

In reflecting on the principles according to which the motion of a fluid ought to 
be calculated when account is taken of the tangential force, and consequently 
the pressure not supposed the same in all directions, I was led to construct the 
theory explained in the first section of this paper, or at least the main part of it, 
which consists of Equation 2.13, and of the principles on which they are formed. I 
afterwards found that POISSON had written a memoir on the same subject, and 
on referring to it 1 found that he had arrived at the same equations. The method 
which he employed was however so different from mine that I feel justified in laying 
the latter before this Society’. The leading principles of my theory will be found 
in the hypotheses of Art. 1., page 73, and in Art. 3., page 78. 

The second section forms a digression from the main object of this paper, and 
at first sight may appear to have little connexion with it. In this section I have, 
I think, succeeded in shewing that LAGRANGE’s proof of an important theorem 
in the ordinary theory of Hydrodynamics is untenable. The theorem to which I 
refer is the one of which the object is to shew that udz + vudy + wdz, (using the 
common notation,) is always an exact differential when it is so at one instant. I 
have mentioned the principles of M. CAUCHY’s proof, a proof, I think, liable to no 
sort of objection. I have also given a new proof of the theorem, which would have 
served to establish it had M. CAUCHY not been so fortunate as to obtain three 
first integrals of the general equations of motion. As it is, this proof may possibly 
be not altogether useless. 

POISSON, in the memoir to which I have referred, begins with establishing, according 
to his theory, the equations of equilibrium and motion of elastic solids, and makes 
the equations of motion of fluids depend on this theory. On reading his memoir, 
I was led to apply to the theory of elastic solids principles precisely analogous to 
those which I have employed in the case of fluids. The formation of the equations, 
according to these principles, forms the subject of chapter 4. 

The equations at which I have thus arrived contain two arbitrary constants, whereas 
POISSON’s equations contain but one. In chapter 5 I have explained the principles 
of POISSON’s theories of elastic solids, and of the motion of fluids, and pointed out 
what appear to me serious objections against the truth of one of the hypotheses 


?The same equations have also been obtained by NAVIER in the case of an incompressible fluid, 
(Mémoires de l’Académie, T. VI., https://www.biodiversitylibrary.org/page/16364086) 
but his principles differ from mine still more than do POISSON’s. 
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which he employs in the former. This theory seems to be very generally received, 
and in consequence it is usual to deduce the measure of the cubical compressibility 
of elastic solids from that of their extensibility, when formed into rods or wires, or 
from some quantity of the same nature. If the views which I have explained in this 
section be correct, the cubical compressibility deduced in this manner is too great, 
much too great in the case of the softer substances, and even the softer metals. 
The equations of chapter 4 have, I find, been already obtained by M. CAUCHY 
in his Exercises Mathématiques, except that he has not considered the effect of 
the heat developed by sudden compression. The method which I have employed is 
different from his, although in some respects it much resembles it. 

The equations of motion of elastic solids given in chapter 4 are the same as those 
to which different authors have been led, as being the equations of motion of the 
luminiferous ether in vacuum. It may seem strange that the same equations should 
have been arrived at for cases so different; and I believe this has appeared to some a 
serious objection to the employment of those equations in the case of light. I think 
the reflections which I have made at the end of chapter 5, where I have examined 
the consequences of the law of continuity, a law which seems to pervade nature, 
may tend to remove the difficulty. 
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1. Before entering on the explanation of this theory, it will be necessary to define, 
or fix the precise meaning of a few terms which I shall have occasion to employ. 
In the first place, the expression ” the velocity of a fluid at any particular point” 
will require some notice. If we suppose a fluid to be made up of ultimate molecules, 
it is easy to see that these molecules must, in general, move among one another in 
an irregular manner, through spaces comparable with the distances between them, 
when the fluid is in motion. But since there is no doubt that the distance between 
two adjacent molecules is quite insensible, we may neglect the irregular part of the 
velocity, compared with the common velocity with which all the molecules in the 
neighbourhood of the one considered are moving. Or, we may consider the mean 
velocity of the molecules in the neighbourhood of the one considered, apart from 
the velocity due to the irregular motion. It is this regular velocity which I shall 
understand by the velocity of a fluid at any point, and I shall accordingly regard it 
as varying continuously with the co-ordinates of the point. 

Let P be any material point in the fluid, and consider the instantaneous motion 
of a very small element F of the fluid about P. This motion is compounded of 
a motion of translation, the same as that of P, and of the motion of the several 
points of EF relatively to P. If we conceive a velocity equal and opposite to that of 
P impressed on the whole element, the remaining velocities form what I shall call 
the relative velocities of the points of the fluid about P; and the motion expressed 
by these velocities is what I shall call the relative motion in the neighbourhood of 
Py 

It is an undoubted result of observation that the molecular forces, whether in solids, 
liquids, or gases, are forces of enormous intensity, but which are sensible at only 
insensible distances. Let E’ be a very small element of the fluid circumscribing 
FE, and of a thickness greater than the distance to which the molecular forces 
are sensible. The forces acting on the element FE are the external forces, and the 
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pressures arising from the molecular action of E’. If the molecules of EF were in 
positions in which they could remain at rest if E were acted on by no external 
force and the molecules of E’ were held in their actual positions, they would be in 
what I shall call a state of relative equilibrium. Of course they may be far from 
being in a state of actual equilibrium. Thus, an element of fluid at the top of a 
wave may be sensibly in a state of relative equilibrium, although far removed from 
its position of equilibrium. Now, in consequence of the intensity of the molecular 
forces, the pressures arising from the molecular action on FE will be very great 
compared with the external moving forces acting on £. Consequently the state 
of relative equilibrium, or of relative motion, of the molecules of F will not be 
sensibly affected by the external forces acting on E’. But the pressures in different 
directions about the point P depend on that state of relative equilibrium or motion, 
and consequently will not be sensibly affected by the external moving forces acting 
on E. For the same reason they will not be sensibly affected by any motion of 
rotation common to all the points of EF; and it is a direct consequence of the second 
law of motion, that they will not be affected by any motion of translation common 
to the whole element. If the molecules of E were in a state of relative equilibrium, 
the pressure would be equal in all directions about P, as in the case of fluids at 
rest. Hence I shall assume the following principle:— 


That the difference between the pressure on a plane in a given direction passing 
through any point P of a fluid in motion and the pressure which would exist in 
all directions about P if the fluid in its neighbourhood were in a state of relative 
equilibrium depends only on the relative motion of the fluid immediately about 
P; and that the relative motion due to any motion of rotation may be eliminated 
without affecting the differences of the pressures above mentioned. 


Let us see how far this principle will lead us when it is carried out. 


2. It will be necessary now to examine the nature of the most general instanta- 

neous motion of an element of a fluid. The proposition in this article is however 
purely geometrical, and may be thus enunciated:— ” Supposing space, or any portion 
of space, to be filled with an infinite number of points which move in any continuous 
manner, retaining their identity, to examine the nature of the instantaneous motion 
of any elementary portion of these points.” 
Let u, v, w be the resolved parts, parallel to the rectangular axes Ox, Oy, Oz, of 
the velocity of the point P, whose co-ordinates at the instant considered are x, y, 2. 
Then the relative velocities at the point P’, whose co-ordinates are x+2', y+y/’, 
z+ 2’, will be 


a0 ee ay arallel to x 
dz dy” Tae , 
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LO AO gene RT. 
de” dy! 45” parallel to y, 
dw. Cth. dW, 
de” | ag | de z parallel to z, 


neglecting squares and products of x’, y’, 2’. Let these velocities be compounded 
of those due to the angular velocities w’, w”, w’”” about the axes of x, y, z, and of 
the velocities U, V, W parallel to x, y, z. The linear velocities due to the angular 
velocities being wz’ — w!"y, w!x! — w'z', w'y! — wx’ parallel to the axes of x, y, z, 
we shall therefore have 


Since w’, w”, w’” are arbitrary, let them be so assumed that 


du avo av dws aw a 
dy’ da’ dz’ dy’ dz’ dz’ 


which gives 


, 1 (away 
aan) dy dz/’ 
pk fae dw 
i 5 (S =) oo 
mod (ae au 
2 \dx dy)’ 


The quantities w’, w”, w” are what I shall call the angular velocities of the fluid 
at the point considered. This is evidently an allowable definition, since, in the 
particular case in which the element considered moves as a solid might do, these 
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quantities coincide with the angular velocities considered in rigid dynamics. A 
further reason for this definition will appear in chapter 4. 

Let us now investigate whether it is possible to determine 2’, y', z’ so that, consi- 
dering only the relative velocities U, V, W, the line joining the points P, P’ shall 
have no angular motion. The conditions to be satisfied, in order that this may be 
the case, are evidently that the increments of the relative co-ordinates x’, y’, 2’ of 
the second point shall be ultimately proportional to those co-ordinates. If e be the 
rate of extension of the line joining the two points considered, we shall therefore 
have 


Fea t+h-y+g-2 =e-2', 
h-v’+G-y+fe2/=e-y, (2.3) 
g vt+fyt+H-2/=e-2; 


where 
_ au 
dx’ 
_ dv 
a 
dw 
1 ae 
dz’ 
dv dw 
Oe ea 
I dz dy’ 
og — ww du 
er ee 
dus dv 
2h = —+— 
di. "de 


If we eliminate from Equation 2.3 the two ratios which exist between the three 
quantities x’, 4’, z’, we get the well-known cubic equation 


(e=F)-(e—G)- (e—H) — f? -(e—F)—g’-(e—G) —h? -(e— HH) —2fgh =0, (24) 


which occurs in the investigation of the principal axes of a rigid body, and in various 
others. As in these investigations, it may be shewn that there are in general three 
directions, at right angles to each other, in which the point P’ may be situated so 
as to satisfy the required conditions. If two of the roots of Equation 2.4 are equal, 
there is one such direction corresponding to the third root, and an infinite number 
of others situated in a plane perpendicular to the former; and if the three roots 
of Equation 2.4 are equal, a line drawn in any direction will satisfy the required 
conditions. 


The three directions which have just been determined I shall call ares of extension. 
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They will in general vary from one point to another, and from one instant of time 
to another. If we denote the three roots of Equation 2.4 by e’, e”, e”, and if we 
take new rectangular axes Ox,, Oy,, Oz,, parallel to the axes of extension, and 
denote by u,, U,, &c. the quantities referred to these axes corresponding to u, U, 
&c., Equation 2.3 must be satisfied by y/ = 0, z/ = 0,e =e’, by x} = 0, z = 0, 
e=—e', and by 7, = 0,7, =—0,.e = e”,, which requires that: j, = 0,9; = 0, hy—0, 
and we have 


du, 
y —e F, — 
, ‘ dz, 
dv, 
/ dy, o) 
dw, 
ne se 
‘dz, 


The values of U,, V,, W,, which correspond to the residual motion after the elimina- 


tion of the motion of rotation corresponding to w’, w” and w’”, are 


Up =e 2a 
MN / 
V =e “Urs 
Mr / 
Wy =e" +z 


The angular velocity of which w’, w” and w’” are the components is independent of 
the arbitrary directions of the co-ordinate axes: the same is true of the directions 
of the axes of extension, and of the values of the roots of Equation 2.4. This might 
be proved in various ways; perhaps the following is the simplest. The conditions 
by which w’, w” and w’” are determined are those which express that the relative 
velocities U, V, W, which remain after eliminating a certain angular velocity, are 
such that U da’ + V dy’ + W dz’ is ultimately an exact differential, that is to say 
when squares and products of 2’, y’ and 2’ are neglected. It appears moreover from 
the solution that there is only one way in which these conditions can be satisfied 
for a given system of co-ordinate axes. Let us take new rectangular axes Ox, Oy, 
Oz, and let U, V, W be the resolved parts along these axes of the velocities U, V, 
W, and x’, y’, z’, the relative co-ordinates of P’; then 


U = U-cos(#x) + V - cos(ay) + W - cos(xz) , 


dx’ = cos(xx) dx’ + cos(y) dy’ + cos(xz) dz’, &c.; 


whence, taking account of the well-known relations between the cosines involved in 
these equations, we easily find 


U dz’ + V dy’ +W dz’ = Udx'’ + Vdy’ + Wdz’. 
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It appears therefore that the relative velocities U, V, W, which remain after 
eliminating a certain angular velocity, are such that Udx’ + Vdy’ + Wdz’ is 
ultimately an exact differential. Hence the values of U, V, W are the same as would 
have been obtained from Equation 2.2 applied directly to the new axes, whence 
the truth of the proposition enunciated at the head of this chapter is manifest. 
The motion corresponding to the velocities U,, V,, W, may be further decomposed 
into a motion of dilatation, positive or negative, which is alike in all directions, 
and two motions which I shall call motions of shifting, each of the latter being 
in two dimensions, and not affecting the density. For let 6 be the rate of linear 
extension corresponding to a uniform dilatation; let ox), —oy) be the velocities 
parallel to x,, y,, corresponding to a motion of shifting parallel to the plane x,y, 
and let o’x/, —o’z) be the velocities parallel to x,, z,, corresponding to a similar 
motion of shifting parallel to the plane x,z,. The velocities parallel to x,, y,, z, 
respectively corresponding to the quantities 6, 0 and o’ will be (6+ 0+40')-2/, 
(6—o)-y;, (6 — 0’) - z/, and equating these to U,, V,, W, we shall get 


1 
6= 5 s (e’ 7 e” +e”) ; 
1 / mM” " 
Fa hee — 2e") , 
o’ = ; c (e’ ts e” — Qe”) : 


Hence the most general instantaneous motion of an elementary portion of a fluid is 
compounded of a motion of translation, a motion of rotation, a motion of uniform 
dilatation, and two motions of shifting of the kind just mentioned. 


3. Having determined the nature of the most general instantaneous motion of 
an element of a fluid, we are now prepared to consider the normal pressures and 
tangential forces called into play by the relative displacements of the particles. 
Let p be the pressure which would exist about the point P if the neighbouring 
molecules were in a state of relative equilibrium: let p+ p, be the normal pressure, 
and t, the tangential action, both referred to a unit of surface, on a plane passing 
through P and having a given direction. By the hypotheses of Art. 1., page 73 the 
quantities p,, t, will be independent of the angular velocities w’, w”, w’”, depending 
only on the residual relative velocities U, V, W, or, which comes to the same, on e’, 
e” and e”, or ono, o’ and 6. Since this residual motion is symmetrical with respect 
to the axes of extension, it follows that if the plane considered is perpendicular 
to any one of these axes the tangential action on it is zero, since there is no more 
reason why it should act in one direction rather than in the opposite; for by the 
hypotheses of Art. 1., page 73 the change of density and temperature about the 
point P is to be neglected, the constitution of the fluid being ultimately uniform 
about that point. Denoting then by p+ p’, p+ p”, p+ p” the pressures on planes 
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perpendicular to the axes of x,, y,, z,, we must have 


p! = o(e’,e”,e”") : 
p = @ (e", el” é') j 
py = @ (ex, e’, e”) : 


o(e',e”,e”") denoting a function of e’, e” and e” which is symmetrical with respect 
to the two latter quantities. The question is now to determine, on whatever may 
seem the most probable hypothesis, the form of the function ¢. 

Let us first take the simpler case in which there is no dilatation, and only one 
motion of shifting, or in which e” = —e’, e’” = 0, and let us consider what would 
take place if the fluid consisted of smooth molecules acting on each other by actual 
contact. On this supposition, it is clear, considering the magnitude of the pressures 
acting on the molecules compared with their masses, that they would be sensibly 
in a position of relative equilibrium, except when the equilibrium of any one of 
them became impossible from the displacement of the adjoining ones, in which case 
the molecule in question would start into a new position of equilibrium. This start 
would cause a corresponding displacement in the molecules immediately about 
the one which started, and this disturbance would be propagated immediately in 
all directions, the nature of the displacement however being different in different 
directions, and would soon become insensible. During the continuance of this 
disturbance, the pressure on a small plane drawn through the element considered 
would not be the same in all directions, nor normal to the plane: or, which comes 
to the same, we may suppose a uniform normal pressure p to act, together with 
a normal pressure p, and a tangential force t,, p, and t, being forces of great 
intensity and short duration, that is being of the nature of impulsive forces. As 
the number of molecules comprised in the element considered has been supposed 
extremely great, we may take a time 7 so short that all summations with respect to 
such intervals of time may be replaced without sensible error by integrations, and 
yet so long that a very great number of starts shall take place in it. Consequently 
we have only to consider the average effect of such starts, and moreover we may 
without sensible error replace the impulsive forces such as p,, and t,,, which succeed 
one another with great rapidity, by continuous forces. For planes perpendicular to 
the axes of extension these continuous forces will be the normal pressures p’, p”, 
pl”. 

Let us now consider a motion of shifting differing from the former only in having e’ 
increased in the ratio of m to 1. Then, if we suppose each start completed before 
the starts which would be sensibly affected by it are begun, it is clear that the same 
series of starts will take place in the second case as in the first, but at intervals of 
time which are less in the ratio of 1 to m. Consequently the continuous pressures by 
which the impulsive actions due to these starts may be replaced must be increased 
in the ratio of m to 1. Hence the pressures p’, p”, p'” must be proportional to e’, 
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or we must have 


p =C- é ; 
p" = Cl 7 e! : 
po — ou : e! P 


It is natural to suppose that these formule hold good for negative as well as positive 
values of e’. Assuming this to be true, let the sign of e’ be changed. This comes to 
interchanging x and y, and consequently p’” must remain the same, and p’ and p” 
must be interchanged. We must therefore have C” = 0, C’ = —C. Putting then 
C' = —2y we have 


p= —2p-e', 
pl = Qu ae 
M1 
Pp — 


It has hitherto been supposed that the molecules of a fluid are in actual contact. 
We have every reason to suppose that this is not the case. But precisely the 
same reasoning will apply if they are separated by intervals as great as we please 
compared with their magnitudes, provided only we suppose the force of restitution 
called into play by a small displacement of any one molecule to be very great. 

Let us now take the case of two motions of shifting which coexist, and let us 
suppose e’ = 0 + 0’, e” = —o, e” = —o’. Let the small time 7 be divided into 
2n equal portions, and let us suppose that in the first interval a shifting motion 
corresponding to e’ = 20, e’ = —2c takes place parallel to the plane x,y,, and that 
in the second interval a shifting motion corresponding to e’ = 20’, e’” = —2o' takes 
place parallel to the plane at x,z,, and so on alternately. On this supposition it is 
clear that if we suppose the time + to be extremely small, the continuous forces 


2n 
by which the effect of the starts may be replaced will be 


By supposing n indefinitely increased, we might make the motion considered 
approach as near as we please to that in which the two motions of shifting coexist; 
but we are not at liberty to do so, for in order to apply the above reasoning we must 
suppose the time = to be so large that the average effect of the starts which occur 
in it may be taken. Consequently it must be taken as an additional assumption, 
and not a matter of absolute demonstration, that the effects of the two motions of 
shifting are superimposed. 
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Hence if 6 = 0, ie. if e’ +e” + e” = 0, we shall have in general 


/ / 
p=—2p-e, 
p= —2p-e", (2.5) 
pl”! — —2u el” 


It was by this hypothesis of starts that I first arrived at these equations, and the 
differential equations of motion which result from them. On reading POISSON’s 
memoir however, to which I shall have occasion to refer in chapter 5, I was led 
to reflect that however intense we may suppose the molecular forces to be, and 
however near we may suppose the molecules to be to their positions of relative 
equilibrium, we are not therefore at liberty to suppose them in those positions, 
and consequently not at liberty to suppose the pressure equal in all directions in 
the intervals of time between the starts. In fact, by supposing the molecular forces 
indefinitely increased, retaining the same ratios to each other, we may suppose 
the displacements of the molecules from their positions of relative equilibrium 
indefinitely diminished, but on the other hand the force of restitution called into 
action by a given displacement is indefinitely increased in the same proportion. 
But be these displacements what they may, we know that the forces of restitution 
make equilibrium with forces equal and opposite to the effective forces; and in 
calculating the effective forces we may neglect the above displacements, or suppose 
the molecules to move in the paths in which they would move if the shifting motion 
took place with indefinite slowness. Let us first consider a single motion of shifting, 
or one for which e” = —e’, e” = 0, and let p, and t, denote the same quantities as 
before. If we now suppose e’ increased in the ratio of m to 1, all the effective forces 
will be increased in that ratio, and consequently p, and t, will be increased in the 
same ratio. We may deduce the values of p’, p” and p” just as before, and then 
pass by the same reasoning to the case of two motions of shifting which coexist, 
only that in this case the reasoning will be demonstrative, since we may suppose 
the time = indefinitely diminished. If we suppose the state of things considered in 
this chapter to exist along with the motions of starting already considered, it is 
easy to see that the expressions for p’, p” and p’” will still retain the same form. 

There remains yet to be considered the effect of the dilatation. Let us first suppose 
the dilatation to exist without any shifting: then it is easily seen that the relative 
motion of the fluid at the point considered is the same in all directions. Consequently 
the only effect which such a dilatation could have would be to introduce a normal 
pressure p,, alike in all directions, in addition to that due to the action of the 
molecules supposed to be in a state of relative equilibrium. Now the pressure p, 
could only arise from the aggregate of the molecular actions called into play by 
the displacements of the molecules from their positions of relative equilibrium; but 
since these displacements take place, on an average, indifferently in all directions, it 
follows that the actions of which p, is composed neutralize each other, so that p, = 0. 
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The same conclusion might be drawn from the hypothesis of starts, supposing, as 
it is natural to do, that each start calls into action as much increase of pressure in 
some directions as diminution of pressure in others. 

If the motion of uniform dilatation coexists with two motions of shifting, I shall 
suppose, for the same reason as before, that the effects of these different motions 
are superimposed. Hence subtracting 6 from each of the three quantities e’, e” and 
e”, and putting the remainders in the place of e’, e” and e” in Equation 2.5, we 


have 


2 
p= gh (e" +e" — 2e’) , 


p" = sH! : ( mt a e! =< Qe") (2.6) 


pi" = Sp (e+e! — 22" . 


If we had started with assuming ¢(e’, e”, e””) to be a linear function of e’, e” and 
e”, avoiding all speculation as to the molecular constitution of a fluid, we should 
have had at once 

p = Ce! + C’ r (a as e”) 


since p’ is symmetrical with respect to e” and e”; or, changing the constants, 


p —_ sh (e” +e” —2e)+K- (e’ +e” +e”) : 
The expressions for p’ and p” would be obtained by interchanging the requisite 
quantities. Of course we may at once put « = 0 if we assume that in the case of 
a uniform motion of dilatation the pressure at any instant depends only on the 
actual density and temperature at that instant, and not on the rate at which the 
former changes with the time. In most cases to which it would be interesting to 
apply the theory of the friction of fluids the density of the fluid is either constant, 
or may without sensible error be regarded as constant, or else changes slowly with 
the time. In the first two cases the results would be the same, and in the third 
case nearly the same, whether & were equal to zero or not. Consequently, if theory 
and experiment should in such cases agree, the experiments must not be regarded 
as confirming that part of the theory which relates to supposing & to be equal to zero. 


4. It will be easy now to determine the oblique pressure, or resultant of the 
normal pressure and tangential action, on any plane. Let us first consider a plane 
drawn through the point P parallel to the plane yz. Let Ox, make with the axes of 
x,y, z angles whose cosines are I’, m’, n’; let Il”, m”, n” be the same for Oy,, and 
I", m'", nl the same for Oz,. Let P, be the pressure, and (xty), (xtz) the resolved 
parts, parallel to y, z respectively, of the tangential force on the plane considered, 


all referred to a unit of surface, (ty) being reckoned positive when the part of the 
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fluid towards —x urges that towards +z in the positive direction of y, and similarly 
for (atz). Consider the portion of the fluid comprised within a tetrahedron having 
its vertex in the point P, its base parallel to the plane yz, and its three sides 
parallel to the planes x;y, yz, 2,0, respectively. Let A be the area of the base, 
and therefore 1A, lA, lA the areas of the faces perpendicular to the axes of 2, 
y,, 2 By D’ALEMBERT’s principle, the pressures and tangential actions on the 
faces of this tetrahedron, the moving forces arising from the external attractions, 
not including the molecular forces, and forces equal and opposite to the effective 
moving forces will be in equilibrium, and therefore the sums of the resolved parts 
of these forces in the directions of x, y and z will each be zero. Suppose now the 
dimensions of the tetrahedron indefinitely diminished, then the resolved parts of 
the external, and of the effective moving forces will vary ultimately as the cubes, 
and those of the pressures and tangential forces on the sides as the squares of 
homologous lines. Dividing therefore the three equations arising from equating to 
zero the resolved parts of the above forces by A, and taking the limit, we have 


P, neo hie 
=Sol'm'- (p+ Pp) 
ie a , 


the sign 5> denoting the sum obtained by taking the quantities corresponding to 
the three axes of extension in succession. Putting for p’, p” and p” their values 
given by Equation 2.6, putting e’ +e” + e’” = 36, and observing that 5° 1? = 1, 
Si l'm' = 0, So l/n' = 0, the above equations become 


P, =p—2p-S_ Ie! + 2u6, 
(xty) = —2p- ys I'm'e’, 
(xtz) = —2u- S- I'n'e 


The method of determining the pressure on any plane from the pressures on three 
planes at right angles to each other, which has just been given, has already been 
employed by MM. CAUCHY and POISSON. 

The most direct way of obtaining the values of }>1’%e’ &c. would be to express 
l', m’ and n’ in terms of e’ by any two of Equation 2.3, in which 2’, y’, z’ are 
proportional to I’, m’, n’, together with the equation 1’ +m’? + n’ = 1, and then 
to express the resulting symmetrical function of the roots of the cubic Equation 2.4 
in terms of the coefficients. But this method would be excessively laborious, and 
need not be resorted to. For after eliminating the angular motion of the element of 
fluid considered the remaining velocities are e’r), e”y/, e’’z/, parallel to the axes 
of x,, y, 2%. The sum of the resolved parts of these parallel to the axis of x is 
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Vela) + ely) +1 el"z}. Putting for x), y/, z; their values l'x’ + m’y' + n'z’ &c., the 
above sum becomes 


x! > [6 ae y! S- I'm'e! a Z! a I'n'e 


but this sum is the same thing as the velocity U in Equation 2.2, and therefore we 
have 


It may also be very easily proved directly that the value of 30, the rate of cubical 
dilatation, satisfies the equation 


$= (2.7) 


Let Po, (ytz), (ytx) be the quantities referring to the axis of y, and P3, (ztx), (zty) 
those referring to the axis of z, which correspond to P, (xty), (xtz), referring to the 
axis of x. Then we see that (ytz) = (zty), (ztx) = (atz), (xty) = (ytx). Denoting 
these three quantities by 7), 7>, 73, and making the requisite substitutions and 
interchanges, we have 


(2.8) 


oes) 
du v 
T3 = — 
aad & % wy 
It may also be useful to know the components, parallel to x, y, z, of the oblique 


pressure on a plane passing through the point P, and having a given direction. Let 
1, m, n be the cosines of the angles which a normal to the given plane makes with 
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the axes of x, y, z; let P, Q, R be the components, referred to a unit of surface, of 
the oblique pressure on this plane, P, Q, R being reckoned positive when the part 
of the fluid in which is situated the normal to which /, m and n refer is urged by 
the other part in the positive directions of x, y, z, when 1, m and n are positive. 
Then considering as before a tetrahedron of which the base is parallel to the given 
plane, the vertex in the point P, and the sides parallel to the co-ordinate planes, 
we shall have 


P=1-P,+m-7T3+n-T), 
Q=1-T3+m-Pet+n-Th, (2.9) 
R=1-Th+m-T,+n- P3. 


In the simple case of a sliding motion for which u = 0, v = f(x), w = 0, the only 
forces, besides the pressure p, which act on planes parallel to the co-ordinate planes 
are the two tangential forces T3, the value of which in this case is —p - ge. In this 
case it is easy to shew that the axes of extension are, one of them parallel to Oz, 
and the two others in a plane parallel to xy, and inclined at angles of 45° to Ox. 
We see also that it is necessary to suppose jt to be positive, since otherwise the 
tendency of the forces would be to increase the relative motion of the parts of the 
fluid, and the equilibrium of the fluid would be unstable. 


5. Having found the pressures about the point P on planes parallel to the 
co-ordinate planes, it will be easy to form the equations of motion. Let X, Y, 
Z be the resolved parts, parallel to the axes, of the external force, not including 
the molecular force; let p be the density, t the time. Consider an elementary 
parallelepiped of the fluid, formed by planes parallel to the co-ordinate planes, and 
drawn through the point (x,y,z) and the point (x + Az,y + Ay, z+ Az). The 
mass of this element will be ultimately p- AxvAyAz, and the moving force parallel 
to x arising from the external forces will be ultimately pX - ArAyAz; the effective 
moving force parallel to x will be ultimately p- ue -ArAyAz, where D is used, as it 
will be in the rest of this paper, to denote differentiation in which the independent 
variables are t and three parameters of the particle considered, (such for instance 
as its initial co-ordinates,) and not t, x, y, z.1 It is easy also to shew that the 
moving force acting on the element considered arising from the oblique pressures 


‘Tn continuum mechanics, or like here in the theory of the motion of elastic solids, the material 
derivative describes the time rate of change of some physical quantity (like heat or momentum) 
of a material element or with STOKES, of the particle considered that is subjected to a space- 
and-time-dependent macroscopic velocity field (motion). For example, in fluid dynamics, the 
velocity field is the flow velocity, and the quantity of interest might be the temperature of the 
fluid. In which case, the material derivative then describes the temperature change of a certain 
fluid parcel with time, as it flows along its pathline (trajectory) with its cartesian co-ordinates 
L,Y, Zz. 

The material derivative is defined for any tensor field y that is macroscopic, with the sense that 
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on the faces is ultimately 


(“? dT; , dT, 


-ArAyAz, 
dx dy =) Paget 


acting in the negative direction. Hence we have by D’ALEMBERT’s principle 


Du dP, dT3 dT, 
. —_ — xX — 
‘s ( Dt ) dx dy dz m 
Du dT3 dP, dT, 
if eas = 2.1 
fi (3: ) dg «dy ~~dz 3 ey 
Dw dT dT; dP; 
. ————_ — Z — 
P ( Dt ) dx dy dz “ 


and similarly for Le and ve Equation 2.10, the ordinary equation of continuity, 
as it is called, 
dp dpu dev | dew 


T T T =U, 2.11 
dt dz dy dz : ( ) 


which expresses the condition that there is no generation or destruction of mass 
in the interior of a fluid, the equation connecting p and p, or in the case of an 
incompressible fluid the equivalent equation ve = 0, and the equation for the 
propagation of heat, if we choose to take account of that propagation, are the only 
equations to be satisfied at every point of the interior of the fluid mass. 


As it is quite useless to consider cases of the utmost degree of generality, I shall 


it depends only on position and time co-ordinates, y = y(x, t): 


where Vy is the covariant derivative of the tensor, and u(x,t) is the flow velocity. For a 
macroscopic scalar field $(x,t) the definition becomes 


and therefore we get for the convective term in case of a scalar field in a three-dimensional 
Cartesian coordinate system x = (x,y,z), the components of the velocity u being u, v, w,: 


Og Og 


i + W 
Xx 


u-V@=u a 


86 


2. Explanation of the Theory of Fluid Motion proposed. Formation of the 
Differential Equations. Application of these Equations to a few simple cases 


suppose the fluid to be homogeneous, and of a uniform temperature throughout, 
except in so far as the temperature may be raised by sudden compression in the 
case of small vibrations. Hence in Equation 2.10 js may be supposed to be constant 
as far as regards the temperature; for, in the case of small vibrations, the terms 
introduced by supposing it to vary with the temperature would involve the square of 
the velocity, which is supposed to be neglected. If we suppose jz to be independent 
of the pressure also, and substitute in Equation 2.10 the values of P,, &c. given by 
Equation 2.8, the former equations become 


Du _y wD dtu du d?u 
P°\ De dx da? dy? | dz? 


d2u— d?v =) 


2 
dy (2.12) 


Let us now consider in what cases it is allowable to suppose jz to be independent 
of the pressure. It has been concluded by DUBUAT, from his experiments on the 
motion of water in pipes and canals, that the total retardation of the velocity due to 
friction is not increased by increasing the pressure. The total retardation depends, 
partly on the friction of the water against the sides of the pipe or canal, and partly 
on the mutual friction, or tangential action, of the different portions of the water. 
Now if these two parts of the whole retardation were separately variable with p, it 
is very unlikely that they should when combined give a result independent of p. 
The amount of the internal friction of the water depends on the value of yw. I shall 
therefore suppose that for water, and by analogy for other incompressible fluids, ju 
is independent of the pressure. On this supposition, we have from Equation 2.11 
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and Equation 2.12 


Du | dp _ dui du du =, 
Dt dx dx? ° dy? dz2) 
Du dp dy d%y dv 
Sey) Seats | =0, vl 
‘ & }+2 (S dy? 7) : et) 
Dw dp dw d’w d*w 
Pp = ia a a 2 =0, 
We dz dx dy dz 
du du | dw 9 
dx dy dz’ 


These equations are applicable to the determination of the motion of water in pipes 
and canals, to the calculation of the effect of friction on the motions of tides and 
waves, and such questions. 

If the motion is very small, so that we may neglect the square of the velocity, 
we may put ue = a &c. in Equation 2.13. The equations thus simplified are 
applicable to the determination of the motion of a pendulum oscillating in water, or 
of that of a vessel filled with water and made to oscillate. They are also applicable 
to the determination of the motion of a pendulum oscillating in air, for in this case 
we may, with hardly any error, neglect the compressibility of the air. 

The case of the small vibrations by which sound is propagated in a fluid, whether 
a liquid or a gas, is another in which oe may be neglected. For in the case of a 
liquid reasons have been shewn for supposing jz to be independent of p, and in the 
case of a gas we may neglect = if we neglect the small change in the value of 1, 
arising from the small variation of pressure due to the forces X, Y, Z. 


6. Besides the equations which must hold good at any point in the interior of 
the mass, it will be necessary to form also the equations which must be satisfied 
at its boundaries. Let M be a point in the boundary of the fluid. Let a normal 
to the surface at M, drawn on the outside of the fluid, make with the axes angles 
whose cosines are 1, m,n. Let P’, Q’, R’ be the components of the pressure of the 
fluid about M on the solid or fluid with which it is in contact, these quantities 
being reckoned positive when the fluid considered presses the solid or fluid outside 
it in the positive directions of x, y, z, supposing /, m and n positive. Let S be a 
very small element of the surface about M, which will be ultimately plane, S’ a 
plane parallel and equal to S, and directly opposite to it, taken within the fluid. 
Let the distance between S and S’ be supposed to vanish in the limit compared 
with the breadth of S, a supposition which may be made if we neglect the effect 
of the curvature of the surface at MW; and let us consider the forces acting on the 
element of fluid comprised between S and S$’, and the motion of this element. If 
we suppose Equation 2.8 to hold good to within an insensible distance from the 
surface of the fluid, we shall evidently have forces ultimately equal to PS, QS, 
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RS, (P, Q and R being given by Equation 2.9,) acting on the inner side of the 
element in the positive directions of the axes, and forces ultimately equal to P’S, 
Q'S, R'S acting on the outer side in the negative directions. The moving forces 
arising from the external forces acting on the element, and the effective moving 
forces will vanish in the limit compared with the forces PS, &c.: the same will be 
true of the pressures acting about the edge of the element, if we neglect capillary 
attraction, and all forces of the same nature. Hence, taking the limit, we shall have 


P'=P, Q=Q, R=R. 


The method of proceeding will be different according as the bounding surface 
considered is a free surface, the surface of a solid, or the surface of separation of 
two fluids, and it will be necessary to consider these cases separately. Of course 
the surface of a liquid exposed to the air is really the surface of separation of two 
fluids, but it may in many cases be regarded as a free surface if we neglect the 
inertia of the air: it may always be so regarded if we neglect the friction of the air 
as well as its inertia. 

Let us first take the case of a free surface exposed to a pressure II, which is supposed 
to be the same at all points, but may vary with the time; and let L = 0 be the 
equation to the surface. In this case we shall have P’ = 1-ITI, Q! = m-II, R’ = n- I; 
and putting for P, Q, R their values given by Equation 2.9, and for P, &c. their 
values given by Equation 2.8, and observing that in this case 6 = 0, we shall have 


du dus dv du dw 
-(II-— - 22]. : = 
a py it 2! dx (F 4 “ (F a} : 
dv dw du dv du 
(re ol. ! Ome shag ! - 2.14 
ast {! G m) dy G uw) ee 


dw 
nop) +f (E+E rd deat 


in which equations /, m, n will have to be replaced by oe ar an to which they 
x y z 

are proportional. 

If we choose to take account of capillary attraction, we have only to diminish the 
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pressure II by the quantity H (2 + 1), where H is a positive constant depending 
on the nature of the fluid, and 71, r2 are the principal radii of curvature at the point 
considered, reckoned positive when the fluid is concave outwards. Equation 2.14 
with the ordinary equation 


gp age 0), (2.15) 


are the conditions to be satisfied for points at the free surface. Equation 2.14 are 
for such points what the three equations of motion are for internal points, and 
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Equation 2.15 is for the former what Equation 2.11 is for the latter, expressing in 
fact that there is no generation or destruction of fluid at the free surface. 
Equation 2.14 admit of being differently expressed, in a way which may sometimes 
be useful. If we suppose the origin to be in the point considered, and the axis of 
z to be the external normal to the surface, we have 1 = m = 0, n = l, and the 
equations become 


dw du _ 
de de? 
dw = dv 
nels py ee—y (| 2.16 
dy dz , ey) 
dw 
Il —p+2yu-— =0 
dz 


The relative velocity porns to z of a point (2’,y’, 0) in ane free surface, indefinitely 
near the origin, is fey! +4 a hence we see that fw ¢ aa are the angular velocities, 
reckoned from x fo. z and from y to z respectively, of an ’ element of the free surface. 
Subtracting the linear velocities due to these angular velocities from the relative 
velocities of the point (2’, y’, 2’), and calling the remaining relative velocities U, V, 
W, we shall have 


y= hy du , du | dw e 
~ dr y dz dx , 


dx dy 
vary du , dv dw J! 
~ dr” dy” dz dy : 
dw J 
Me dz 


Hence we see that the first two of Equation 2.16 express the conditions that a =) 
and = = (0, which are evidently the conditions to be satisfied in order that hee 
may be no sliding motion in a direction parallel to the free surface. It would be 
easy to prove that these are the conditions to be satisfied in order that the axis of 
z may be an axis of extension. 
The next case to consider is that of a fluid in contact with a solid. The condition 
which first occurred to me to assume for this case was, that the film of fluid 
immediately in contact with the solid did not move relatively to the surface of the 
solid.? I was led to try this condition from the following considerations. According 
to the hypotheses adopted, if there was a very large relative motion of the fluid 
particles immediately about any imaginary surface dividing the fluid, the tangential 
forces called into action would be very large, so that the amount of relative motion 
would be rapidly diminished. Passing to the limit, we might suppose that if at 


?An indirect supposition of the existence of a boundary layer (https://en.wikipedia.org/ 
wiki/Boundary_layer). 
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any instant the velocities altered discontinuously in passing across any imaginary 
surface, the tangential force called into action would immediately destroy the finite 
relative motion of particles indefinitely close to each other, so as to render the 
motion continuous; and from analogy the same might be supposed to be true for 
the surface of junction of a fluid and solid. But having calculated, according to the 
conditions which I have mentioned, the discharge of long straight circular pipes 
and rectangular canals, and compared the resulting formulee with some of the 
experiments of BOSSUT and DUBUAT, I found that the formule did not at all 
agree with experiment. I then tried POISSON’s conditions in the case of a circular 
pipe, but with no better success. In fact, it appears from experiment that the 
tangential force varies nearly as the square of the velocity with which the fluid 
flows past the surface of a solid, at least when the velocity is not very small. It 
appears however from experiments on pendulums that the total friction varies as 
the first power of the velocity, and consequently we may suppose that POISSON’s 
conditions, which include as a particular case those which I first tried, hold good 
for very small velocities. I proceed therefore to deduce these conditions in a manner 
conformable with the views explained in this paper. 


First, suppose the solid at rest, and let L = 0 be the equation to its surface. Let 
M’ bea point within the fluid, at an insensible distance h from M. Let w be the 
pressure which would exist about M if there were no motion of the particles in its 
neighbourhood, and let p, be the additional normal pressure, and t, the tangential 
force, due to the relative velocities of the particles, both with respect to one another 
and with respect to the surface of the solid. If the motion is so slow that the 
starts take place independently of each other, on the hypothesis of starts, or that 
the molecules are very nearly in their positions of relative equilibrium, and if we 
suppose as before that the effects of different relative velocities are superimposed, 
it is easy to shew that p, and t, are linear functions of u, v, w and their differential 
coefficients with respect to x, y, and z; u, v, &c. denoting here the velocities of the 
fluid about the point M’, in the expressions for which however the co-ordinates of 
M may be used for those of M’, since h is neglected. Now the relative velocities 
about the points M and M’ depending on a &c. are comparable with fu -h, while 
those depending on u, v and w are comparable with these quantities, and therefore 
in considering the action of the fluid on the solid it is only necessary to consider the 
quantities u, v and w. Now since, neglecting h, the velocity at M’ is tangential to 
the surface at M, u, v, and w are the components of a certain velocity V tangential 
to the surface. The pressure p, must be zero; for changing the signs u, v, and w the 
circumstances concerned in its production remain the same, whereas its analytical 
expression changes sign. The tangential force at M will be in the direction of V, 
and proportional to it, and consequently its components along the axes of x, y, z 
will be proportional to u, v, w. Reckoning the tangential force positive when, 1, 
m, and n being positive, the solid is urged in the positive directions of x, y, z, the 
resolved parts of the tangential force will therefore be vu, vv, vw, where v must 
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evidently be positive, since the effect of the forces must be to check the relative 
motion of the fluid and solid. The normal pressure of the fluid on the solid being 
equal to @w, its components will be evidently lw, ma, nw. 


Suppose now the solid to be in motion, and let wu’, v’, w’ be the resolved parts of 
the velocity of the point M of the solid, and w’, w”, w”” the angular velocities of 
the solid. By hypothesis, the forces by which the pressure at any point differs from 
the normal pressure due to the action of the molecules supposed to be in a state of 
relative equilibrium about that point are independent of any velocity of translation 
or rotation. Supposing then linear and angular velocities equal and opposite to 
those of the solid impressed both on the solid and on the fluid, the former will be 
for an instant at rest, and we have only to treat the resulting velocities of the fluid 
as in the first case. Hence P’=Im@+v-(u—vw’), &c.; and in Equation 2.8 we may 
employ the actual velocities u, v, w, since the pressures P, Q, R are independent 
of any motion of translation and rotation common to the whole fluid. Hence the 
equations P’ = P, &c. gives us 


du du du 
. = -(u—u 8°O x(a Bah ot ee 
l-(~—p)+tv-(u-w)+p (2! (= 8) em (E+E) 


n-(w- J+yu-(w— + . l. ae! +m Ce ee 
3 - i dx dz dy dz 


dw 
an - ——_—_- =z 
Lb & 5) | 0, 


which three equations with Equation 2.15 are those which must be satisfied at the 
surface of a solid, together with the equation L = 0. It will be observed that in the 
case of a free surface the pressures P’, Q’, R’ are given, whereas in the case of the 
surface of a solid they are known only by the solution of the problem. But on the 
other hand the form of the surface of the solid is given, whereas the form of the 
free surface is known only by the solution of the problem. 

DuBuat found by experiment that when the mean velocity of water flowing through 
a pipe is less than about one inch in a second, the water near the inner surface 
of the pipe is at rest. If these experiments may be trusted, the conditions to be 
satisfied in the case of small velocities are those which first occurred to me, and 
which are included in those just given by supposing v = oo. 

I have said that when the velocity is not very small the tangential force called into 
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action by the sliding of water over the inner surface of a pipe varies nearly as the 
square of the velocity. This fact appears to admit of a natural explanation. When 
a current of water flows past an obstacle, it produces a resistance varying nearly 
as the square of the velocity. Now even if the inner surface of a pipe is polished 
we may suppose that little irregularities exist, forming so many obstacles to the 
current. Each little protuberance will experience a resistance varying nearly as the 
square of the velocity, from whence there will result a tangential action of the fluid 
on the surface of the pipe, which will vary nearly as the square of the velocity; and 
the same will be true of the equal and opposite reaction of the pipe on the fluid. 
The tangential force due to this cause will be combined with that by which the 
fluid close to the pipe is kept at rest when the velocity is sufficiently small.? 

There remains to be considered the case of two fluids having a common surface. Let 
u’, v', w’, wl’, 0’ denote the quantities belonging to the second fluid corresponding 
to u, &c. belonging to the first. Together with the two equations L = 0 and 
Equation 2.15 we shall have in this case the equation derived from Equation 2.15 


3Except in the case of capillary tubes, or, in case the tube be somewhat wider, of excessively slow 
motions, the main part of the resistance depends upon the formation of eddies. This much appears 
clear; but the precise way in which the eddies act is less evident. The explanation in the text 
gives probably the correct account of what takes place in the case of a river flowing over a rough 
stony bed; but in the case of a pipe of fairly smooth interior surface the minute protuberances 
would be too small to produce much resistance of the same kind as that contemplated in the 
paragraph beginning near the foot of page 50. 
What actually happens appears to be this. The rolling motion of the fluid belonging to the 
eddies is continually bringing the more swiftly moving fluid which is found nearer to the centre 
of the pipe close to the surface. And in consequence the gliding or shifting motion of the fluid in 
the immediate neighbourhood of the surface in such places is very greatly increased, and with it 
the tangential pressure. 
Thus while in some respects these two classes of resistances are similar, in others they are 
materially different. As typical examples of the two classes we may take, for the first, that of a 
polished sphere of glass of some size descending by its weight in deep water; for the second, that 
of a very long circular glass pipe down which water is flowing. In both cases alike eddies are 
produced, and the eddies once produced ultimately die away. In both cases alike the internal 
friction of the fluid, and the friction between the fluid and the solid, are intimately connected 
with the formation of eddies, and it is by friction that the eddies die away, and the kinetic energy 
of the mass is converted into molecular kinetic energy, that is, heat. But in the first case the 
resistance depends mainly on the difference of the pressure p in front and rear, the resultant 
of the other forces of which the expressions are given in Equation 2.8 being comparatively 
insignificant, while in the second case it is these latter pressures that we are concerned with, the 
resultant of the pressure p in the direction of the axis of the tube being practically nl, even 
though the polish of the surface be not mathematically perfect. 
Hence if, the motion being what it actually is, the fluidity of the fluid were suddenly to become 
perfect, the immediate effect on the resistance in the first case would be insignificant, while in 
the second case the resistance would practically vanish. Of course if the fluidity were to remain 
perfect, the motion after some time would be very different from what it had been before; but 
that is not a point under consideration. 
Some questions connected with the effect of friction in altering the motion of a nearly perfect 
fluid will be considered further on in discussing the case of motion given in Art. 55 of a paper 
On the Critical Values of the Sums of Periodic Series. 
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by putting u’, v’, w’ for u, v, w; or, which comes to the same, we shall have the 
two former equations with 


l-(w-u')+m-(v—v')+n-(w—w’) =0. (2.18) 


If we consider the principles on which Equation 2.17 were formed to be applicable 
to the present case, we shall have six more equations to be satisfied, namely 
Equation 2.17, and the three equations derived from Equation 2.17 by interchanging 
the quantities referring to the two fluids, and changing the signs of 1, m, n. These 
equations give the value of w, and leave five equations of condition. If we must 
suppose / = 00, as appears most probable, the six equations above mentioned must 
be replaced by the six u’ = u, v' = v, w’ = w, and 


lp — fe f (u,v, w) = lp’ ~~ uw 7 Fos ws &c., 


f(u,v,w) denoting the coefficient of yu in the first of Equation 2.17. We have here 
six equations of condition instead of five, but then Equation 2.18 becomes identical. 
@@@@@@ 7. The most interesting questions connected with this subject require 
for their solution a knowledge of the conditions which must be satisfied at the 
surface of a solid in contact with the fluid, which, except perhaps in case of very 
small motions, are unknown. It may be well however to give some applications of 
the preceding equations which are independent of these conditions. Let us then 
in the first place consider in what manner the transmission of sound in a fluid 
is affected by the tangential action. To take the simplest case, suppose that no 
forces act on the fluid, so that the pressure and density are constant in the state of 
equilibrium, and conceive a series of plane waves to be propagated in the direction 
of the axis of x, so that u = f(z,t), v =0, w = 0. Let p, be the pressure, and p, 
the density of the fluid when it is in equilibrium, and put p = p,+p’. Then we have 
from Equation 2.11 and Equation 2.12, omitting the square of the disturbance, 


1 dp du 
; =0, 
Pr dt dz (2.19) 
du dp’ 4 du _ 9 
Pde de 3h daz 


Let AAp be the increment of pressure due to a very small increment Ap of density, 
the temperature being unaltered, and let m be the ratio of the specific heat of the 
fluid when the pressure is constant to its specific heat when the volume is constant; 
then the relation between p’ and p will be 


p= mA: (p— py). (2.20) 
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Eliminating p’ and p from Equation 2.19 and Equation 2.20 we get 


du A du 4u du xi 
dt? dx? 3p, dtdx? — 


To obtain a particular solution of this equation, let 


= BA tes (7 sap ain (7) | 


Substituting in the above equation, we see that @(t) and w(t) must satisfy the same 
equation, namely, 
d?d(t) 4x? 16774, dd(t) 
ae 2 PAPO Fa, a 


= 0, 


the integral of which is 


att) =e-#. [0 cos (7) 4 oF sin (2")) 


where 
8 2 
C= oo ; 
320, 
2 A 167? 2? 
=m —_— 


9A p7 ” 


C and C’ being arbitrary constants. Taking the same expression with different 
arbitrary constants for W(t), replacing products of sines and cosines by sums and 
differences, and combining the resulting sines and cosines two and two, we see 
that the resulting value of u represents two series of waves propagated in opposite 
directions. Considering only those waves which are propagated in the positive 
direction of 7, we have 


w= Cre cos { (ot 2) +0} . (2.21) 
We see then that the effect of the tangential force is to make the intensity of the 
sound diminish as the time increases, and to render the velocity of propagation less 
than what it would otherwise be. Both effects are greater for high, than for low 
notes; but the former depends on the first power of yw, while the latter depends only 
on pi’. It appears from the experiments of M. Biot, made on empty water pipes in 
Paris, that the velocity of propagation of sound is sensibly the same whatever be 
its pitch. Hence it is necessary to suppose that for air a is insensible compared 
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with A or me I am not aware of any similar experiments made on water, but the 


2 
ratio of (4) to A would probably be insensible for water also. The diminution 


of intensity as the time increases is, in the case of plane waves, due entirely to 
friction; but as we do not possess any means of measuring the intensity of sound, 
the theory cannot be tested, nor the numerical value of j: be determined, in this 
way. 

The velocity of sound in air, deduced from the note given by a known tube, is 
sensibly less than that determined by direct observation. POISSON thought that 
this might be due to the retardation of the air by friction against the sides of the 
tube. But from the above investigation it seems unlikely that the effect produced 
by that cause would be sensible. 

Equation 2.21 may be considered as expressing in all cases the effect of friction; 
for we may represent an arbitrary disturbance of the medium as the aggregate of 
series of plane waves propagated in all directions. 


8. Let us now consider the motion of a mass of uniform inelastic fluid comprised 
between two cylinders having a common axis, the cylinders revolving uniformly 
about their axis, and the fluid being supposed to have attained its permanent state 
of motion. Let the axis of the cylinders be taken for that of z, and let q be the 
actual velocity of any particle, so that u = —q-sin(@), v = q- cos(0), w =0, r and 
@ being polar co-ordinates in a plane parallel to xy. Observing that 


Gey de ey yl df | Te ace 
dz? ° dy2 dr? r dr rr? dG?’ 


where f is any function of x and y, and that ae = 0, we have from Equation 2.13, 
supposing after differentiation that the axis of x coincides with the radius vector 
of the point considered, and omitting the forces, and the part of the pressure due 
to them, 


dp q 
Le ee es | 
dr p r : 
d’q 1 dq 4q 
dr? , r dr. re =a (2.22) 


and the equation of continuity is satisfied identically. 
The integral of Equation 2.22 is 


pee ele 
- 


If a is the radius of the inner, and 6} that of the outer cylinder, and if q, gz are the 
velocities of points close to these cylinders respectively, we must have g = q;, when 
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r =a, and q = q2, when r = b, whence 


1 


q= (Ba?) { (on — age) - + (bg2 — aq1) r} (2.23) 


If the fluid is infinitely extended, it follows that b = oo, and 


q a 
a oT 

These cases of motion were considered by NEWTON, (Principia, Lib. IH. Prop. 51.). 
The hypothesis which I have made agrees in this case with his, but he arrives at 
the result that the velocity is constant, not, that it varies inversely as the distance. 
This arises from his having taken, as the condition of there being no acceleration 
or retardation of the motion of an annulus, that the force tending to turn it in one 
direction must be equal to that tending to turn it in the opposite, whereas the 
true condition is that the moment of the force tending to turn it one way must be 
equal to the moment of the force tending to turn it the other. Of course, making 
this alteration, it is easy to arrive at the above result by NEWTON’s reasoning. 
The error just mentioned vitiates the result of Prop. 52. It may be shewn from 
the general equations that in this case a permanent motion in annuli is impossible, 
and that, whatever may be the law of friction between the solid sphere and the 
fluid. Hence it appears that it is necessary to suppose that the particles move in 
planes passing through the axis of rotation, while they at the same time move 
round it. In fact, it is easy to see that from the excess of centrifugal force in the 
neighbourhood of the equator of the revolving sphere the particles in that part 
will recede from the sphere, and approach it again in the neighbourhood of the 
poles, and this circulating motion will be combined with a motion about the axis. 
If however we leave the centrifugal force out of consideration, as NEWTON has 
done, the motion in annuli becomes possible, but the solution is different from 
NEWTON’s, as might have been expected. 

The case of motion considered in this article may perhaps admit of being compared 
with experiment, without knowing the conditions which must be satisfied at the 
surface of a solid. A hollow, and a solid cylinder might be so mounted as to admit 
of being turned with different uniform angular velocities round their common axis, 
which is supposed to be vertical. If both cylinders are turned, they ought to be 
turned in opposite directions, if only one, it ought to be the outer one; for if the 
inner were made to revolve too fast, the fluid near it would have a tendency to fly 
outwards in consequence of the centrifugal force, and eddies would be produced. 
As long as the angular velocities are not great, so that the surface of the liquid is 
very nearly plane, it is not of much importance that the fluid is there terminated; 
for the conditions which must be satisfied at a free surface are satisfied for any 
section of the fluid made by a horizontal plane, so long as the motion about that 
section is supposed to be the same as it would be if the cylinders were infinite. The 
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principal difficulty would probably be to measure accurately the time of revolution, 
and distance from the axis, of the different annuli. This would probably be best 
done by observing motes in the fluid. It might be possible also to discover in this 
way the conditions to be satisfied at the surface of the cylinders; or at least a law 
might be suggested, which could be afterwards compared more accurately with 
experiment by means of the discharge of pipes and canals. 

If the rotations of the cylinders are in opposite directions, there will be a certain 
distance from the axis at which the fluid will not revolve at all. Writing —q,; for q 
in Equation 2.23, we have for this distance 


ab - (bq, + aq2) 
(bq2+aqi) 


9. Although the discharge of a liquid through a long straight pipe or canal, 

under given circumstances, cannot be calculated without knowing the conditions 
to be satisfied at the surface of contact of the fluid and solid, it may be well to go 
a certain way towards the solution. 
Let the axis of z be parallel to the generating lines of the pipe or canal, and inclined 
at an angle a to the horizon; let the plane yz be vertical, and let y and z be 
measured downwards. The motion being uniform, we shall have u = 0, v = 0, 
w = f(x,y), and we have from Equation 2.13 


dp 

ee 4) 

da , 

a cos(q@) 
dy = gP 5) 


dp _ ‘ta dw d’w 
Ge ee dx? © dy?) ° 


In the case of a canal we = 0; and the calculation of the motion in a pipe may 
always be reduced to that of the motion in the same pipe when a is supposed 
to be zero, as may be shewn by reasoning similar to DUBUAT’s. Moreover the 
motion in a canal is a particular case of the motion in a pipe. For consider a pipe 
for which we = 0), and which is divided symmetrically by the plane xz. From the 
symmetry of the motion, it is clear that we must have a = 0 when z = 0; but this 
is precisely the condition which would have to be satisfied if the fluid had a free 
surface coinciding with the plane xz; hence we may suppose the upper half of the 
fluid removed, without affecting the motion of the rest, and thus we pass to the 
case of a canal. Hence it is the same thing to determine the motion in a canal, as 
to determine that in the pipe formed by completing the canal symmetrically with 


respect to the surface of the fluid. 
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We have then, to determine the motion, the equation 


dw dw  gp-sin(a) 


I I — 0 . 
da > dy? m 


In the case of a rectangular pipe, it would not be difficult to express the value of 
w at any point in terms of its values at the several points of the perimeter of a 
section of the pipe. In the case of a cylindrical pipe the solution is extremely easy: 
for if we take the axis of the pipe for that of z, and take polar co-ordinates r, @ in 
a plane parallel to xy, and observe that Le = 0, since the motion is supposed to be 
symmetrical with respect to the axis, the above equation becomes 

dns’ dw gp-sin(a) = 

dr2  r dr mM 


Let a be the radius of the pipe, and U the velocity of the fluid close to the surface; 
then, integrating the above equation, and determining the arbitrary constants by 
the conditions that w shall be finite when r = 0, and w = U when r = a, we have 


_ gp: sin(a) 


w Zi 


-(a? =r?) 4U. 
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the theorem that if 
udx+udy+wdz ts an exact 
differential at any one instant it Is 
always so, the pressure being 
supposed equal in all directions. 
Principles of M. Cauchy’s proof. 
A new proof of the theorem. A 
physical interpretation of the 
circumstance of the above 
expression being an exact 
differential 


10. The proof of this theorem given by Lagrange depends on the legitimacy of 
supposing u, v and w capable of expansion according to positive integral powers 
of t, for a sufficiently small finite value of t. It is clear that the expansion cannot 
contain negative powers of t, since u, v and w are supposed to be finite when 
t = 0; but it may be objected to LAGRANGE’s proof that there are functions of t 
of which the expansion contains fractional powers of t, and that we do not know 
but that u, v and w may be such functions. This objection has been considered 
by Mr. Power!, who has shewn that the theorem is true if we suppose wu, v 
and w capable of expansion according to any powers of t. Still the proof remains 
unsatisfactory, in fact inconclusive, for these are functions of t, (for instance ee, 


‘Cambridge Philosophical Transactions, Vol, VII. Part 3., https: //www.biodiversitylibrary. 
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t - In(t),) which do not admit of expansion according to powers of t, integral or 
fractional, and we do not know but that wu, v and w may be functions of this nature. 
I do not here mention the proof which POISSON has given of the theorem in his 
Traité de Méchanique, because it appears to me liable to an objection to which I 
shall presently have occasion to refer: in fact, POISSON himself did not think the 
theorem generally true. 

It is remarkable that Mr. POWER’s proof, if it were legitimate, would establish 
the theorem even when account is taken of the variation of pressure in different 
directions, according to the theory explained in chapter 2, if we suppose that 
se = (0. To shew this we have only got to treat Equation 2.12 as Mr. POWER 
has treated the three equations of fluid motion formed on the ordinary hypoth- 
esis. Yet in this case the theorem is evidently untrue. Thus, conceive a mass of 
fluid which is bounded by a solid plane coinciding with the plane yz, and which 
extends infinitely in every direction on the positive side of the axis of x, and 
suppose the fluid at first to be at rest. Suppose now the solid plane to be moved 
in any manner parallel to the axis of y; then, unless the solid plane exerts no 
tangential force on the fluid, (and we may suppose that it does exert some,) it is 
clear that at a given time we shall have u = 0, v = f(x), w = 0, and therefore 
udaz + vdy + wdz will not be an exact differential. It will be interesting then 
to examine in this case the nature of the function of t which expresses the value of v. 


Supposing X, Y, Z to be zero in Equation 2.12, and observing that in the case 


considered we have a = 0, we get 


dv yp du 


Differentiating this equation n — 1 times with respect to t, we easily get 


d'v ee da 

dtm (4) “dx? * 
but when t = 0, v = 0 when x > 0, and therefore for a given value of x all the 
differential coefficients of v with respect to t are zero. Hence for indefinitely small 
values of t the value of v at a given point increases more slowly than if it varied 
ultimately as any power of t, however great; hence v cannot be expanded in a series 
according to powers of t. This result is independent of the condition to be satisfied 
at the surface of the solid plane. 
I think what has just been proved shews clearly that LAGRANGE’s proof of the 
theorem considered, even with Mr. POWER’s improvement of it, is inadmissible. 
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11. The theorem is however true, and a proof of it has been given by M. 
CAUCHY?, which appears to me perfectly free from objection, and which is very 
simple in principle, although it depends on rather long equations. M. CAUCHY 
first eliminates p from the three equations of motion by means of the conditions 
that ae = a. &c., he then changes the independent variables from x, y, z, t 
to a, b, c, t, where a, b, c are the initial co-ordinates of the particles. The three 
transformed equations admit each of being once integrated with respect to t; and 
determining the arbitrary functions of a, b, c by the initial values of u, v and w, 
the three integrals have the form 


wy = Fu’ + Gw" + Ho!” , &e., 


w’, w” and w’” denoting here the same as in Art. 2, page 74, and w6, &c. denoting 
the initial values of w’, &c. for the same particle. Solving the above equations with 
respect to w’, w” and w’”, the resulting equations are 


ne oh. (eat ! Lae aH] , &e., 


Gl Mago adpee. de 


where S is a function of the differential coefficients of x, y and z with respect to 
a, b and c, which by the condition of continuity is shewn to be equal to cer Po 
being the initial density about the particle whose density at the time considered 
is p. Since a &c. are finite, (for to suppose them infinite would be equivalent 
to supposing a discontinuity to exist in the fluid,) it follows at once from the 
preceding equations that if w) = 0, wi = 0, wi’ = 0, that is if up da + vp db + wo de 
be an exact differential, either for the whole fluid or for any portion of it, then 
shall w’ = 0, w” = 0, w” = 0, ie. udx + vdy + wdz will be an exact differen- 
tial, at any subsequent time, either for the whole mass or for the above portion of it. 


2Mémoire sur la Théorie des Ondes, in the first volume of the Mémoires des Savants étrangers 
a l’Académie de Paris, https://gallica.bnf.fr/ark: /12148/bpt6k33065?rk=21459;2. M. 
CaucHuy has not had occasion to enunciate the theorem, but it is contained in his equations 
(16). This equation may be obtained in the same manner in the more general case in which p is 
supposed to be a function of p. 
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12. It is not from seeing the smallest flaw in M. CAUCHY’s proof that I propose 
a new one, but because it is well to view the subject in different lights, and because 
the proof which I am about to give does not require such long equations. It will be 
necessary in the first place to prove the following lemma. 


Lemma. If w), wo, ..., Wy are n functions of t, which satisfy the n differential 
equations 

dw 

aE = Pw, t+ Qiwet---+ Viwn, 

(3:2) 

dwy, 

“ay nei Qadia hee Vans 

dt 
where P,, Qi, ..., Vn may be functions of t, wy, Wo, ..., Wn, and if when w, = 0, 
Wo =0,..., W, = 0, none of the quantities P,, Q1, ..., Vn is infinite for any value 
of t from 0 to T, and if w1, we, ..., Wn are each zero when t = 0, then shall each 


of these quantities remain zero for all values of t from 0 to T. 


Proof. Let 7 be a finite value of t, then by hypothesis 7 may be taken so small 
that the values of w 1, wo, ..., Ww, are sufficiently small to exclude all values which 
might render any one of the quantities P,, Qi, ..., Vn infinite. Let DL be a superior 
limit to the numerical values of the several quantities P;, Q1,..., Vn for all values 
of t from 0 to 7; then it is evident that w , we, ..., WwW, cannot increase faster than 
if they satisfied the equations 


dw 
pm Ew teeter tun), 
: (3.3) 
dw, 
a Er tweet ton) , 


vanishing in this case also when t = 0. But if (wy + we +--+++Wp) = 2, we have 
by adding together the above equations 


dQ 
—— = LM) 2 
dé” 


if now 22 be not equal to zero, dividing this equation by Q and integrating, we have 
O=C rer 


but no value of C’ different from zero will allow 2 to vanish when t = 0, whereas 
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by hypothesis it does vanish; hence 2 = 0; but 2 is the sum of n quantities which 
evidently cannot be negative, and therefore each of these must be zero. Since then 
Wy , W2,..., Wy, would have to be equal to zero for all values of t from 0 to 7 even 
if they satisfied Equation 3.3, they must a fortiori be equal to zero in the actual 
case, since they satisfy Equation 3.2. Hence there is no value of t from 0 to T at 
which any one of the quantities w 1, wa, ..., W, can begin to differ from zero, and 
therefore these quantities must remain equal to zero for all values of t from 0 to 
ae 


This lemma might be extended to the case in which n = oo, with certain 
restrictions as to the convergency of the series. We may also, instead of the integers 
1, 2, ...n, have a continuous variable a which varies from 0 to a, so that w is a 
function of the independent variables a and t, satisfying the differential equation 


dw . 
dt — i W(a,w,t)w da, 


where w(a,0,t) does not become infinite for any value of a from 0 to a combined 
with any value of t from 0 to T. It may be shewn, just as before, that if w = 0 
when t = 0 for all values of a from 0 to a, then must w = 0 for all values of t from 
0 to T. The proposition might be further extended to the case in which a = oo, 
with a certain restriction as to the convergency of the integral, but Equation 3.2 
are already more general than I shall have occasion to employ. 

It appears to me to be sometimes assumed as a principle that two variables, func- 
tions of another, t, are proved to be equal for all values of t when it is shewn that 
they are equal for a certain value of t, and that whenever they are equal for the 
same value of t their increments for the same increment of t are ultemately equal. 
But according to this principle, if two curves could be shewn always to touch when 
they meet they must always coincide, a conclusion manifestly false. I confess I 
cannot see that NEWTON in his Principia, Lib. I. Prop. 40 has proved more than 
that if the velocities of the two bodies are equal at equal distances, the increments 
of those velocities for equal increments of the distances are ultimately equal: at 
least something additional seems required to put the proof quite out of the reach of 
objection. Again it is usual to speak of the condition, that the motion of a particle 
of fluid in contact with the surface of a solid at rest is tangential to the surface, as 
the same thing as the condition that the particle shall always remain in contact 
with the surface. That it is the same thing that might be shewn by means of the 
lemma in this article, supposing the motion to be continuous; but independently of 
proof I do not see why a particle should not move in a curve not coinciding with 
the surface, but touching it where it meets it. The same remark will apply to the 
condition that a particle which at one instant lies in a free surface, or is in contact 
with a solid, shall ultimately lie in the free surface, or be in contact with the solid, 
at the consecutive instant. I refer here to the more general case in which the solid 
is at rest or in motion. For similar reasons POISSON’s proof of the Hydrodynamical 
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theorem which forms the principal subject of this section has always appeared to 
me unsatisfactory, in fact far less satisfactory than LAGRANGE’s. I may add that 
POISSON’s proof, as well as LAGRANGE’s, would apply to the case in which friction 
is taken into account, in which case the theorem is not true. 


13. Supposing p to be a function of p, FG the ordinary equations of Hydrody- 
namics are 
df(p) _y _ Du 
dx Der 
df(p) Du 
Ys 3.4 
df(p)_, Dw 
dz Dt 


The forces X, Y, Z will here be supposed to be such that X dx + Y dy + Z dz is 
an exact differential, this being the case for any forces emanating from centres, and 
varying as any functions of the distances. Differentiating the first of Equation 3.4 
with respect to y, and the second with respect to x, subtracting, putting for 2% 


Dt 
and be their values, adding and subtracting fue and employing the notation of 
Art. 2, page 74, we obtain 


D Mr 
Ww dip. #0 "-(¢ = ma (3.5) 


pe ae da dy 


By treating the first and third, and then the second and third of Equation 3.4 in the 
same manner, we should obtain two more equations, which may be got at once from 
that which has just been found by interchanging the requisite quantities. Now for 
points in the interior of the mass the differential coefficients oa &c. will not be in- 
finite, on account of the continuity of the motion, and therefore the three equations 
just obtained are a particular case of Equation 3.2. If then wdx + udy+wdz is an 
exact differential for any portion of the fluid when t = 0, that is, if w’, w” and w’” 
are each zero when t = 0, it follows from the lemma of the last article (see page 104) 
that w’, w” and w”” will be zero for any value of t, and therefore udx+v dy+w dz will 
always remain an exact differential. It will be observed that it is for the same por- 
tion of fluid, not for the fluid occupying the same portion of space, that this is true, 
since Equation 3.5, &c. contain the differential coefficients et &c., and not ‘lee &ce. 
14. The circumstance of udz + vudy + w dz being an exact differential admits of 
a physical interpretation which may be noticed, as it is well to view a subject of 
this nature in different lights. 
Conceive an indefinitely small element of a fluid in motion to become suddenly 
solidified, and the fluid about it to be suddenly destroyed; let the form of the 
element be so taken that the resulting solid shall be that which is the simplest with 
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respect to rotatory motion, namely, that which has its three principal moments 
about axes passing through the centre of gravity equal to each other, and therefore 
every axis passing through that point is a principal axis, and let us enquire what 
will be the linear and angular motion of this element just after solidification. 

By the instantaneous solidification, velocities will be suddenly generated or de- 
stroyed in the different portions of the element, and a set of mutual impulsive 
forces will be called into action. Let x, y, z be the co-ordinates of the centre of 
gravity G of the element at the instant of solidification, r+ 2’, y+y’', z+ 2’ those 
of any other point in it. Let u, v, w be the velocities of G along the three axes 
just before solidification, u’, uv’, w’ the relative velocities of the point whose relative 
co-ordinates are x’, y’, 2’. Let U, U, W be the velocities of G, u,, v,, w, the relative 
velocities of the point above mentioned, and w’, w”, w’” the angular velocities just 
after solidification. Since all the impulsive forces are internal, we have 


U=U, V=VU, W=wW. 
We have also, by the principle of conservation of areas, 
So m{y!: (w,—w’) —2'- (yu —v')} =0, 
Som {2 -(u,—u) —2'-(w,—w')} =0, 
domi! —v'!)—y'- (wu —w)} =0, 
m, It 


m denoting an element of the mass of the element considered. But uw, = w’2z! —w!"y’, 
u’ is ultimately equal to 


du _ du, 

dx dy” 
and similar expressions hold good for the other quantities. Substituting in the 
above equations, and observing that }> my'z’ = So mz’! = So mz'y' = 0, and 
Soma”? + So my? + ¥> mz? we have 


ya t..f dw dv 
W=5-(S-E). 
» 1 (du dw 
w= 5 (S-E). 
i ke fae da 
@ 5 (S-<). 


We see then that an indefinitely small element of the fluid, of which the three 
principal moments about the centre of gravity are equal, if suddenly solidified and 
detached from the rest of the fluid will begin to move with a motion simply of 
translation, which may however vanish, or a motion of translation combined with 
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one of rotation, according as udz + vdy + w dz is, or is not an exact differential, 
and in the latter case the angular velocities will be the same as in Art. 2, page 74. 


The principle which forms the subject of this section might be proved, at least in 
the case of a homogeneous incompressible fluid, by considering the change in the 
motion of a spherical element of the fluid in the indefinitely small time dt. This 
method of proving the principle would shew distinctly its intimate connexion with 
the hypothesis of normal pressure, or the equivalent hypothesis of the equality of 
pressure in all directions, since the proof depends on the impossibility of an angular 
velocity being generated in the element in the indefinitely small time dt by the 
pressure of the surrounding fluid, inasmuch as the direction of the pressure at any 
point of the surface ultimately passes through the centre of the sphere. The proof 
I speak of is however less simple than the one already given, and would lead me 
too far from my subject. 
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4. Application of a method 
analogous to that of chapter 2 to 
the determination of the 
equations of equilibrium and 
motion of elastic solids 


15. All solid bodies are more or less elastic, as is shewn by the capability they 
possess of transmitting sound, and vibratory motions in general. The solids 
considered in this section are supposed to be homogeneous and uncrystallized, so 
that when in their natural state the average arrangement of their particles is the 
same at one point as at another, and the same in one direction as in another.! The 
natural state will be taken to be that in which no forces act on them, from which 
it may be shewn that the pressure in the interior is zero at all points and in all 
directions, neglecting the small pressure depending on attractions of the nature of 
capillary attraction. 

Let x, y, z be the co-ordinates of any point P in the solid considered when in its 
natural state, a, 3, y the increments of those co-ordinates at the time considered, 
whether the body be in a state of constrained equilibrium or of motion. It will 
be supposed that a, 6, and y are so small that their squares and products may 
be neglected. All the theorems proved in Art. 2., page 74 with reference to li- 
near and angular velocities will be true here with reference to linear and angular 
displacements, since these two sets of quantities are resolved according to the same 
laws, as long as the angular displacements are supposed to be very small. Thus, 
the most general displacement of a very small element of the solid consists of a 
displacement of translation, an angular displacement, and three displacements 
of extension in the direction of three rectangular axes, which may be called in 
this case, with more propriety than in the former, axes of extension. The three 
displacements of extension may be resolved into two displacements of shifting, each 
in two dimensions, and a displacement of uniform dilatation, positive or negative. 
The pressures about the element considered will depend on the displacements of 


‘In modern notation this reads: ”The solids considered in this section are supposed to be 
isotropic”. Isotropy (from Ancient Greek isos ” equal”, and trépos ”turn, way”) is uniformity in 
all orientations. 


4. Application of a method analogous to that of chapter 2 to the determination of 
the equations of equilibrium and motion of elastic solids 


extension only; there may also, in the case of motion, be a small part depending 
on the relative velocities, but this part may be neglected, unless we have occasion 
to consider the effect of the internal friction in causing the vibrations of solid 
bodies to subside. It has been shewn (Art. 7., page 94) that the effect of this 
cause is insensible in the case of sound propagated through air; and there is 
no reason to suppose it greater in the case of solids than in the case of fluids, 
but rather the contrary. The capability which solids possess of being put into a 
state of isochronous vibration shews that the pressures called into action by small 
displacements depend on homogeneous functions of those displacements of one 
dimension. I shall suppose moreover, according to the general principle of the 
superposition of small quantities, that the pressures due to different displacements 
are superimposed, and consequently that the pressures are linear functions of 
the displacements. Since squares of a, @, and y are neglected, these pressures 
may be referred to a unit of surface in the natural state or after displacement 
indifferently, and a pressure which is normal to any surface after displacement 
may be regarded as normal to the original position of that surface. Let —A0d 
be the pressure corresponding to a uniform linear dilatation 6 when the solid is 
in equilibrium, and suppose that it becomes —mA0d, in consequence of the heat 
developed, when the solid is in a state of rapid vibration. Suppose also that a 
displacement of shifting parallel to the plane xy, for which a= k-x, 6 = —k-y, 
y = 0, calls into action a pressure —Bk on a plane perpendicular to the axis of x, 
and a pressure Bk on a plane perpendicular to that of y; the pressures on these 
planes being equal and of opposite signs, that on a plane perpendicular to the 
axis of z being zero, and the tangential forces on those planes being zero, for the 
same reasons as in chapter 2. It may also be shewn as before that it is necessary 
to suppose B positive, in order that the equilibrium of the solid medium may be 
stable, and it is easy to see that the same must be the case with A for the same 
reason. 

It is clear that we shall obtain the expressions for the pressures from those already 
found for the case of a fluid by merely putting a, 6, y, B for u, v, w, 4 and —Aod or 
—mAo for p, according as we are considering the case of equilibrium or of vibratory 
motion, the body being in the latter case supposed to be constrained only in so far 
as depends on the motion. 
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4. Application of a method analogous to that of chapter 2 to the determination of 
the equations of equilibrium and motion of elastic solids 


For the case of equilibrium then we have from Equation 2.8 


p= -as-28. (2-8), 


x 


P= ad —28- (Fs) | 
dy 


p= -as—28-(S-6), 
dz 


4.1 
1=-B-(++—2), 
dz dy 
dy da 
Ty = -—B- (| —+— 
: (2 =) 
da dG 
T; = —-B-(—+— 
: (= 4 ; 
0 being here 
i dat 0D. dy ys, 
3 \dxe dy dz)’ 
and the equations of equilibrium will be obtained from Equation 2.12 by putting 
Bu = 0, p = —Aod, making the same substitution as before for u, v, w and pw. We 


have therefore, for the equations of equilibrium, 


d (da dé. dy oe Pa da da 
dz \dx ' dy dz) da? ° dy? © dz? 


p-X4 = (4 + B)- ) =0, &c. (4.2) 


In the case of a vibratory motion, when the body is in its natural state except so 
far as depends on the motion, we have from Equation 2.8 


(4.3) 


and the equations of motion will be derived from Equation 2.12 as before, only Be 


&c. must be replaced by da &c., and X, Y, Z put equal to zero. The equations 
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of motion, then, are 


da 1 d fda d®@ dy 
pee Gn Ach ls Boe 
Ogg 4 we er (= dy 2) 
tae ar dears dea 
dz? dy? dz? J’ 
de>. 1 d fda d@G dy 
ei Snel)» uae 
Pap = 3" a (= dy =) Te 
_B dp dp dé 
| dz? dy? dz?) ’ 
dy 1 d (da dé dy 
ed =e ley poe 
ogg a a ($ dy Z| 
a aly NS ce Sa Ge 
dx? © dy? | dz?) ’ 


16. The conditions to be satisfied at the surface of the solid may be easily 
deduced from the analogous conditions in the case of a fluid with a free surface, 
only it will be necessary to replace the normal pressure II by an oblique pressure, 
of which the components will be denoted by X1, Yi, 7,. We have then, making the 
necessary changes in the quantities involved in Equation 2.14, 


da | da dé da dy = 
x cua Lo Ho: (324%) tm. (184) or, 


rirmass a {r- (42) 4am 2 on (2422) 1 <0, 


dz dy dy dx dy 

dy da dy dé dy 
Z Aé+B-<l-| —+— : + 2n- 10, 
as {! (2 i) +m (Z 4 i dz 


for the case of equilibrium, and for the case of motion such as that just considered 
it will only be necessary to replace A by mA in these equations. If we measure the 
angles of which /, m, n are the cosines from the external normal, the forces X1, 
Y;, Z, must be reckoned positive when /, m, and n being positive, the surface of 
the solid is urged in the negative directions of x, y, z, and in other cases the signs 
must be taken conformably. 

If the solid considered is in a state of constraint when at rest, and is moreover put 
into a state of vibration, the pressures and displacements due to these two causes 
must be calculated separately and added together. If m were equal to 1, they could 
be calculated together from the same equations. 
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5. Principles of Poisson’s theory of 
elastic solids, and of the oblique 
pressures existing in fluids in 
motion. Objections to one of his 
hypotheses. Reflections on the 
constitution, and equations of 
motion of the luminiferous ether 
in vacuum 


17. In the twentieth Cahier of the Journal de l’Ecole Polytechnique may be found 
a memoir by POISSON, entitled Mémoire sur les Equations générales de l’Equilibre 
et du Mouvement des Corps solides élastiques et des Fluides', which contains the 
substance of two memoirs presented by him to the Academy, brought together with 
some additions. In this memoir the author treats principally of the equations of 
equilibrium and motion of elastic solids, of the equations of equilibrium of fluids, 
with reference especially to capillary attraction, and of the equations of motion of 
fluids supposing the pressure not to be equal in all directions. 

It is supposed by POISSON that all bodies, whether solid or fluid, are composed of 
ultimate molecules, separated from each other by vacant spaces. In the cases of an 
uncrystallized solid in its natural state, and of a fluid in equilibrium, he supposes 
that the molecules are arranged irregularly, and that the average arrangement is 
the same in all directions. These molecules he supposes to act on each other with 
forces, of which the main part is a force in the direction of the line joining the 
centres of gravity, and varying as some function of the distance of these points, 
and the remainder a secondary force, or it may be two secondary forces, depending 
on the molecules not being mathematical points. He supposes that it is on these 
secondary forces that the solidity of solid bodies depends. He supposes however 
that in calculating the pressures these secondary forces may be neglected, partly 
because they become insensible at much smaller distances than the main part of 
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the forces, and partly because they act, on the average, alike in all directions. He 
supposes that the molecular force decreases very rapidly as the distance increases, 
yet not so rapidly but that the sphere in which the molecular action is sensible 
contains an immense number of molecules. He supposes consequently that in 
estimating the resultant force of a hemisphere of the medium on a molecule in 
the centre of its base the action of the neighbouring molecules, which are situated 
irregularly, may be neglected compared with the action of those more remote, of 
which the average may be taken. The consequence of this supposition of course 
is that the total action is normal to the base of the hemisphere, and sensibly the 
same for one molecule as for an adjacent one. 

The rest of the reasoning by which POISSON establishes the equations of motion 
and equilibrium of elastic solids is purely mathematical, sufficient data having been 
already assumed. It might appear that the reasoning in Art. 16 of his memoir, 
by which the expression for N is simplified, required the fresh hypothesis of a 
symmetrical arrangement of the molecules; but it really does not, being admissible 
according to the principle of averages. Taking for the natural state of the body 
that in which the pressure is zero, the equations at which POISSON arrives contain 
only one unknown constant k, whereas the equations of chapter 4 of this paper 
contain two, A or mA and B. This difference depends on the assumption made 
by POISSON that the irregular part of the force exerted by a hemisphere of the 
medium on a molecule in the centre of its base may be neglected in comparison 
with the whole force. As a result of this hypothesis, POISSON finds that the 
change in direction, and the proportionate change in length, of a line joining two 
molecules are continuous functions of the co-ordinates of one of the molecules 
and the angles which determine the direction of the line; whereas in chapter 4, if 
we adopt the hypothesis of ultimate molecules at all, it is allowable to suppose 
that these quantities vary irregularly in passing from one pair of molecules to an 
adjacent pair. Of course the equations of chapter 4 ought to reduce themselves 
to POISSON’s equations for a particular relation between A and B. Neglecting 
the heat developed by compression, as POISSON has done, and therefore putting 
m = 1, this relation is A = 5B. 


18. POISSON’s theory of fluid motion is as follows. The time t is supposed to be 
divided into a number n of equal parts, each equal to 7. In the first of these the fluid 
is supposed to be displaced as an elastic solid would be, according to POISSON’s 
previous theory, and therefore the pressures are given by the same equations. If the 
causes producing the displacement were now to cease, the fluid would re-arrange 
itself, so that the average arrangement about each point should be the same in 
all directions after a very short time. During this time, the pressures would have 
altered, in an unknown manner, from those corresponding to a displaced solid to a 
normal pressure equal to p+ ve -7, the pressures during the alteration involving 
an unknown function of the time elapsed since the end of the interval 7. Another 
displacement and another re-arrangement may now be supposed to take place, and 
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so on. But since these very small relative motions will take place independently of 
each other, we may suppose each displacement to begin at the expiration of the time 
during which the preceding one is supposed to remain, and we may suppose each 
re-arrangement to be going on during the succeeding displacements. Supposing 
now n to become infinite, we pass to the case in which the fluid is supposed to be 
continually beginning to be displaced as a solid would, and continually re-arranging 
itself so as to make the average arrangement about each point the same in all 
directions. 

POISSON’s equations (9), page 152, which are applicable to the motion of a liquid, or 
of an elastic fluid, in which the change of density is small, agree with Equation 2.12 
of this paper. For the quantity wt is the pressure p me vous exist at any instant 
if the motion were then to cease, and the increment, 2 an -T or Be T, of this quantity 
in the very small time 7 will depend only on the increment, ot -T OF ve . T, of the 
density xt or p. Consequently the value of a -T will be the same as if the density 
of the particle considered passed from yt to - + ou -7 in the time 7 by a uniform 
motion of dilatation. I suppose that according to ‘PoIsson’s views such a motion 
would not require a re-arrangement of the molecules, since the pressure remains 


equal in all directions. On this supposition we shall get the value of at -7 from 
that of R) — K in the equations of page 140 by putting 
du_ dv_ dws 1s tt 
dx dy dz  3yt dt’ 
We have therefore au sae 
UE Oe econ Cae 
de. 3 yt dt 
Putting now for 8+ (’ its value 2ak, and for os ot its value given by equation (2), 
the expression for w, page 152, becomes 
a du dv dw 
=p+—-(K+k)- + — 4 
w= p+ S-(K +R): (G4 =] 


Observing that a: (K +k) = 6, this value of @ reduces POISSON’s equations (9) 
to the Equation 2.12 of this paper. 

POISSON himself has not made this reduction of his equations, nor any equivalent 
one, so that his equations, as he has left them, involve two arbitrary constants. The 
reduction of these two to one depends on the assumption that a uniform expansion 
of any particle does not require a re-arrangement of the molecules, as it leaves the 
pressure still equal in all directions. If we do not make this assumption, but retain 
the two arbitrary constants, the equations will be the same as those which would 
be obtained by the method of this paper, supposing the quantity « of Art. 3, page 
82 not to be zero. 
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19. There is one hypothesis made in the common theory of elastic solids, the 
truth of which appears to me very questionable. That hypothesis is the one to which 
I have already alluded in Art. 17, page 113, respecting the legitimacy of neglecting 
the irregular part of the action of the molecules in the immediate neighbourhood of 
the one considered, in comparison with the total action of those more remote, which 
is regular. It is from this hypothesis that it follows as a result that the molecules 
are not displaced among one another in an irregular manner, in consequence of the 
directive action of neighbouring molecules. Now it is obvious that the molecules 
of a fluid admit of being displaced among one another with great readiness. The 
molecules of solids, or of most solids at any rate, must admit of new arrangements, 
for most solids admit of being bent, permanently, without being broken. Are we 
then to suppose that when a solid is constrained it has no tendency to relieve itself 
from the state of constraint, in consequence of its molecules tending towards new 
relative positions, provided the amount of constraint be very small? It appears to 
me to be much more natural to suppose a priori that there should be some such 
tendency. 

In the case of a uniform dilatation or contraction of a particle, a re-arrangement 
of its molecules would be of little or no avail towards relieving it from constraint, 
and therefore it is natural to suppose that in this case there is little or no tendency 
towards such a re-arrangement. It is quite otherwise, however, in the case of what 
I have called a displacement of shifting. Consequently B will be less than if there 
were no tendency to a re-arrangement. On the hypothesis mentioned in this article, 
of which the absence of such tendency is a consequence, I have said that a relation 
has been found between A and B, namely A = 5B. It is natural then to expect to 
find the ratio of A to B greater than 5, approaching more nearly to 5 as the solid 
considered is more hard and brittle, but differing materially from 5 for the softer 
solids, especially such as India rubber, or, to take an extreme case, jelly. According 
to this view the relation A = 5B belongs only to an ideal elastic solid, of which 
the solidity, or whatever we please to call the property considered, is absolutely 
perfect. 

To shew how implicitly the common theory of elasticity seems to be received by 
some, I may mention that MM. LAME and CLAPEYRON mention India rubber 
among the substances to which it would seem they consider their theory applicable?. 
I do not know whether the coefficient of elasticity, according to that theory, has 
been determined experimentally for India rubber, but one would fancy that the 
cubical compressibility thence deduced, by a method which will be seen in the next 
article, would turn out comparable with that of a gas. 


20. I am not going to enter into the solution of Equation 4.2, but I wish to make 
a few remarks on the results in some simple cases. If k be the cubical contraction 


?Mémoires presentés @ L’Institut, Tom. IV. p. 469., https: //www.biodiversitylibrary.org/ 
page/27262845 
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due to a uniform pressure P, then will 


aL 

i oie 

If a wire or rod, of which the boundary is any cylindrical surface, be pulled in the 
direction of its length by a force of which the value, referred to a unit of surface of 
a section of the rod, in P, the rod will extend itself uniformly in the direction of 
its length, and contract uniformly in the perpendicular direction; and if e be the 
extension in the direction of the length, and c the contraction in any perpendicular 
direction, both referred to a unit of length, we shall have 


_A+B 
~~ 3AB : 
_ A-2B 
~ 6AB 


also, the cubical dilatation is 


P 
A 


If a cylindrical wire of radius r be twisted by a couple of which the moment is V/, 
and if 6 be the angle of torsion for a length z of the wire, we shall have 


- 2Mz 
 ¢ Bra’ 


The expressions for k, c, e and 6, and of course all expressions of the same nature, 
depend on the reciprocals of A and B. Suppose now the value of e, or 6, or any 
similar quantity not depending on A alone, be given as the result of observation. 
It will easily be conceived that we might find very nearly the same value for B 
whether we supposed A = 5B or A = nB, where n may be considerably greater 
than 5, or even infinite. Consequently the observation of two such quantities, giving 
very nearly the same value of B, might be regarded as confirming the common 
equations. 

If we denote by F the coefficient of elasticity when A is supposed to be equal to 
5B we have, neglecting the atmospheric pressure? 


_ 2P 


5B 
_ 2Mz 


aEr4 


e 


If now we denote by E; the value of E deduced from observation of the value of 
e, and by E>» the value of E obtained by observing the value of 0, or else, which 


3LAME, Cours de Physique, Tom. I. 
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comes to the same, by observing the time of oscillation of a known body oscillating 
by torsion, we shall have 


a 7 - A i 6. 
te | | Ee=B, wh ayia, 
SE, 3 (5 3) 2 Meee ae eee | SE 


If A be greater than 5B, FE, ought to be a little greater than Ey. This appears 
to agree with observation. Thus the following numbers are given by M. LamMr* 
FE, = 8000, Ey = 7500 for iron; FE, = 2510, Ey = 2250 for brass”. The difference 
between the values of £, and £, is attributed by M. LAME to the errors to which 
the observation of the small quantity e is liable. If the above numbers may be 
trusted, we shall have 

A= 60000, B= 7500, 


= for iron: 


AS 204. BS 225. = 13.21 for brass. 


by] > bo] 


The cubical contraction k is almost too small to be made the subject of direct 
observation®, it is therefore usually deduced from the value of e, or from the 
coefficient of elasticity E found in some other way. On the supposition of a single 
coefficient E’, we have 


fo 
e 2 
but retaining the two, A and B, we have 
Rk 9B _ 1 B 
e A+B ~ (148) A?’ 


which will differ greatly from 3 if 4 be much greater than 5. The whole subject 
therefore requires, I think, a careful examination, before we can set down the values 
of the coefficients of cubical contraction of different substances in the list of well 
ascertained physical data. The result, which is generally admitted, that the ratio 
of the velocity of propagation of normal, to that of tangential vibrations in a solid 
is equal to 3, is another which depends entirely on the supposition that A = 5B. 
The value of m, again, as deduced from observation, will depend upon the ratio 
of A to B; and it would be highly desirable to have an accurate list of the values 


4LAME, Cours de Physique de l’Ecole polytechnique, Tom. I. 1836, https: //books. google. bi/ 
books?id=OsxHAAAATAAJkh1=fr&source=gbs_navlinks_s 

>These numbers refer to the French units of length and weight. 

ST find however that direct experiments have been made by Prof. OERSTED. According to these 
experiments the cubical compressibility of solids which would be obtained from POISSON’s theory 
is in some cases as much as 20 or 30 times too great. See the Report of the British Association 
for 1833, p. 353, or Archives des découvertes, &c. for 1834, p. 94. (It is to be noted that 
OERSTED’s method gives only differences of compressibility.) 
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of m for different substances, in hopes of thereby discovering in what manner the 
action of heat on those substances is related to the physical constants belonging to 
them, such as their densities, atomic weights, &c. 

The observations usually made on elastic solids are made on slender pieces, such 
as wires, rods, and thin plates. In such pieces, all the particles being at no great 
distance from the surface, it is easy to see that when any small portion is squeezed 
in one direction it has considerable liberty of expanding itself in a direction per- 
pendicular to this, and consequently the results must depend mainly on the value 
of B, being not very different from what they would be if A were infinite. This 
is not so much the case with thick, stout pieces. If therefore such pieces could be 
put into a state of isochronous vibration, so that the musical notes and nodal lines 
could be observed, they would probably be better adapted than slender pieces for 
determining the value of mA. The value of m might be determined by comparing 
the value of mA, deduced from the observation of vibrations, with the value of A, 
deduced from observations made in cases of equilibrium, or, perhaps, of very slow 
motion. 


21. Equation 4.4 are the same as those which have been obtained by different 
authors as the equations of motion of the luminiferous ether in vacuum. Assuming 
for the present that the equations of motion of this medium ought to be determined 
on the same principles as the equations of motion of an elastic solid, it will be 
necessary to consider whether the Equation 4.4 are altered by introducing the 
consideration of a uniform pressure II existing in the medium when in equilibrium; 
for we have evidently no right to assume, either that no such pressure exists, or, 
supposing it to exist, that the medium would expand itself but very slightly if 
it were removed. It will now no longer be allowable to confound the pressure 
referred to a unit of surface as it was, in the position of equilibrium of the medium, 
with the pressure referred to a unit of surface as it actually is. The latter mode 
of referring the pressure is more natural, and will be more convenient. Let the 
pressure, referred to a unit of surface as it is, be resolved into a normal pressure 
II +p; and a tangential pressure t;. All the reasoning of chapter 4 will apply to the 
small forces p; and t;; only it must be remembered that in estimating the whole 
oblique pressure a normal pressure II must be compounded with the pressures 
given by Equation 4.3. In forming the equations of motion, the pressure II will not 
appear, because the resultant force due to it acting on the element of the medium 
which is considered is zero. The Equation 4.4 will therefore be the equations of 
motion required. 

If we had chosen to refer the pressure to a unit of surface in the original state of the 
surface, and had resolved the whole pressure into a pressure II + p; normal to the 
original position of the surface, and a pressure t, tangential to that position, the 
reasoning of chapter 4 would still have applied, and we should have obtained the 
same expressions as in Equation 4.3 for the pressures P;, 7), &c., but the numerical 
value of A would have been different. According to this method, the pressure II 
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would have appeared in the equations of motion. It is when the pressures are 
measured according to the method which I have adopted that it is true that the 
equilibrium of the medium would be unstable if either A or B were negative. I 
must here mention that from some oversight the right-hand sides of POISSON’s 
equations, at page 68 of the memoir to which I have referred, are wrong. The first 
a. du ay ot), instead or ne, and 
similar changes must be made in the other two equations. 

It is sometimes brought as an objection to the equations of motion of the luminifer- 
ous ether, that they are the same as those employed for the motion of solid bodies, 
and that it seems unnatural to employ the same equations for substances which 
must be so differently constituted. It was, perhaps, in consequence of this objection 
that POISSON proposes, at page 147 of the memoir which I have cited, to apply to 
the calculation of the motion of the luminiferous ether the same principles, with 
a certain modification, as those which he employed in arriving at his equations 
(9) page 152, i.e. the Equation 2.12 of this paper. That modification consists 
in supposing that a certain function of the time ¢(t) does not vary very rapidly 
compared with the variation of the pressure. Now the law of the transmission of 
a motion transversal to the direction of propagation depending on Equation 2.12 
of this paper is expressed, in the simplest case, by the Equation 3.1; and we see 
that this law is the same as that of the transmission of heat, a law extremely 
different from that of the transmission of vibratory motions. It seems therefore 
unlikely that these principles are applicable to the calculation of the motion of 
light, unless the modification which I have mentioned be so great as wholly to 
alter the character of the motion, that is, unless we suppose the pressure to vary 
extremely fast compared with the function ¢(t), whereas in ordinary cases of the 
motion of fluids the function ¢(t) is supposed to vary extremely fast compared 
with the pressure. 

Another view of the subject may be taken which I think deserves notice. Before 
explaining this view however it will be necessary to define what I mean in this 
chapter by the word elasticity. There are two distinct kinds of elasticity; one, that 
by which a body which is uniformly compressed tends to regain its original volume, 
the other, that by which a body which is constrained in a manner independent 
of compression tends to assume its original form. The constants A and B of 
chapter 4 may be taken as measures of these two kinds of elasticity. In the present 
chapter, the word will be used to denote the second kind. Now many highly elastic 
substances, as iron, copper, &c., are yet to a very sensible degree plastic. The 
plasticity of lead is greater than that of iron or copper, and, as appears from 
experiment, its elasticity less. On the whole it is probable that the greater the 
plasticity of a substance the less its elasticity, and vice versa, although this rule is 
probably far from being without exception. When the plasticity of the substance 
is still further increased, and its elasticity diminished, it passes into a viscous fluid. 
There seems no line of demarcation between a solid and a viscous fluid. In fact, 


of these equations ought to contain 
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the practical distinction between these two classes of bodies seems to depend on 
the intensity of the extraneous force of gravity, compared with the intensity of 
the forces by which the parts of the substance are held together. Thus, what on 
the Earth is a soft solid might, if carried to the Sun, and retained at the same 
temperature, be a viscous fluid, the force of gravity at the surface of the Sun being 
sufficient to make the substance spread out and become level at the top: while 
what on the Earth is a viscous fluid might on the surface of Pallas be a soft solid. 
The gradation of viscous, into what are called perfect fluids seems to present as 
little abruptness as that of solids into viscous fluids; and some experiments which 
have been made on the sudden conversion of water and ether into vapour, when 
enclosed in strong vessels and exposed to high temperatures, go towards breaking 
down the distinction between liquids and gases. 

According to the law of continuity, then, we should expect the property of elasticity 
to run through the whole series, only, it may become insensible, or else may be 
masked by some other more conspicuous property. It must be remembered that 
the elasticity here spoken of is that which consists in the tangential force called 
into action by a displacement of continuous sliding: the displacements also which 
will be spoken of in this chapter must be understood of such displacements as are 
independent of condensation or rarefaction. Now the distinguishing property of 
fluids is the extreme mobility of their parts. According to the views explained in this 
article, this mobility is merely an extremely great plasticity, so that a fluid admits 
of a finite, but exceedingly small amount of constraint before it will be relieved 
from its state of tension by its molecules assuming new positions of equilibrium. 
Consequently the same oblique pressures can be called into action in a fluid as in 
a solid, provided the amount of relative displacement of the parts be exceedingly 
small. All we know for certain is that the effect of elasticity in fluids, (elasticity 
of the second kind be it remembered,) is quite insensible in cases of equilibrium, 
and it is probably insensible in all ordinary cases of fluid motion. Should it be 
otherwise, Equation 2.8 and Equation 2.12 will not be true, or only approximately 
true. But a little consideration will shew that the property of elasticity may be 
quite insensible in ordinary cases of fluid motion, and may yet be that on which 
the phenomena of light entirely depend. When we find a vibrating string, the small 
extent of vibration of which can be actually seen, filling a whole room with sound, 
and remember how rapidly the intensity of the vibrations of the air must diminish 
as the distance from the string increases’, we may easily conceive how small in 
general must be the amount of the relative motion of adjacent particles of air in 
the case of sound. Now the extent of the vibration of the ether, in the case of light, 
may be as small compared with the length of a wave of light as that of the air 
is compared with the length of a wave of sound: we have no reason to suppose 


‘In all ordinary cases it is to the vibrations of the sounding-board, or of the supporting body 
acting as a sounding-board, and not to those of the string directly, that the sound is almost 
wholly due. 
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it otherwise. When we remember then that the length of a wave of sound in air 
varies from some inches to several feet, while the greatest length of a wave of light 
is about 0.00003° of an inch, it is easy to imagine that the relative displacement 
of the particles of ether may be so small as not to reach, nor even come near 
to the greatest relative displacement which could exist without the molecules of 
the medium assuming new positions of equilibrium, or, to keep clear of the idea 
of molecules, without the medium assuming a new arrangement which might be 
permanent. 

It has been supposed by some that air, like the luminiferous ether, ought to ad- 
mit of transversal vibrations. According to the views of this article such would, 
mathematically speaking, be the case; but the extent of such vibrations would be 
necessarily so very small as to render them utterly insensible, unless we had organs 
with a delicacy equal to that of the retina adapted to receive them. 

It has been shewn to be highly probable that the ratio of A to B increases rapidly 
according as the medium considered is softer and more plastic. For fluids therefore, 
and among them for the luminiferous ether, we should expect the ratio of A to B to 
be extremely great. Now if N be the velocity of propagation of normal vibrations 
in the medium considered in chapter 4, and 7’ that of transversal vibrations, it 
may be shewn from Equation 4.4 that 


a2. MA+ 4B 

3p 
qa 
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This is very easily shewn in the simplest case of plane waves : for if 6 = y = 0, 
a= f(x), the Equation 4.4 give 


Fo 1 (ma + 4B) 5%, 
whence 
a=¢(Nt—2)+a(Nt+2); 
and ifa=y=0, 6 = f(x), the same equations give 
d? de 
8g 8 
whence 


Pp=C(Tt—2)+é(Tt+2). 
Consequently we should expect to find the ratio of N to T extremely great. This 


8Equals 0.762 ym 


122 


9. Principles of Poisson’s theory of elastic solids, and of the oblique pressures 
existing in fluids ...luminiferous ether in vacuum 


agrees with a conclusion of the late Mr. GREEN’s’. Since the equilibrium of any 
medium would be unstable if either A or B were negative, the least possible value 
of the ratio of N? to T? is , a result at which Mr. GREEN also arrived. As however 
it has been shewn to be highly probable that A > 5B even for the hardest solids, 


while for the softer ones % is much greater than 5, it is probable that x is greater 


than \/3 for the hardest solids, and much greater for the softer ones. 
If we suppose that in the luminiferous ether 4 may be considered infinite, the 
equations of motion admit of a simplification. For if we put 


4. (oe, 98, oy = 
us de’ dy dz) © 


in Equation 4.4, and suppose mA to become infinite while p remains finite, the 
equations become 


d2a dp Pa da da 
(ia ee By ! ! , &e. 

dt? dx dae * dg "dz? (5.1) 
nd on te 4 8, ; 
ee da | dy | dz’ 


When a vibratory motion is propagated in a medium of which Equation 5.1 are the 
equations of motion, it may be shewn that p = w(t), if the medium be indefinitely 
extended, or else if there be no motion at its boundaries. In considering therefore 
the transmission of light in an uninterrupted vacuum the terms involving p will 
disappear from Equation 5.1; but these terms are, I believe, important in explaining 
Diffraction, which is the principal phenomenon the laws of which depend only on the 
equations of motion of the luminiferous ether in vacuum. It will be observed that 
putting A = oo comes to the same thing as regarding the ether as incompressible 
with respect to those motions which constitute Light. 


°Transactions of the Cambridge Philosophical Society, Vol. VII. Part I., p. 2., 1819, https: 
//ww0w.biodiversitylibrary.org/page/2397826 
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Part III. 


On the Effect of the Internal Friction 
of Fluids on the Motion of 
Pendulums 


1. Introductory Notes 


The great importance of the results obtained by means of the pendulum has in- 
duced philosophers to devote so much attention to the subject, and to perform 
the experiments with such a scrupulous regard to accuracy in every particular, 
that pendulum observations may justly be ranked among those most distinguished 
by modern exactness. It is unnecessary here to enumerate the different methods 
which have been employed, and the several corrections which must be made, in 
order to deduce from the actual observations the result which would correspond 
to the ideal case of a simple pendulum performing indefinitely small oscillations 
in vacuum. There is only one of these corrections which bears on the subject 
of the present paper, namely, the correction usually termed the reduction to a 
vacuum. On account of the inconvenience and expense attending experiments in a 
vacuum apparatus, the observations are usually made in air, and it then becomes 
necessary to apply a small correction, in order to reduce the observed result to 
what would have been observed had the pendulum been swung in a vacuum. The 
most obvious effect of the air consists in a diminution of the moving force, and 
consequent increase in the time of vibration, arising from the buoyancy of the 
fluid. The correction for buoyancy is easily calculated from the first principles 
of hydrostatics, and formed for a considerable time the only correction which it 
was thought necessary to make for reduction to a vacuum. But in the year 1828 
BESSEL, in a very important memoir in which he determined by a new method the 
length of the seconds’ pendulum, pointed out from theoretical considerations the 
necessity of taking account of the inertia of the air as well as of its buoyancy. The 
numerical calculation of the effect of the inertia forms a problem of hydrodynamics 
which BESSEL did not attack; but he concluded from general principles that a 
fluid, or at any rate a fluid of small density, has no other effect on the time of very 
small vibrations of a pendulum than that it diminishes its gravity and increases 
its moment of inertia. In the case of a body of which the dimensions are small 
compared with the length of the suspending wire, BESSEL represented the increase 
of inertia by that of a mass equal to & times the mass of the fluid displaced, which 
must be supposed to be added to the inertia of the body itself. This factor k he 
determined experimentally for a sphere a little more than two inches in diameter, 
swung in air and in water. The result for air, obtained in a rather indirect way, was 
k; = 0.9459, which value BESSEL in a subsequent paper increased to 0.956. A brass 
sphere of the above size having been swung in water with two different lengths of 
wire in succession gave two values of k, differing a little from each other, and equal 
to only about two-thirds of the value obtained for air. 


1. Introductory Notes 


The attention of the scientific world having been called to the subject by the publi- 
cation of BESSEL’s memoir, fresh researches both theoretical and experimental soon 
appeared. In order to examine the effect of the air by a more direct method than 
that employed by BESSEL, a large vacuum apparatus was erected at the expense 
of the Board of Longitude, and by means of this apparatus Captain (now Colonel) 
SABINE determined the effect of the air on the time of vibration of a particular 
invariable pendulum. The results of the experiments are contained in a memoir 
read before the Royal Society in March 1829, and printed in the Philosophical 
Transactions for that year. The mean of eight very consistent experiments gave 
1.655 as the factor by which for that pendulum the old correction for buoyancy 
must be multiplied in order to give the whole correction on account of the air. A 
very remarkable fact was discovered in the course of these experiments. While the 
effects of air at the atmospheric pressure and under a pressure of about half an 
atmosphere were found to be as nearly as possible proportional to the densities, 
it was found that the effect of hydrogen at the atmospheric pressure was much 
greater, compared with the effect of air, than corresponded with its density. In 
fact, it appeared that the ratio of the effects of hydrogen and air on the times of 
vibration was about 1 to 54, while the ratio of the densities is only about 1 to 13. 
In speaking of this result Colonel SABINE remarks, 


”The difference of this ratio from that shewn by experiment is greater than can 
well be ascribed to accidental error in the experiment, particularly as repetition 
produced results almost identical. May it not indicate an inherent property in the 
elastic fluids, analogous to that of viscidity in liquids, of resistance to the motion of 
bodies passing through them, independently of their density? a property, in such 
case, possessed by air and hydrogen gas in very different degrees; since it would 
appear from the experiments that the ratio of the resistance of hydrogen gas to 
that of air is more than double the ratio following from their densities. Should 
the existence of such a distinct property of resistance, varying in the different 
elastic fluids, be confirmed by experiments now in progress with other gases, an 
apparatus more suitable than the present to investigate the ratio in which it is 
possessed by them, could scarcely be devised: and the pendulum, in addition to its 
many important and useful purposes in general physics, may find an application 
for its very delicate, but, with due precaution, not more delicate than certain, 
determinations, in the domain of chemistry.” 


Colonel SABINE has informed me that the experiments here alluded to were 
interrupted by a cause which need not now be mentioned, but that as far as they 
went they confirmed the result of the experiments with hydrogen, and pointed 
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out the existence of a specific action in different gases, quite distinct from mere 
variations of density. 

Our knowledge on the subject of the effect of air on the time of vibration of 
pendulums has received a most valuable addition from the labours of the late 
Mr BAILY, who erected a vacuum apparatus at his own house, with which he 
performed many hundreds of careful experiments on a great variety of pendulums. 
The experiments are described in a paper read before the Royal Society on the 31st 
of May 1832”. The result for each pendulum is expressed by the value of n, the 
factor by which the old correction for buoyancy must be multiplied in order to give 
the whole effect of the air as deduced from observation. Four spheres, not quite 13 
inch in diameter, gave as a mean n = 1.864, while three spheres, a little more than 
2 inches in diameter, gave only 1.748. The latter were nearly of the same size as 
those with which BESSEL, by a different method, had obtained k = 0.946 or 0.956, 
which corresponds to n = 1.946 or 1.956. Among the ” Additional Experiments” in 
the latter part of BAILY’s paper, is a set in which the pendulums consisted of plain 
cylindrical rods. With these pendulums it was found that n regularly increased, 
though according to an unknown law, as the diameter of the rod decreased. While 
a brass tube 13 inch in diameter gave n equal to about 2.3, a thin rod or thick 
wire only 0.072 inch in diameter gave for n a value as great as 7.530. 
Mathematicians in the meanwhile were not idle, and several memoirs appeared 
about this time, of which the object was to determine from hydrodynamics the 
effect of a fluid on the motion of a pendulum. The first of these came from the pen 
of the celebrated POISSON. It was read before the French Academy on the 22nd of 
August 1831, and is printed in the 11th Volume of the Memoirs®. In this paper, 
POISSON considers the case of a sphere suspended by a fine wire, and oscillating in 
the air, or in any gas. He employs the ordinary equations of motion of an elastic 
fluid, simplified by neglecting the terms which involve the square of the velocity; 
but in the end, in adapting his solution to practice, he neglects, as insensible, the 
terms by which alone the action of an elastic differs from that of an incompressible 
fluid, so that the result thus simplified is equally applicable to fluids of both classes. 
He finds that when insensible quantities are neglected n = 1.5, so that the mass 
which we must suppose added to that of the pendulum is equal to half the mass of 
the fluid displaced. This result does not greatly differ from the results obtained 
experimentally by BESSEL in the case of spheres oscillating in water, but differs 
materially from the result he had obtained for air. It agrees pretty closely with 
some experiments which had been performed about fifty years before by DUBUAT, 
who had in fact anticipated BESSEL in shewing that the time of vibration of a 
pendulum vibrating in a fluid would be affected by the inertia of the fluid as well as 
by its density. DUBUAT’s labours on this subject had been altogether overlooked by 


“https: //royalsocietypublishing. org/doi/10.1098/rst1.1832.0020 
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those who were engaged in pendulum experiments; probably because such persons 
were not likely to seek in a treatise on hydraulics for information connected with 
the subject of their researches. DUBUAT had, in fact, rather applied the pendulum 
to hydrodynamics than hydrodynamics to the pendulum. 

In the Philosophical Magazine for September 1833, p. 185, is a short paper by 
Professor CHALLIS, on the subject of the resistance to a ball pendulum?+. After 
referring to a former paper, in which he had shewn that no sensible error would 
be committed in a problem of this nature by neglecting the compressibility of the 
fluid even if it be elastic, Professor CHALLIS, adopting a particular hypothesis 
respecting the motion, obtains 2 for the value of the factor n for such a pendulum. 
This mode of solution, which is adopted in several subsequent papers, has given 
rise to a controversy between Professor CHALLIS and the Astronomer Royal, who 
maintains the justice of POISSON’s result. 

In a paper read before the Royal Society of Edinburgh on the 16th of December 
1833, and printed in the 13th Volume of the Society’s Transactions, GREEN has 
determined from the common equations of fluid motion the resistance to an ellipsoid 
performing small oscillations without rotation’. The result is expressed by a definite 
integral; but when two of the principal axes of the ellipsoid become equal, the 
integral admits of expression in finite terms, by means of circular or logarithmic 
functions. When the ellipsoid becomes a sphere, GREEN’s result reduces itself to 
POISSON’s. 

In a memoir read before the Royal Academy of Turin on the 18th of January 1835, 
and printed in the 37th Volume of the memoirs of the Academy, M. PLANA has 
entered at great length into the theory of the resistance of fluids to pendulums’. 
This memoir contains, however, rather a detailed examination of various points 
connected with the theory, than the determination of the resistance for any new 
form of pendulum. The author first treats the case of an incompressible fluid, and 
then shews that the result would be sensibly the same in the case of an elastic fluid. 
In the case of a ball pendulum, the only one in which a complete solution of the 
problem is effected, M. PLANA’s result agrees with POISSON’s. 

In a paper read before the Cambridge Philosophical Society on the 29th of May 
1843, and printed in the 8th Volume of the Transactions, p. 105 (see Part I), I 
have determined the resistance to a ball pendulum oscillating within a concentric 
spherical envelope, and have pointed out the source of an error into which POISSON 
had fallen, in concluding that such an envelope would have no effect. When the 
radius of the envelope becomes infinite, the solution agrees with that which POISSON 
had obtained for the case of an unlimited mass of fluid. I have also investigated 
the increase of resistance due to the confinement of the fluid by a distant rigid 
plane. The same paper contains likewise the calculation of the resistance to a long 
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cylinder oscillating in a mass of fluid either unlimited, or confined by a cylindrical 
envelope, having the same axis as the cylinder in its position of equilibrium. In the 
case of an unconfined mass of fluid, it appeared that the effect of inertia was the 
same as if a mass equal to that of the fluid displaced were distributed along the 
axis of the cylinder, so that n = 2 in the case of a pendulum consisting of a long 
cylindrical rod. This nearly agrees with BAILY’s result for the long 15 inch tube; 
but, on comparing it with the results obtained with the cylindrical rods, we observe 
the same sort of discrepancy between theory and observation as was noticed in the 
case of spheres. The discrepancy is, however, far more striking in the present case, 
as might naturally have been expected, after what had been observed with spheres, 
on account of the far smaller diameter of the solids employed. 

A few years ago Professor THOMSON communicated to me a very beautiful and 
powerful method which he had applied to the theory of electricity, which depended 
on the consideration of what he called electrical images. The same method, I found, 
applied, with a certain modification, to some interesting problems relating to ball 
pendulums. It enabled me to calculate the resistance to a sphere oscillating in 
presence of a fixed sphere, or within a spherical envelope, or the resistance to a 
pair of spheres either in contact, or connected by a narrow rod, the direction of 
oscillation being, in all these cases, that of the line joining the centres of the spheres. 
The effect of a rigid plane perpendicular to the direction of motion is of course 
included as a particular case. ‘The method even applies, as Professor THOMSON 
pointed out to me, to the uncouth solid bounded by the exterior segments of two 
intersecting spheres, provided the exterior angle of intersection be a submultiple 
of two right angles. A set of corresponding problems, in which the spheres are 
replaced by long cylinders, may be solved in a similar manner. These results were 
mentioned at the meeting of the British Association at Oxford in 1847, and are 
noticed in the volume of reports for that year, but they have not yet been published 
in detail. 

The preceding are all the investigations that have fallen under my notice, of which 
the object was to calculate from hydrodynamics the resistance to a body of given 
form oscillating as a pendulum. They all proceed on the ordinary equations of the 
motion of fluids. They all fail to account for one leading feature of the experimental 
results, namely, the increase of the factor n with a decrease in the dimensions of the 
body. They recognize no distinction between the action of different fluids, except 
what arises from their difference of density. 

In a conversation with Dr ROBINSON about seven or eight years ago on the subject 
of the application of theory to pendulums, he noticed the discrepancy which existed 
between the results of theory and experiment relating to a ball pendulum, and 
expressed to me his conviction that the discrepancy in question arose from the 
adoption of the ordinary theory of fluid motion, in which the pressure is supposed 
to be equal in all directions. He also described to me a remarkable experiment 
of Sir JAMES SOUTH’s which he had witnessed. This experiment has not been 
published, but Sir JAMES SOUTH has kindly allowed me to mention it. When a 
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pendulum is in motion, one would naturally have supposed that the air near the 
moving body glided past the surface, or the surface past it, which comes to the 
same thing if the relative motion only be considered, with a velocity comparable 
with the absolute velocity of the surface itself. But on attaching a piece of gold leaf 
to the bottom of a pendulum, so as to stick out in a direction perpendicular to the 
surface, and then setting the pendulum in motion, Sir JAMES SOUTH found that 
the gold leaf retained its perpendicular position just as if the pendulum had been 
at rest; and it was not till the gold leaf carried by the pendulum had been removed 
to some distance from the surface, that it began to lag behind. This experiment 
shews clearly the existence of a tangential action between the pendulum and the 
air, and between one layer of air and another. The existence of a similar action 
in water is clearly exhibited in some experiments of COULOMB’s which will be 
mentioned in the second part of this paper, and indeed might be concluded from 
several very ordinary phenomena. Moreover DUBUAT, in discussing the results of 
his experiments on the oscillations of spheres in water, notices a slight increase in 
the effect of the water corresponding to an increase in the time of vibration, and 
expressly attributes it to the viscosity of the fluid. 

Having afterwards occupied myself with the theory of the friction of fluids, and 
arrived at general equations of motion, the same in essential points as those which 
had been previously obtained in a totally different manner by others, of which, 
however, I was not at the time aware, I was desirous of applying, if possible, these 
equations to the calculation of the motion of some kind of pendulum. The difficulty 
of the problem is of course materially increased by the introduction of internal 
friction, but as I felt great confidence in the essential parts of the theory, I thought 
that labour would not be ill-bestowed on the subject. I first tried a long cylinder, 
because the solution of the problem appeared likely to be simpler than in the case 
of a sphere. But after having proceeded a good way towards the result, I was 
stopped by a difficulty relating to the determination of the arbitrary constants, 
which appeared as the coefficients of certain infinite series by which the integral of 
a certain differential equation was expressed. Having failed in the case of a cylinder, 
I tried a sphere, and presently found that the corresponding differential equation 
admitted of integration in finite terms, so that the solution of the problem could be 
completely effected. The result, I found, agreed very well with BAILY’s experiments, 
when the numerical value of a certain constant was properly assumed; but the 
subject was laid aside for some time. Having afterwards attacked a definite integral 
to which Mr Arry had been led in considering the theory of the illumination in 
the neighbourhood of a caustic, I found that the method which I had employed in 
the case of this integral would apply to the problem of the resistance to a cylinder, 
and it enabled me to get over the difficulty with which I had before been baffled. I 
immediately completed the numerical calculation, so far as was requisite to compare 
the formule with BAILY’s experiments on cylindrical rods, and found a remarkably 
close agreement between theory and observation. These results were mentioned at 
the meeting of the British Association at Swansea in 1848, and are briefly described 
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in the volume of reports for that year. 

The present paper is chiefly devoted to the solution of the problem in the two 
cases of a sphere and of a long cylinder, and to a comparison of the results with 
the experiments of BAILY and others. Expressions are deduced for the effect of a 
fluid both on the time and on the arc of vibration of a pendulum consisting either 
of a sphere, or of a cylindrical rod, or of a combination of a sphere and a rod. 
These expressions contain only one disposable constant, which has a very simple 
physical meaning, and which I propose to call the index of friction of the fluid. 
This constant we may conceive determined by one observation, giving the effect of 
the fluid either on the time or on the arc of vibration of any one pendulum of one 
of the above forms, and then the theory ought to predict the effect both on the 
time and on the arc of vibration of all such pendulums. The agreement of theory 
with the experiments of BAILY on the time of vibration is remarkably close. Even 
the rate of decrease of the arc of vibration, which it formed no part of BAILY’s 
object to observe, except so far as was necessary for making the small correction 
for reduction to indefinitely small vibrations, agrees with the result calculated from 
theory as nearly as could reasonably be expected under the circumstances. 

It follows from theory that with a given sphere or cylindrical rod the factor n 
increases with the time of vibration. This accounts in a good measure for the 
circumstance that BESSEL obtained so large a value of k for air, as is shewn at 
length in the present paper; though it unquestionably arose in a great degree from 
the increase of resistance due to the close proximity of a rigid plane to the swinging 
ball. 

I have deduced the value of the index of friction of water from some experiments 
of COULOMB’s on the decrement of the arc of oscillation of disks, oscillating in 
water in their own plane by the torsion of a wire. When the numerical value thus 
obtained is substituted in the expression for the time of vibration of a sphere, the 
result agrees almost exactly with BESSEL’s experiments with a sphere swung in 
water. 

The present paper contains one or two applications of the theory of internal friction 
to problems which are of some interest, but which do not relate to pendulums. The 
resistance to a sphere moving uniformly in a fluid may be obtained as a limiting case 
of the resistance to a ball pendulum, provided the circumstances be such that the 
square of the velocity may be neglected. The resistance thus determined proves to 
be proportional, for a given fluid and a given velocity, not to the surface, but to the 
radius of the sphere; and therefore the accelerating force of the resistance increases 
much more rapidly, as the radius of the sphere decreases, than if the resistance 
varied as the surface, as would follow from the common theory. Accordingly, the 
resistance to a minute globule of water falling through the air with its terminal 
velocity depends almost wholly on the internal friction of air. Since the index of 
friction of air is known from pendulum experiments, we may easily calculate the 
terminal velocity of a globule of given size, neglecting the part of the resistance 
which depends upon the square of the velocity. The terminal velocity thus obtained 
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is so small in the case of small globules such as those of which we may conceive a 
cloud to be composed, that the apparent suspension of the clouds does not seem 
to present any difficulty. Had the resistance been determined from the common 
theory, it would have been necessary to suppose the globules much more minute, 
in order to account in this way for the phenomenon. Since in the case of minute 
globules falling with their terminal velocity the part of the resistance depending 
upon the square of the velocity, as determined by the common theory, is quite 
insignificant compared with the part which depends on the internal friction of the 
air, it follows that were the pressure equal in all directions in air in the state of 
motion, the quantity of water which would remain suspended in the state of cloud 
would be enormously diminished. The pendulum thus, in addition to its other uses, 
affords us some interesting information relating to the department of meteorology. 
The fifth section of the first part of the present paper contains an investigation of 
the effect of the internal friction of water in causing a series of oscillatory waves to 
subside. It appears from the result that in the case of the long swells of the ocean 
the effect of friction is insignificant, while in the case of the ripples raised by the 
wind on a small pool, the motion subsides very rapidly when the disturbing force 
ceases to act. 
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2.1. Adaptation of the general equations to the case 
of the fluid surrounding a body which oscillates 
as a pendulum. General laws which follow from 
the form of the equations. Solution of the 
equations in the case of an oscillating plane 


1. In a paper ”On the Theories of the Internal Friction of Fluids in Motion, 
&c.,” which the Society did me the honour to publish in the 8th Volume of 
their Transactions, I have arrived at the following equations, (Equation 2.12), for 
calculating the motion of a fluid when the internal friction of the fluid itself is taken 
into account, and consequently the pressure not supposed equal in all directions: 
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dz dt dx dy dz dx? ° dy? | dz? 
_B d fdu dv | dw 
'3 dz\de dy dz/’ 


In these equations u, v, w are the components of the velocity along the rectangular 
axes of x, y, z; X, Y, Z are the components of the accelerating force; p is the 
pressure, t the time, p the density, and yz a certain constant depending on the 
nature of the fluid. 
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The three equations of which Equation 2.1 is the type are not the general equations 
of motion which apply to a heterogeneous fluid when internal friction is taken 
into account, which are Equation 2.10 in my former paper, but are applicable to 
a homogeneous incompressible fluid, or to a homogeneous elastic fluid subject to 
small variations of density, such as those which accompany sonorous vibrations. It 
must be understood to be included in the term homogeneous that the temperature 
is uniform throughout the mass, except so far as it may be raised or lowered by 
sudden condensation or rarefaction in the case of an elastic fluid. The general 
equations contain the differential coefficients of the quantity jz with respect to x, y, 
and z; but the equations of the form of Equation 2.1 are in their present shape 
even more general than is required for the purposes of the present paper. 

These equations agree in the main with those which had been previously obtained, 
on different principles, by NAVIER, by POISSON, and by M. de SAINT-VENANT, as 
I have elsewhere observed!. The differences depend only on the coefficient of the 
last term, and this term vanishes in the case of an incompressible fluid, to which 
NAVIER had confined his investigations. 

The equations such as Equation 2.1 in their present shape are rather complicated, 
but in applying them to the case of a pendulum they may be a good deal simplified 
without the neglect of any quantities which it would be important to retain. In 
the first place the motion is supposed very small, on which account it will be 
allowable to neglect the terms which involve the square of the velocity. In the 
second place, the nature of the motion that we have got to deal with is such that 
the compressibility of the fluid has very little influence on the result, so that we 
may treat the fluid as incompressible, and consequently omit the last terms in the 
equations. Lastly, the forces X, Y, Z are in the present case the components of 
the force of gravity, and if we write 


p+ittp: f (Xde+¥dy+Zdz) 


for p, we may omit the terms X,Y, Z. 

If z’ be measured vertically downwards from a horizontal plane drawn in the neigh- 
bourhood of the pendulum, and if g be the force of gravity, [ (X dx + Y dy + Zdz) = 
gz’, the arbitrary constant, or arbitrary function of the time if it should be found 
necessary to suppose it to be such, being included in II. The part of the whole force 
acting on the pendulum which depends on the terms II + gpz’ is simply a force 
equal to the weight of the fluid displaced, and acting vertically upwards through 
the centre of gravity of the volume. 

When simplified in the manner just explained, the equations such as Equation 2.1 


‘Report on recent researches in Hydrodynamics. Report of the British Association for 1846, p. 
16. 
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become 


dp d’u  d’u  d’u\ _ du 
dat dy? dz? 
dp d*yu d’y dv du 
BE stig eee 2.2 
e & GY ime js ae) 

dp _ dw dw d7w _ dw 


+ +——=90, (2.3) 


are the only equations which have to be satisfied at all points of the fluid, and at 
all instants of time. 

In applying Equation 2.2 to a particular pendulum experiment, we may suppose ju 
constant; but in order to compare experiments made in summer with experiments 
made in winter, or experiments made under a high barometer with experiments 
made under a low, it will be requisite to regard fz as a quantity which may vary 
with the temperature and pressure of the fluid. As far as the result of a single 
experiment’, which has been already mentioned, performed with a single elastic 
fluid, namely air, justifies us in drawing such a general conclusion, we may assert 
that for a given fluid at a given temperature pu varies as p. 


2. For the formation of the equations such as Equation 2.1, I must refer to my 
former paper; but it will be possible, in a few words, to enable the reader to form 
a Clear idea of the meaning of the constant ju. 

Conceive the fluid to move in planes parallel to the plane of xy, the motion taking 
place in a direction parallel to the axis of y. The motion will evidently consist of 
a sort of continuous sliding, and the differential coefficient we may be taken as a 
measure of the rate of sliding. In the theory it is supposed that in general the 
pressure about a given point is compounded of a normal pressure, corresponding 
to the density, which being normal is necessarily equal in all directions, and of 
an oblique pressure or tension, altering from one direction to another, which is 
expressed by means of linear functions of the nine differential coefficients of the first 
order of u, v, w with respect to x, y, z, which define the state of relative motion at 
any point of the fluid. Now in the special case considered above, if we confine our 
attention to one direction, that of the plane of xy, the total pressure referred to a 
unit of surface is compounded of a normal pressure corresponding to the density, 


?The first of the experiments described in Col. SABINE’s paper, in which the gauge stood as high 
as 7 inches, leads to the same conclusion; but as the vacuum apparatus had not yet been made 
stanch it is perhaps hardly safe to trust this experiment in a question of such delicacy. 
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and a tangential pressure expressed by 1 - — which tends to reduce the relative 
motion. 

In the solution of Equation 2.2, 4. always appears divided by p. Let = p’- p. The 
constant ju’ may conveniently be called the index of friction of the fluid, whether 
liquid or gas, to which it relates. As regards its dimensions, it expresses a moving 
force divided by the product of a surface, a density, and the differential coefficient 
of a velocity with respect to a line. Hence p’ is the square of a line divided by a 
time, whence it will be easy to adapt the numerical value of p/’ to a new unit of 
length or of time. 


3. Besides the general Equation 2.2 and Equation 2.3, it will be requisite to 
consider the equations of condition at the boundaries of the fluid. For the purposes 
of the present paper there will be no occasion to consider the case of a free surface, 
but only that of the common surface of the fluid and a solid. Now, if the fluid 
immediately in contact with a solid could flow past it with a finite velocity, it would 
follow that the solid was infinitely smoother with respect to its action on the fluid 
than the fluid with respect to its action on itself. For, conceive the elementary 
layer of fluid comprised between the surface of the solid and a parallel surface at a 
distance h, and then regard only so much of this layer as corresponds to an elemen- 
tary portion dS' of the surface of the solid. The impressed forces acting on the fluid 
element must be in equilibrium with the effective forces reversed. Now conceive h 
to vanish compared with the linear dimensions of dS, and lastly let dS vanish?. It 
is evident that the conditions of equilibrium will ultimately reduce themselves to 
this, that the oblique pressure which the fluid element experiences on the side of 
the solid must be equal and opposite to the pressure which it experiences on the 
side of the fluid. Now if the fluid could flow past the solid with a finite velocity, it 
would follow that the tangential pressure called into play by the continuous sliding 
of the fluid over itself was no more than counteracted by the abrupt sliding of 
the fluid over the solid. As this appears exceedingly improbable a priori, it seems 
reasonable in the first instance to examine the consequences of supposing that no 
such abrupt sliding takes place, more especially as the mathematical difficulties of 
the problem will thus be materially diminished. I shall assume, therefore, as the 
conditions to be satisfied at the boundaries of the fluid, that the velocity of a fluid 
particle shall be the same, both in magnitude and direction, as that of the solid 
particle with which it is in contact. The agreement of the results thus obtained 
with observation will presently appear to be highly satisfactory. When the fluid, 
instead of being confined within a rigid envelope, extends indefinitely around the 
oscillating body, we must introduce into the solution the condition that the motion 


3To be quite precise it would be necessary to say, Conceive h and dS to vanish together, h 
vanishing compared with the linear dimensions of dS; for so long as dS remains finite we cannot 
suppose / to vanish altogether, on account of the curvature of the elementary surface. Such 
extreme precision in unimportant matters tends, I think, only to perplex the reader, and prevent 
him from entering so readily into the spirit of an investigation. 
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shall vanish at an infinite distance, which takes the place of the condition to be 
satisfied at the surface of the envelope. 

To complete the determination of the arbitrary functions which would be contained 
in the integrals of Equation 2.2 and Equation 2.3, it would be requisite to put t = 0 
in the general expressions for u, v, w, obtained by integrating those equations, 
and equate the results to the initial velocities supposed to be given. But it would 
be introducing a most needless degree of complexity into the solution to take 
account of the initial circumstances, nor is it at all necessary to do so for the 
sake of comparison of theory with experiment. For in a pendulum experiment the 
pendulum is set swinging and then left to itself, and the first observation is not 
taken till several oscillations have been completed, during which any irregularities 
attending the initial motion would have had time to subside. It will be quite 
sufficient to regard the motion as already going on, and limit the calculation to the 
determination of the simultaneous periodic movements of the pendulum and the 
surrounding fluid. The arc of oscillation will go on slowly decreasing, but it will 
be so nearly constant for several successive oscillations that it may be regarded as 
strictly such in calculating the motion of the fluid; and having thus determined the 
resultant action of the fluid on the solid we may employ the result in calculating the 
decrement of the arc of oscillation, as well as in calculating the time of oscillation. 
Thus the assumption of periodic functions of the time in the expressions for u, v, 
w will take the place of the determination of certain arbitrary functions by means 
of the initial circumstances. 


A, Imagine a plane drawn perpendicular to the axis of x through the point in the 
fluid whose co-ordinates are x, y, z. Let the oblique pressure in the direction of this 
plane be decomposed into three pressures, a normal pressure, which will be in the 
direction of x, and two tangential pressures in the directions of y and z respectively. 
Let P, be the normal pressure, and 73 the tangential pressure in the direction 
of y, which will be equal to the component in the direction of x of the oblique 
pressure on a plane drawn perpendicular to the axis of y. Then by Equation 2.7 
and Equation 2.8 of my former paper, and Equation 2.3 of the present, 


du 
PP ale a. (2.4) 
du du 
T3 =—-uw-(|—+—]. 2. 
r= (S4S) (25) 


These formulze will be required in finding the resultant force of the fluid on the 
pendulum, after the motion of the fluid has been determined in terms of the 
quantities by which the motion of the pendulum is expressed. 


5. Before proceeding to the solution of the Equation 2.2 and Equation 2.3 in 
particular cases, it will be well to examine the general laws which follow merely 
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from the dimensions of the several terms which appear in the equations. 
Consider any number of similar systems, composed of similar solids oscillating 
in a similar manner in different fluids or in the same fluid. Let a, a’, a”, ...be 
homologous lines in the different systems; T, T’, T”, ... corresponding times, such 
for example as the times of oscillation from rest to rest. Let x, y, z be measured from 
similarly situated origins, and in corresponding directions, and t from corresponding 
epochs, such for example as the commencements of oscillations when the systems 
are beginning to move from a given side of the mean position. 

The form of equations Equation 2.2 and Equation 2.3 shews that the equations 
being satisfied for one system will be satisfied for all the systems provided 


UXKVUKW, THYXKZ 


and 
fu pur 
px — x —. 
x t 
The variations x x y « z merely signify that we must compare similarly situated 
points in inferring from the circumstance that Equation 2.2 and Equation 2.3 are 
satisfied for one system that they will be satisfied for all the systems. If c, c’, c”, 


... be the maximum excursions of similarly situated points of the fluids 
COG heed, 


and the sole condition to be satisfied, in addition to that of geometrical similarity, 
in order that the systems should be dynamically similar, becomes 


—x-— or fp. (2.6) 


This condition being satisfied, similar motions will take place in the different 


systems, and we shall have 
pac 


x 
It follows from Equation 2.4 and Equation 2.5 and the other equations which might 
be written down from symmetry, that the pressures such as P,, 73 vary in the same 
manner as p, whence it appears from Equation 2.7 that the resultant or resultants 
of the pressures of the fluids on the solids, acting along similarly situated lines, 
which vary as p- a’, vary as p-a® and c- T~? conjointly. In other words, these 
resultants in two similar systems are to one another in a ratio compounded of the 
ratio of the masses of fluid displaced, and of the ratio of the maximum accelerating 
effective forces belonging to similarly situated points in the solids. 


(2.7) 


6. In order that two systems should be similar in which the fluids are confined 
by envelopes that are sufficiently narrow to influence the motion of the fluids, it is 
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necessary that the envelopes should be similar and similarly situated with respect 
to the solids oscillating within them, and that their linear dimensions should be 
in the same ratio as those of the oscillating bodies. In strictness, it is likewise 
necessary that the solids should be similarly situated with respect to the axis of 
rotation. If however two similar solids, such as two spheres, are attached to two 
fine wires, and made to perform small oscillations in two unlimited masses of fluid, 
and if we agree to neglect the effect of the suspending wires, and likewise the effect 
of the rotation of the spheres on the motion of the fluid, which last will in truth be 
exceedingly small, we may regard the two systems as geometrically similar, and 
they will be dynamically similar provided the condition stated in Equation 2.6 be 
satisfied. When the two fluids are of the same nature, as for example when both 
spheres oscillate in air, the condition of dynamical similarity reduces itself to this, 
that the times of oscillation shall be as the squares of the diameters of the spheres. 
If, with BESSEL, we represent the effect of the inertia of the fluid on the time of 
oscillation of the sphere by supposing a mass equal to k times that of the fluid 
displaced added to the mass of the sphere, which increases its inertia without 
increasing its weight, we must expect to find k dependant on the nature of the 
fluid, and likewise on the diameter of the sphere. BESSEL, in fact, obtained very 
different values of k for water and for air. BAILY’s experiments on spheres of 
different diameters, oscillating once in a second nearly, shew that the value of k 
increases when the diameter of the sphere decreases. Taking this for the present 
as the result of experiment, we are led from theory to assert that the value of k 
increases with the time of oscillation; in fact, k ought to be as much increased 
as if we had left the time of oscillation unchanged, and diminished the diameter 
in the ratio in which the square root of the time is increased. It may readily be 
shewn that the value of k obtained by BESSEL’s method, by means of a long and 
short pendulum, is greater than what belongs to the long pendulum, much more, 
greater than what belongs to the shorter pendulum, which oscillated once in a 
second nearly. The value of k given by BESSEL is in fact considerably larger than 
that obtained by BAILy, by a direct method, from a sphere of nearly the same size 
as those employed by BESSEL, oscillating once in a second nearly. 

The discussion of the experiments of BAILY and BESSEL belongs to chapter 3 
of this paper. They are merely briefly noticed here to shew that some results of 
considerable importance follow readily from the general equations, even without 
obtaining any solution of them. 


7. Before proceeding to the problems which mainly occupy this paper, it may 
be well to exhibit the solution of Equation 2.2 and Equation 2.3 in the extremely 
simple case of an oscillating plane. 

Conceive a physical plane, which is regarded as infinite, to be situated in an 
unlimited mass of fluid, and to be performing small oscillations in the direction of 
a fixed line in the plane. Let a fixed plane coinciding with the moving plane be 
taken for the plane of yz, the axis of y being parallel to the direction of motion, 
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and consider only the portion of fluid which lies on the positive side of the plane 
of yz. In the present case, we must evidently have u = 0, w = 0; and p, v will be 
functions of x and t, which have to be determined. The Equation 2.3 is satisfied 
identically, and we get from Equation 2.2, putting = yp’: p, 


dv d?v (2.8) 
et ae 


The first of these equations gives p = a constant, for it evidently cannot be a 
function of t, since the effect of the motion vanishes at an infinite distance from 
the plane; and if we include this constant in II, we shall have p = 0. Let V be the 
velocity of the plane itself, and suppose 


V =c-sin(nt). (2.9) 


Putting in the second of Equation 2.8 


v = X,-sin(nt) + X2- cos(nt) , (2.10) 
we get 
dX 
nX1 — im - = 
a an sad (2.11) 
Xx. , d Xi Lt d Xo 
nN. — = — 
- i dx? n dat 


The last of these equations gives 


Xpn evi fa-sin (5 -) +B-cos(\/* 2) 
revi. JC sin (/% 2) +D-cos (2) 


Since Xj must not become infinite when 7 = oo, we must have C = 0 and D = 0. 
Obtaining X,, from the first of Equation 2.11, and substituting in Equation 2.10, 
we get 


v=e {Asin (nt at) + B- 00s (nt - wat) 


Now by the equations of conditions assumed in Art. 3, page 138, we must have 
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v = V when zx = 0, whence 


Stee : n 
v=c-e V™» ssin (nt - at) (2:12) 
To find the normal and tangential components of the pressure of the fluid on the 
plane, we must substitute the above value of v in Equation 2.4 and Equation 2.5 
and after differentiation put x =0. P,; and 73 will then be the components of the 


pressure of the solid on the fluid, and therefore —P,, —T3, those of the pressure of 
the fluid on the solid. We get 


P,=0, 


T3 = cp: (e {sin(nt) + cos(nt)} = p- te {Vv | : =} (2.13) 


The force expressed by the first of these terms tends to diminish the amplitude of 
the oscillations of the plane. The force expressed by the second has the same effect 
as increasing the inertia of the plane. 


8. Equation 2.12 shews that a given phase of vibration is propagated from 
the plane into the fluid with a velocity /2u’n, while the amplitude of oscillation 
decreases in geometric progression as the distance from the plane increases in 
arithmetic. If we suppose the time of oscillation from rest to rest to be one second, 
then n = 7; and if we suppose \/’ = 0.116 inch, which, as will presently be seen, 
is about its value in the case of air, we get for the velocity of propagation 0.2908 
inch per second nearly. If we enquire the distance from the plane at which the 
amplitude of oscillation is reduced to one half, we have only to put va <¢-= In 2, 


which gives, on the same suppositions as before respecting numerical values, 7 = 
0.06415 inch nearly. For water the value of p/’ is a good deal smaller than for air, 
and the corresponding value of x smaller likewise, since it varies ceteris paribus as 
Ju’. Hence if a solid of revolution of large, or even moderately large, dimensions 
be suspended by a fine wire coinciding with the axis of revolution, and made to 
oscillate by the torsion of the wire, the effect of the fluid may be calculated with a 
very close degree of approximation by regarding each element of the surface of the 
solid as an element of an infinite plane oscillating with the same linear velocity. 

For example, let a circular disk of radius a be suspended horizontally by a fine wire 
attached to the centre, and made to oscillate. Let r be the radius vector of any 
element of the disk, measured from its centre, 6 the angle through which the disk 
has turned from its mean position. Then in Equation 2.13, we must put V = r- 2 


dt? 
whence 
ny! dg 1 d?6 
fT OG ice OL (ese ale cca 
ae ae r(F+e dt? 
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The area of the annulus of the disk comprised between the radii r and r + dr is 
4rr dr, both faces being taken, and if G be the whole moment of the force of the 
fluid on the disk, 


G= —4n- f r°T3 dr, 
0 


ate pnp of de Td ?0 
oN cp (G+s dt? ) 


Let My? be the moment of inertia of the disk, and let n; be what n would become 
if the fluid were removed, so that —n?M7?0 is the moment of the force of torsion. 
Then when the fluid is present the equation of motion of the disk becomes 


oe i a [nu dé 
{2 4mm eet gp tmiMy0 =0, (2.14) 


or, putting for shortness 


whence 


bl 
mpa*-4/—— =28M7’, 
2n 


Equation 2.14 becomes 


(14 op). © ong into =0, 
which gives, neglecting (?, 
6=0)-e™ . sin(nt + a), (2.15) 
where 
n=n,-(1-8). 


The observation of n and n, or else the observation of n and of the decrement of 
the arc of oscillation, would enable us to determine 3, and thence pi’. The values 
of 6 determined in these two different ways ought to agree. 

There would be no difficulty in obtaining a more exact solution, in which the 
decrement of the arc of oscillation should be taken into account in calculating the 
motion of the fluid, but I pass on to the problems, the solution of which forms the 
main object of this paper. 
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2.2. Solution of the equations in the case of a sphere 
oscillating in a mass of fluid either unlimited, or 
confined by a spherical envelope concentric with 
the sphere in its position of equilibrium 


9. Suppose the sphere suspended by a fine wire, the length of which is much 
greater than the radius of the sphere. Neglect for the present the action of the 
wire on the fluid, and consider only that of the sphere. The motion of the sphere 
and wire being supposed to take place parallel to a fixed vertical plane, there 
are two different modes of oscillation possible. We have here nothing to do with 
the rapid oscillations which depend mainly on the rotatory inertia of the sphere, 
but only with the principal oscillations, which are those which are observed in 
pendulum experiments. In these principal oscillations the centre of the sphere 
describes a small arc of a curve which is very nearly a circle, and which would be 
rigorously such, if the line joining the centre of gravity of the sphere and the point 
of attachment of the wire were rigorously in the direction of the wire. In calculating 
the motion of the fluid, we may regard this arc as a right line. In fact, the error 
thus introduced would only be a small quantity of the second order, and such 
quantities are supposed to be neglected in the investigation. Besides its motion of 
translation, the sphere will have a motion of rotation about a horizontal axis, the 
angular motion of the sphere being very nearly the same as that of the suspending 
wire. This motion, which would produce absolutely no effect on the fluid according 
to the common theory of hydrodynamics, will not be without its influence when 
friction is taken into account; but the effect is so very small in practical cases that 
it is not worth while to take it into account. For if a be the radius of the sphere, 
and / the length of the suspending wire, the velocity of a point in the surface of 
the sphere due to the motion of rotation will be a small quantity of the order + 
compared with the velocity due to the motion of translation. In finding the moment 
of the pressures of the fluid on the pendulum, forces arising from these velocities, 
and comparable with them, have to be multiplied by lines which are comparable 
with a and I respectively. Hence the moment of the pressures due to the motion of 
rotation of the sphere will be a small quantity of the order a compared with the 
moment due to the motion of translation. Now in practice | is usually at least 20 
or 30 times greater than a, and the whole effect to be investigated is very small, so 
that it would be quite useless to take account of the motion of rotation of the sphere. 
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The problem, then, reduces itself to this: 


The centre of a sphere performs small periodic oscillations along a right 
line, the sphere itself having a motion of translation simply: it is required to 
determine the motion of the surrounding fluid. 


10. Let the mean position of the centre of the sphere be taken for origin, and 
the direction of its motion for the axis of x, so that the motion of the fluid is 
symmetrical with respect to this axis. Let @ be the perpendicular let fall from any 
point on the axis of x, q the velocity in the direction of w, w the angle between 
the line @ and the plane of xy. Then p, u, and q will be functions of x, w, and t, 
and we shall have 


whence 


tan (<) . 
y 
We have now to substitute in Equation 2.2 and Equation 2.3, and we are at liberty 
to put w = 0 after differentiation. We get 


d d_ sin(w) d 
he _ = Hh = 
i cos(w) aa do? dp When w 0, 
d? d? 
dy Fae when w=0O, 
d d  cos(w) d 1 od 
a ob UA b = 
dz an) daw w dw od” Y 


dp d’u du 1 du du 
~ =p: ! ae = 21 
de” (ss dw? a =) Pat ee) 
dp Cg. deg ls ge, _7@ dq 
=p. ! oe ee a 
da & da*  @ dw aq Pat 217) 
du dq q 
=O. 2.1 
da- sda. ag. : or) 
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Eliminating p from Equation 2.16 and Equation 2.17, and putting for ju its equivalent 
Lp, we get 


FS Oe Gs aa ae ae | Ee es SE 
We (States) Sette e-a) 
-5 (2-2) =0 

dt\dw dz 


or 
2 2 
a4 ,i,d _ 1 1 d)\ (du _ dg afie (2.19) 
da da “a de tm ph de dw dz 


By virtue of Equation 2.18, @(uda@ — qdz) is an exact differential. Let then 


am(udw — qdzx) = dw. (2.20) 
Expressing u and q in terms of w, we get 


du dg 1 /@ @ 1 d 
ae )e 


daw dx ww dr2' dw ow dw 


Substituting in Equation 2.19, and operating separately on the factor 2, we obtain 


da2 aw da 


d? a? Ls ad 1 od d? a? | de | 
| ED a ei | =0. (11.207 
(= da. <«@ da py =) (= ) poe & ) 


Since the operations represented by the two expressions within parentheses are 
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evidently convertible, the integral of this equation is* 


y=VWtr, (2.21) 


where w, and w,. are the integrals of the equations 


(= eee a (2.22) 


da? da? a da 
a? a? ty, sd i aa 

| ay ee =e 20 
(Ss dw? w dw p =) ie ee) 


11. By means of the last three equations, the expression for dp obtained from 
Equation 2.16 and Equation 2.17 is greatly simplified. We get, in the first place, 


Pat (e | d? 1 | 3 1 dy. (2.24) 


dr2' daw aw dw) dtl w daw’ 


4If we denote for shortness the operation 


de a? 1 od 


1 d 
D(D-—.—)v= 
( ll au) 


which gives by the separation of symbols 


by D, our equation becomes 


1 
pe! 
1 1 1 
“ifs ae a 8) 
be im 


so that & is composed of two parts, which are separately the integrals of Equation 2.22 and 
Equation 2.23. Hence we have for the integral of Equation 11.20’ w = yw, + y24+ WV, W being a 
function of x and w without t, which satisfies the equation D?U = 0. For the Equation 2.22 and 
Equation 2.23 will not be altered if we put fw dt, [We dt for y and wp, the arbitrary functions 
which would arise from the integration with respect to t being supposed to be included in W. 
The function WV, which taken by itself can only correspond to steady motion, is excluded from the 
problem under consideration by the condition of periodicity. But we may even, independently 
of this condition, regard Equation 2.21 as the complete integral of Equation 11.20’, provided 
we suppose included in Equation 2.21 terms which would be obtained by supposing w at first 
to vary slowly with the time, employing the integrals of Equation 2.22 and Equation 2.23, and 
then making the rate of variation diminish indefinitely. By treating the symbolical expression 
in the right-hand member of Equation @ as a vanishing fraction, at being supposed to vanish, 
we obtain in fact D~?0; so that under the convention just mentioned the function V may be 
supposed to be included in w, + w2. The same remarks will apply to the equation in section 2.3 
which answers to Equation 11.20’. 
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but by adding together Equation 2.22 and Equation 2.23, and taking account of 
Equation 2.21, we get 


dy db 1 dv 1 dds 
dr? dw? ow dw op soddt 


On substituting in Equation 2.24, it will be found that all the terms in the right- 


hand member of the equation destroy one another, except those which contain oe 
and we and the equation is reduced to 
dp_ pp Wh 
dx w dtdw 
The Equation 2.17 may be reduced in a similar manner, and we finally get 
p uy dy 
dp = —- daw — oa ae 225 
ae Sa °~ adtda ore 


which is an exact differential by virtue of Equation 2.22. 


12. Passing to polar co-ordinates, let r be the radius vector drawn from the 
origin, 6 the angle which r makes with the axis of x, and let R be the velocity 
along the radius vector, O the velocity perpendicular to the radius vector: then 


u = R-cos(0) — O- sin() , 
q=R-sin(0) + © - cos(6). 


Making these substitutions in Equation 2.20, Equation 2.22, Equation 2.23, and 
Equation 2.25, we obtain 


r-sin(0) - (Rrd@ — @dr) = dw, (2.26) 

Te | ~~ | ii Go | a] =e (2.27) 
ue | i (sam a = 7 et (2.28) 
= ay (gar 5 Gea) (2.29) 


We must now determine 7, and W2 by means of Equation 2.27 and Equation 2.28, 
combined with the equations of condition. When these functions are known, p 
will be obtained by integrating the exact differential which forms the right-hand 


149 


2. Analytical Investigations 


member of Equation 2.29, and the velocities R, 0, if required, will be got by 
differentiation, as indicated by Equation 2.26. Formulse deduced from Equation 2.4 
and Equation 2.5 will then make known the pressure of the fluid on the sphere. 


13. Let € be the abscissa of the centre of the sphere at any instant. The 
conditions to be satisfied at the surface of the sphere are that when r = r,, the 
radius vector of the surface, we have 


ae 
dt’ 


dg 


R=cos(@) - et 


O = —sin(6@) 
Now r, differs from a by a small quantity of the first order, and since this value of r 
has to be substituted in functions which are already small quantities of that order, 
it will be sufficient to put r = a. Hence, expressing R and O in terms of w, we get 


w = a-sin?(a)S, 

t (2.30) 
oY a” - sin(0) cos(6) - aS 
dé dt’ 


when r = a. When the fluid is unlimited, it will be found that certain arbitrary 
constants will vanish by the condition that the motion shall not become infinite at 
an infinite distance in the fluid. When the fluid is confined by an envelope having 
a radius b, we have the equations of condition 


dy dy 


ae 7 ae when r=b. (2.31) 


14. We must now, in accordance with the plan proposed in section 2.1, introduce 
the condition that the function ~ shall be composed, so far as the time is concerned, 
of the circular functions sin(nt) and cos(nt), that is, that it shall be of the form 


P -sin(nt) + Q - cos(nt) 


where P and Q are functions of r and @ only. An artifice, however, which has 
been extensively employed by M. CAUCHY will here be found of great use. Instead 
of introducing the circular functions sin(nt) and cos(nt), we may employ the 
exponentials ei”, and e~'™, where i = /—1. Since our equations are linear, and 
since each of these exponential functions reproduces itself at each differentiation, it 
follows that if all the terms in any one of our equations be arranged in two groups, 
containing as a factor e!™ in one case, and e~:™ in the other, the two groups will 
be quite independent, and the equations will be satisfied by either group separately. 
Hence it will be sufficient to introduce one of the exponential functions. We shall 
thus have only half the number of terms to write down, and half the number of 
arbitrary constants to determine that would have been necessary had we employed 
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circular functions. When we have arrived at our result, it will be sufficient to put 
each equation under the form U +iV = 0, and throw away the imaginary part, 
or else throw away the real part and omit i since the system of quantities U, and 
the system of quantities V must separately satisfy the equations of the problem. 
Assuming then 


dp 
cD = eit 7 P, 


we have to determine P as a function of r and 0. 


15. The form of the equations of condition according to Equation 2.30 points 
out sin?(9) as a factor of P, and since the operation sin(6) - ae. aaae performed on 
the function sin?(9) reproduces the same function with a coefficient -2, it will be 
possible to satisfy Equation 2.27 and Equation 2.28 on the supposition that sin?(@) 


is a factor of w, and q2°. Assume then 


wy, = ei™ . sin2(0) - fi(r), 
wy = er. sin?() « fo(r). 


Putting for convenience 
ni=p'-m’?, (2.32) 


and substituting in Equation 2.27 and Equation 2.28, we get 


a Nee aa filr) =0, (2.33) 


°When this operation is performed on the function sin(@) a , the function is reproduced with a 


coefficient —i- (i+ 1). Y; here denotes a LAPLACE’s coefficient of the i** order, which contains 
only one variable angle, namely 6. Now w may be expanded in a series of quantities of the 
general form sin(0) te For, since we are only concerned with the differential coefficients of 
with respect to r and 6, we have a right to suppose w to vanish at whatever point of space we 
please. Let then % = 0 when r =a and 6 = 0. To find the value of w at a distance r from the 
origin, along the axis of x positive, it will be sufficient to put 6 = 0 and dé = 0 in Equation 2.26, 
and integrate from r = a to r, whence = 0. To find the value of w at the same distance r 
along the axis of x negative, it will be sufficient to leave r constant, and integrate dy from 0 = 0 
to @= 7. Referring to Equation 2.26, we see that the integral vanishes, since the total flux 
across the surface of the sphere whose radius is r must be equal to zero. Hence w vanishes when 
? = 0 or 6 = 7, and it appears from Equation 2.26 that when @ is very small or very nearly 
equal to 7, w varies ultimately as sin*(@) for given values of r and t. Hence ~ - cosec@, and 
therefore f 7 -cosec(@) d@, is finite even when sin(@) vanishes, and therefore [7 -cosec(@) d@ may 
be expanded in a series of LAPLACE’s coefficients, and therefore w itself in a series of quantities 
of the form sin(@) ae . It was somewhat in this way that I first obtained the form of the function 
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f(r) — fale) — m?- fal) = 0. (2.34) 


The equations of condition, Equation 2.30 and Equation 2.31 become, on putting 


f(r) for fi(r) + fo(r), 
fU=@+¢.. Fla)—=—car oe (2.35) 


f'(b)=0, f(b) =0. (2.36) 


We may obtain p from Equation 2.29 by putting for w, its value eft sin? (9) -filr), 
replacing after differentiation 2- f(r) by its equivalent r?- f{/(r) and then integrating. 
It is unnecessary to add an arbitrary function of the time, since any such function 
may be supposed to be included in I]. We get 


p = —ppl'm? - ef". cos(9) + filr). (2.37) 


16. The integration of the differential Equation 2.33 does not present the least 
difficulty, and Equation 2.34 comes under a well-known integrable form. The 
integrals of these equations are 


A 
f= Seer; 


l l (2.38) 
pr =—Cre™ - (1+ =) +D-e™. (1-—) : 
mr mr 
and we have to determine A, B, C’, D by the equations of condition. 
The solution of the problem, in the case in which the fluid is confined by a spherical 
envelope, will of course contain as a particular case that in which the fluid is 
unlimited, to obtain the results belonging to which it will be sufficient to put 
b = oo. As, however, the case of an unlimited fluid is at the same time simpler and 
more interesting than the general case, it will be proper to consider it separately. 
Let +m denote that square root of 4 i which has its real part positive; then in 
Equation 2.38 we must have D = 0, since otherwise the velocity would be infinite 
at an infinite distance. We must also have B = 0, since otherwise the velocity 
would be finite when r = 00, as appears from Equation 2.26. We get then from the 
equations of condition, Equation 2.35 


2m ma 
ie JO aa, 
2m 
whence 
Cc plm2t 
&= vie e : (2.39) 
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3 1 
ee (1 | ) ea), (2.40) 
Mma mr 


3 3 ' 2 
p= =-pac-p'm?- (1 ee ee ) ett | cos(9) - = (2.41) 


17. The symbolical Equation 2.40 and Equation 2.41 contain the solution of the 
problem, the motion of the sphere being defined by the symbolical Equation 2.39. 
If we wish to exhibit the actual results by means of real quantities alone, we have 
only to put the right-hand members of Equation 2.39, Equation 2.40, Equation 2.41 
under the form U +iV, and reject the imaginary part. Putting for shortness 


n 
aT =U (2.42) 
we have m = v- (1 +i), and we obtain 
Co. 
€=—-sin(nt), (2.43) 
n 


y= ; -a’c-sin(6) - { (2 + sa) - cos(nt) 
| = (1 | =) -sin(nt) = 


———.e ¥9). cos(nt —vr+va) 


oe Gene CTT eer earn ee (2.44) 
a I} 


1 a? 
—-—-(1+—}].- t)?- 0)-—. 245 
aa ( i =) cos(n )} cos(@) 3 (2.45) 
The reader will remark that the €, ~, p of the present article are not the same as 
the €, w, p of the preceding. The latter are the imaginary expressions, of which 
the real parts constitute the former. It did not appear necessary to change the 
notation. 
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When yp’ = 0, then v = oo and w reduces itself to 


3 
> - sin?(9) cos(nt) , 


ip 
or . ae 
oe eee (Oyo 
5, Sin (0) ie 
In this case we get from Equation 2.26 
dé cos() 
= 3 ._—_e 
mee dt re ? 
_ 1.4 d€ sin(@) 
9 a dt 


and Rdr-+ Or dé is an exact differential dé, where 


gz aha. dé _cos(@) 


dt pe? 


which agrees with the result deduced directly from the ordinary equations of hy- 


drodynamics°. 


18. Let us now form the expression for the resultant of the pressures of the 
fluid on the several elements of the surface of the sphere. Let P, be the normal, 
and Ty, the tangential component of the pressure at any point in the direction of a 
plane drawn perpendicular to the radius vector. Equation 2.4 and Equation 2.5 
are general, and therefore we may replace x, y in these formule by 2’, y’, where 2’, 
y’ are measured in any two rectangular directions we please. Let the plane of 2’, y/' 
pass through the axis of x and the radius vector, and let the axis of x’ be inclined 
to that of x at an angle v, which after differentiation is made equal to @. Then P; 
and T3 will become P, and Tg, respectively. We have 


u' = R-cos(0—- V) —O- sin(6 — ¥), 
v =R-sin(@—V)+0-cos(O—V), 


®See Camb. Phil. Trans. Vol. VIII., page 39. 


154 


2. Analytical Investigations 


and when 6 = 3 
did 
dx’ dr’ 
di_id 
dy r dé’ 
du’ _ ak 
dz’ dr’ 
du 1 dR © 
dy r dO r’ 
du’ _ do 
dz’ dr’ 
whence 
P,=p— 2, 
r 
ee koe: eee) 
OTE NE Gg Grr) 


In these formulze, suppose r put equal to a after differentiation. Then P, and T% 
will be the components in the direction of r and @ of the pressure of the sphere on 
the fluid. The resolved part of these in the direction of x is 


P,.- cos(0) — Tg - sin(@) , 


which is equal and opposite to the component, in the direction of x, of the pressure 
of the fluid on the sphere. Let -¥ be the whole force of the fluid on the sphere, 
which will evidently act along the axis of x. Then, observing that 27a? sin(@) dé is 
the area of an elementary annulus of the surface of the sphere, we get 


F = 2a’. a [—P,. - cos(@) + Tg - sin(@)|, sin(@) dé, (2.47) 


the suffix a denoting that r is supposed to have the value a in the general expressions 
for P, and To. 

The expression for ¥ may be greatly simplified, without employing the solution of 
Equation 2.27 and Equation 2.28, by combining these equations in their original 
state with the equations of condition according to Equation 2.30. We have, in the 
first place, from Equation 2.26 


1 dy 
he : 
r2-sin(@) dé’ 
ee (2.48) 
ope sin(O) dr’ 
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Now the Equation 2.30 make known the values of w and e and of their differential 
coefficients of all orders with respect to 8, when r = a. When the expressions for 
R and O are substituted in Equation 2.46, the result will contain only one term in 
which the differentiation with respect to r rises to the second order. But we get 
from Equation 2.21, Equation 2.27, Equation 2.28 


dy _sin(@)_ d 1 dp) 1 dy 
dr2—s ar? dO \sin(0) dO) wl dt ’ 


and the second of Equation 2.30 gives the value for r = a of the first term in the 
right-hand member of the equation just written. We obtain from Equation 2.48 


and Equation 2.30 
dR 
Core 


hE We _ sin(@) dé (90 
i deg. > a di ey 
doy (dy 
dr), pa: sin(0) de Jin: 
Substituting in Equation 2.47, and writing pp for ju, we get 


F =2na- i. {ar -cos(@) + p- (B) \ -sin(@) dé. 
0 a 


With respect to the first term in this expression, we get by integration by parts 


a eee 1 opie ap 
J vcoste) sin(™) dO = 5 sin (0) -p 5 [ss (°) 56 dé. 


The first term vanishes at the limits. Substituting in the second term for e the 
expression got from Equation 2.29, and putting r = a, we get 


is il cir ae 
| Pa + cos(@) sin(@) dé = = 5 Pa, , (#) -sin(0) dé. 


Substituting in the expression for ¥, we get 


d 


F=Tpa- ay i c (#). +2- Waa} -sin(@) dé. (2.49) 
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19. The above expression for ¥, being derived from the general Equation 2.27 

and Equation 2.28, combined with the equations of condition according to Equa- 
tion 2.30, holds good, not merely when the fluid is confined by a spherical envelope, 
but whenever the motion is symmetrical about an axis, and that, whether the 
motion of the sphere be or be not expressed by a single circular function of the 
time. It might be employed, for instance, in the case of a sphere oscillating in a 
direction perpendicular to a fixed rigid plane. 
When the fluid is either unconfined, or confined by a spherical envelope concentric 
with the sphere in its position of equilibrium, the functions ~, and w»2 consist, as 
we have seen, of sin?(@) multiplied by two factors independent of 0. If we continue 
to employ the symbolical expressions, which will be more convenient to work with 
than the real expressions which might be derived from them, we shall have 


eint : filr) eint : fol(r) 


for these factors respectively. Substituting in Equation 2.49, and performing the 
integration with respect to 6, we get 


a : -mpani-{a- fi(a) +2 fo(a)}-ei™. (2.50) 


20. Consider for the present only the case in which the fluid is unlimited. The 
arbitrary constants which appear in Equation 2.38 were determined for this case in 
Art. 16, page 152. Substituting in Equation 2.50 we get 


2 9 9 : 
FSH apatcni: (14+ —— 4+ |e, 
3 ma m?a? 
Putting for m its value v-(1+i), and denoting by M’ the mass of the fluid displaced 
by the sphere, which is equal to ampa’, we get 


1 9 9 1 , 
Ff = —M' - | 1 | é 1 | é ants 
re (5 =) : Ava ( ~)} ® 


i 9 dé 9 1 dé 

FS (Sa _ -(14 M'n- —. 2.91 
(5 - a) dt? 4va ( =| ie dt ( ) 

Since i has been eliminated, this equation will remain unchanged when we pass 

from the symbolical to the real values of -¥ and €. 

Let 7 be the time of oscillation from rest to rest, so that n-7 = 7, and put for 
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shortness k and k’ for the coefficients of M’ in Equation 2.51; then 
ce ee (2.52) 


The first term in the expression for the force ¥Y has the same effect as increasing 
the inertia of the sphere. To take account of this term, it will be sufficient to 
conceive a mass k:- M’ collected at the centre of the sphere, adding to its inertia 
without adding to its weight. The main effect of the second term is to produce 
a diminution in the arc of oscillation: its effect on the time of oscillation would 
usually be quite insensible, and must in fact be neglected for consistency’s sake, 
because the motion of the fluid was determined by supposing the motion of the 
sphere permanent, which is only allowable when we neglect the square of the rate 
of decrease of the arc of oscillation. If we form the equation of motion of the 
sphere, introducing the force -¥, and then proceed to integrate the equation, we 
shall obtain in the integral an exponential e~® multiplying the circular function, 5 
being half the coefficient of a divided by that of o. Let M be the mass of the 
sphere, My? its moment of inertia about the axis of suspension, then 


nk’ M’'. (1 +a)? =26-{My?+kM’-(l+a)?}. 


In considering the diminution of the arc of oscillation, we may put (/ + a) for ¥. 
During 7 oscillations, let the arc of oscillation be diminished in the ratio of Ap to 


A;, then 
Ao ; Ti k' M' 
In (3) =176 = 2 (M+ kM)" (2.53) 


For a given fluid and a given time of oscillation, both k and k’ increase as a 
decreases. Hence it follows from theory, that the smaller be the sphere, its density 
being supposed given, the more the time of oscillation is affected, and the more 
rapidly the arc of oscillation diminishes, the alteration in the rate of diminution of 
the arc due to an alteration in the radius of the sphere being more conspicuous 
than the alteration in the time of oscillation. 


21. Let us now suppose the fluid confined in a spherical envelope. In this case, 
we have to determine the four arbitrary constants which appear in Equation 2.38 
by the four equations according to Equation 2.35 and Equation 2.36. We get, in 
the first place, 


A 1 1 1 
—+ Ba? +Ce™.- (1 + =) + De™*. (1 — =) = <a’c, (2.54) 
a ma ma 
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A 1 ih 
—— +2Ba’?—Ce"™- G +1+ —) +De™. (a —1+ —) = a’c, (2.55) 
a ma ma 


“ + BYP? +Ce™. (1 + =i) + De™. (1 _ =) =0;5 (2.56) 


mob mob 


b mb mb 


Putting a?cK for a- fi(a) +2>+ fo(a), which is the quantity that we want to find, 
we get from Equation 2.38 and Equation 2.54 


A 1 1 
SOR Ge (mb-+1+ 5) + De™. (mb -1+ =) =O (2:57) 


3°A 


kK=1- ; 
ae-c 


(2.58) 


Eliminating in succession B from Equation 2.54 and Equation 2.55, from Equa- 
tion 2.56 and Equation 2.57, and from Equation 2.54 and Equation 2.56, we shall 
obtain for the determination of A, C’, D three equations which remain unchanged 
when a and 0 are interchanged, and the signs of A, C, and D changed. Hence —A, 
—C, —D are the same functions of b and a that A, C, D are of a and 6. It will 
also assist in the further elimination to observe that C’ and D are interchanged 
when the sign of m is changed. The result of the elimination is 


_ 3b n(a, b) _ n(b, a) 
K=1- ‘sam r 12mab + C(a, b) + ¢(b, 5} ’ (2.59) 


the functions ¢ and 7 being defined by the equations 


n(a, b) = (ma? + 3ma + 3) - (m?b? — 3mb + 3) - ene): (2.60) 

C(a, b) = {b- (m7? — 3mb + 3) —a- (ma? + 3ma + 3)} - ene). , 
It turns out that K is a complicated function of m and ¢, and the algebraical 
expressions for the quantities which answer to k and k’ in Art. 20, page 157, would 
be more complicated still, because v- (1+ i) would have to be substituted for m in 
Equation 2.60 and Equation 2.59, and then A reduces to the form —k +ik’. To 
obtain numerical results from these formulee, it would be best to substitute the 
numerical values of a, b, and v in Equation 2.60 and Equation 2.59, and perform 
the reduction of K in figures. 


22. If the distance of the envelope from the surface of the sphere be at all 
considerable, the exponential e”"°-® , which arises from e’™°~%, will have so large a 
numerical value that we may neglect the terms in the numerator and denominator 
of the fraction in the expression for K which contain e~”"°-%, as well as the term 
in the denominator which is free from exponentials, in comparison with the terms 
which contain e”°-®, Thus, if (b—a) be two inches, T one second, and \/p’ = 0.116, 
we have e”(-% = 2424000000, nearly; and if (b — a) be only an inch or half an 
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inch, we have still the square or fourth root of the above quantity, that is, about 
49234 or 222, for the value of that exponential. Hence, in practical cases, the above 
simplification may be made, which will cause the exponentials to disappear from 
the expression for kK. We thus get 


oie 3b (m?a? + 3ma + 3) - (m2b? — 3mb + 3) (2.61) 
7 2m?a?_ b+ (m?b? — 3mb + 3) — a: (ma? + 3ma + 3) 
If we assume 
3va +3 + (2v7a" + 3va) i= A’: [cos(a) + isin(a)] , 
—3vb+3+ Cove — 3vb) i= B’ - [cos(8) + isin(A)] , 
bB’ - cos(B) — aA’ - cos(a) = C’ - cos(7), 
bB’ - sin(3) — aA’: sin(a) = C’- sin(y) , 
we get from Equation 2.61 
3bi =A'B' ae 
Kate] Ses leosla 9-7) +isinfa + s—9)b, 
whence 
A'B' 
= BAS sina + 8-9) -1, 
4y2a2C" (2 62) 
Ce ee ae 
= Digna * colo 4); 


and, as before, k- M’ is the imaginary mass which we must conceive to be col- 
lected at the centre of the sphere, in order to allow for the inertia of the fluid, and 
—k'M'n- & the term in ¥ on which depends the diminution in the arc of oscillation. 


23. If we suppose p’ = 0, and therefore m = oo, we get from Equation 2.61 


b? + 2a3 
yea ey a ee eae 2. 


and, in this case, k is the same as K with sign changed, and k’ = 0, which agrees 
with the result obtained directly from the ordinary equations of hydrodynamics’. 
If, on the other hand, we make b = ov, we arrive at the results already obtained 
in Art. 20, page 157. In both these cases it becomes rigorously exact to neglect 
in the expression for (K — 1) given by Equation 2.59 all the terms which are not 
multiplied by e”@-%. 

If the effect of the envelope be but small, which will generally be the case, it will 


7See Camb. Phil. Trans. Vol. VIII. p. 39. 


160 


2. Analytical Investigations 


be convenient to calculate k and k’ from Equation 2.52, which apply to the case in 
which b = oo, and then add corrections Ak, Ak’ due to the envelope. We get from 
Equation 2.61 


3 (m2a2 + 3ma + 3)° 


Ak—iAK = : 
: 2m?a_b- (m?2b? — 3mb + 3) — a- (ma? + 3ma+3)’ 


(2.64) 


which may be treated, if required, as the Equation 2.61 was treated in the preceding 
article. If, however, we suppose m large, and are content to retain only the most 
important term in Equation 2.64, we simply get 


i SE Ak! =0 (2.65) 
~ 2+ (b3 — a3)’ ae ; 
so that the correction for the envelope may be calculated as if the fluid were 
destitute of friction. 


2.3. Solution of the equations in the case of an 
infinite cylinder oscillating in an unlimited mass 
of fluid, in a direction perpendicular to its axis. 


24. Suppose a long cylindrical rod suspended at a point in its axis, and made 
to oscillate as a pendulum in an unlimited mass of fluid. The resistance expe- 
rienced by any element of the cylinder comprised between two parallel planes 
drawn perpendicular to the axis will manifestly be very nearly the same as if the 
element belonged to an infinite cylinder oscillating with the same linear velocity. 
For an element situated very near either extremity of the rod, the resistance thus 
determined would, no doubt, be sensibly erroneous; but as the diameter of the rod 
is supposed to be but small in comparison with its length, it will be easily seen 
that the error thus introduced must be extremely small. 

Imagine then an infinite cylinder to oscillate in a fluid, in a direction perpendicular 
to its axis, so that the motion takes place in two dimensions, and let it be required 
to determine the motion of the fluid. The mode of solution of this problem will 
require no explanation, being identical in principle with that which has been already 
adopted in the case of a sphere. In the present instance, the problem will be found 
somewhat easier, up to the formation of the equations analogous to Equation 2.33 
and Equation 2.34, after which it will become much more difficult. 


25. Let a plane drawn perpendicular to the axis of the cylinder be taken for 
the plane of xy, the origin being situated in the mean position of the axis of the 
cylinder, and the axis of x being measured in the direction of the cylinder’s motion. 


161 


2. Analytical Investigations 


The general Equation 2.2 and Equation 2.3 become in this case 


dp _ (= ss) du 
de" \dx®" dy?) " dt’ 

2.66 
dp_ (eee) dy 
dy \de2” ay?) °° ae’ 

du du 
—+—=0. 2.67 
dx = dy ( ) 
By virtue of Equation 2.67, uwdy — vdz is an exact differential. Let then 
udy —vdz=dy. (2.68) 


Eliminating p by differentiation from the two Equation 2.66, and expressing u and 
v in terms of y in the resulting equation, we get 


a? qT éod id? a? 
i oe ee | =); 2.69 
(= dg? yi =) & aA) is ed) 
and, as before 

) Gay acme. e (2.70) 

where 2 
Sand Opec = 201 
(sat ga) mao. 2.71) 

d? ad? ls ed 

pi as Os zap 27 
(a dy?’ =) cet 2) 


We get from Equation 2.66 and Equation 2.68 
ap ge duct ?@ d@iid oi es oe de scd* dt od 
ean dy \dx? ° dy? yu’ dt OHH ee Nag dy? yp! dt a 


which becomes by means of Equation 2.70, Equation 2.71, and Equation 2.72 


dx dy 
hs Oe 2, 
ae (7 oad ar) ee) 


26. Passing to polar co-ordinates r, 6, where @ is supposed to be measured 
from the axis of x, we get from Equation 2.68, Equation 2.71, Equation 2.72, and 
Equation 2.73 


Rr dé — Odr =dy, (2.74) 
Ql “dis: . A? dde 
(3 ge Gee Gal im) X1= 0, ee) 
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d?. i ad Dia ale i, <a 
(S "i dr- a gaa) x2 = 0, (2.76) 


dp = p- 5 (2 -rdo- 2. Bar) , (2.77) 


dr 


Rand O in Equation 2.74 being the velocities along and perpendicular to the 
radius vector. 


27. Let a be the radius of the cylinder; and as before let the cylinder’s motion 
be defined by the equation 


dé int 'm?t 
te Sa eeer es 2.78 
a (2.78) 
then we have for the equations of condition which relate to the surface of the 
cylinder 


1 V2 
Ree Sei Hc ee) re 
dy d& py (2. ) 
= — = —sin(0)- = = —c-sin(9)-e"™', 
dr dt 


when r = a. 
The general Equation 2.75, Equation 2.76, as well as the equations of condition, 
Equation 2.79, may be satisfied by taking 


ly 2 
= e#™* . sin(O)- Fi(r), 
1 = sin(8) Fr) Ae 
x2 =e™*. sin() - Fo(r). 
Substituting in Equation 2.75, Equation 2.76, and Equation 2.79, we get 
iW 1 / 1 
ae (sts Sie) = a Ail(r) —A Os (2.81) 
WW 1 / 1 2 
Fy(r) + Fy(r) 2 Fi(r) — m*- Fo(r) = 0, (2.82) 
F(a) + Fo(a) =a-c, 
if ) at (2.83) 
Fi(a) + Fy(a) =c, 


besides which we have the condition that the velocity shall vanish at an infinite 
distance. 
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28. The integral of Equation 2.81 is 
A 
Fi(r) =—+Br. (2.84) 
r 
The integral of Equation 2.82 cannot be obtained in finite terms. 


To simplify the latter equation, assume that Fo(r) = F3(r). Substituting in 
Equation 2.82, and integrating once, we get 


F'(r) + : Le Nn? eh =o (2.85) 


It is unnecessary to add an arbitrary constant, because such a constant, if introduced, 
might be got rid of by writing F3(r) + C for F3(r). 

To integrate Equation 2.85 by series according to ascending powers of r, let us 
first, instead of Equation 2.85, take the equation formed from it by multiplying the 
second term by (1 — 6). Assuming in this new equation F3(r) = A,a*+ Bare +---, 


and determining the arbitrary indices a, 3, ...and the arbitrary constants A,, B,, 
...80 as to satisfy the equation, we get 
ery mart 
F3(r) = A,- 414 ae 
s(t) = A, { (0 =5). Dede = Os =o) \ 
a 4,4 
ee “ be 
2-(24+6) 2-4-(2+6)-(44+6) 
fy 2ye-— end 
= (Art Ant An Blog r)) {14 92 rp rel 
1 mr? m'r4 mr 
+ terms involving 67,5°,... 
In this expression 
SST ot aS ee (2.86) 


Putting now 
A,=C'— Ay, Ay= Dd *; 


and substituting in the above equation, and then making 6 vanish, we get 


oe. ee 
Flr) =[C + Dlog(r)]- (1 | 32 242 -) 
miei eee Howe 
-D-( 22 81+ oh t et), (2.87) 


The series in this equation are evidently convergent for all values of r, however great; 
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but, nevertheless, they give us no information as to what becomes of F3(r) when r 
becomes infinite, and yet one relation between C' and D has to be determined by 
the condition that F3(r) shall not become infinite with r. 

Equation 2.85 may be integrated by means of descending series combined with 
exponentials, by assuming F3(r) = e+" - (A,r® ae Bip? Bes di I have already given 
the integral in this form in a paper, On the numerical calculation of a class of 
definite integrals and infinite series®. The result is 


1 ie 1? - 3? 
F. = Obs —mr_ a | 
sf) . ee { 2-4mr  2-4-(4mr)? 
ees ee 
~ 2-4-6- (4mr)3 } 
1 i I eo 
+ D'-e™—.-41 2 
Jr 2-4mr  2-4-(4mr)? 
12. 32. 5? 
ee ae 2.88 
2-4-6-(4mr)3 \ ee 


These series, although ultimately divergent in all cases, are very convenient for 
numerical calculation when the modulus of mr is large. Moreover they give at once 
D' = 0 for the condition that F3(r) shall not become infinite with r, and therefore 
we shall be able to obtain the required relation between C’ and D, provided we can 
express D’ as a function of C' and D. 

29. This may be effected by means of the integral of Equation 2.85 expressed 
by definite integrals. This form of the integral is already known. It becomes, by a 
slight transformation, 


a /2 
F3(r) = | {C" + D" log [r - sin?(w)] } - (eres 4 e-mrers)) dw, (2.89) 
0 


C” and D"” being the two arbitrary constants. If we expand the exponentials in 
Equation 2.89, and integrate the terms separately, we obtain, in fact, an expression 
of the same form as Equation 2.87. This transformation requires the reduction of 
the definite integral 


a /2 
B= i cos” (w) - log [sin(w)] dw. 
0 


If we integrate by parts, integrating cos(w) - log [sin(w)]dw, and differentiating 
cos”'~! .w, we shall make P; depend on P;_;. Assuming Py = Qo, P; = Qi, ...and 
generally 

fe Bien OT) 


2°4-...+24 


P= are 


8Camb. Phil. Trans. Vol. IX. p. 182. 
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we get? 


1 1 
— —~ footage... 4 (9) ete oN eae 
The equivalence of Equation 2.87 and Equation 2.89 having been ascertained, in 
order to find the relations between C, D and C”, D”, it will be sufficient to write 
down the two leading terms in Equation 2.87 and Equation 2.89, and equate the 
results. We thus get 


1 
C+ D-log(r) = 10" + 7D" - log(r) + 27D" - log (5) 


whence 


1 
C= nC" + 27D" - log (5) {Ses (2.90) 


There remains the more difficult step of finding the relation between D’ and C”, 
D". For this purpose let us seek the ultimate value of the second member of 
Equation 2.89 when r increases indefinitely. In the first place we may observe that 
if QO, O' be two imaginary quantities having their real parts positive, if the real 
part of 2 be greater than that of 0’, and if r be supposed to increase indefinitely, 
e®” will ultimately be incomparably greater than e®”, or even than log(r) - e®’’, or, 
to speak more precisely, the modulus of the former expression will ultimately be 
incomparably greater than the modulus of either of the latter. Hence, in finding 
the ultimate value of the expression for F3(r) in Equation 2.89, we may replace the 
limits 0 and 50 of w by 0 and wy, where w is a positive quantity as small as we 
please, which we may suppose to vanish after r has become infinite. We may also, 
for the same reason, omit the second of the exponentials. Let cos(w) = (1 — A), so 


that 
sin?(w) = 2d- (1 — 5 é 


diy = eng = (14 34>) 
J2r — r2 4 DX. 


then the limits of A will be 0 and 41, where A, = [1 — cos(w )]. Since log (1 — 4) 
ultimately vanishes, and 1 + 4 +--+ becomes ultimately 1, we get from Equa- 


°A demonstration by Mr EL.is of the theorem 


i log [sin(0)] do = ; ‘iba ( ‘) 


due to EULER will be found in the 2nd volume of the Cambridge Mathematical Journal, p. 282, 
or in GREGORY’s Examples, p. 484. 
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tion 2.891° 
dX 
V20- 
If now we put A = x we shall have 0 and A, -r for the limits of \’, and the second 


of these becomes infinite with r. Hence 


M1 
limit of F(r) =e" x limit of i, [C” + D" log (2Ar)] -e7"™" - 
0 


1 (oe) ‘ / 
limit of F3(r) = Va ees | [C” + D" log (2N’)] -e-"™ od (2.91) 
r 0 f 


Now 


(oe) 1 
= = ¢ = 
fae 


and if we differentiate both sides of the equation 


co »,8s—1 
| dee I(s) with Re(s) >0 
0 © 
with respect to s, and after differentiation put s = 5, we get 
| Jog() dea @ 
) e*- if £. 2 

Putting z = m- 1 in these equations we get 

ye ow dN us 

0 VN m’ 
my =log(A’) dd’ 1 { (5) \ 
mx / 
€ . = -<I" |=] —vz7-log(m)?, 
f I ee ay eee 


where that value of Ta is to be taken which has its real part positive. Substituting 


10The word limit is here used in the sense in which f(r) may be called the limit of 6(r) when 
the ratio of d(r) to f(r) is ultimately a ratio of equality, though f(r) and ¢(r) may vanish or 
become infinite together, in which case the limit of 4(r), according to the usual sense of the 
word limit, would be said to be zero or infinity. 

This is one possible definition of the Gamma function. In general, there is no uniform definition 
for the gamma function in the literature. EULER’s integral of the second kind is often given. A 
disadvantage is that this integral does not converge everywhere. A global calculation using this 
definition is therefore only possible indirectly. For complex numbers z with a positive real part, 
the gamma function is therefore the improper integral 


r= f fede: 
0 
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in Equation 2.91 we get 


1 iE 
wo A) = gee Or OY [eet (Z) oe) 


Comparing with Equation 2.88 we get 


D'= = yor+ Pa (5) — log (3)]} (2.92) 


30. We are now enabled to find the relation between C' and D arising from 
the condition that the motion of the fluid shall not become infinitely great at an 
infinite distance from the cylinder. The determination of the arbitrary constants A, 
B, C, D will present no further difficulty. We must have B = 0, since otherwise the 
velocity would be finite at an infinite distance, and then the two of Equation 2.83, 
combined with the relation above mentioned, will serve to determine A, C’, D. The 
motion of the fluid will thus be completely determined, the functions F)(r), F3(r) 
being given by Equation 2.84 and Equation 2.87. When the modulus of mr is large, 
the series in Equation 2.87, though ultimately hypergeometrically convergent, are 
at first rapidly divergent, and in calculating the numerical value of F3(7r) in such a 
case it would be far more convenient to employ Equation 2.88. The employment 
of this equation for the purpose would require the previous determination of the 
constant C’. It will be found however that in calculating the resultant pressure of 
the fluid on the cylinder, which it is the main object of the present investigation 
to determine, a knowledge of the value of C’ will not be required, and that, even 
though the Equation 2.88 be employed. 

Putting D’ = 0 in Equation 2.92, and eliminating C” and D” between the resulting 
equation and the two of Equation 2.90, we get 


C=p: og (=) = ae (5) ; (2.93) 


and we get from Equation 2.83 and Equation 2.84, observing that f(r) = Fi(r), 
and that B = 0, 


A 
—+F3(a)=a-c, 
A a (2.94) 
——+a-Fy(a)=a-c, 
a 
whence 
actA a: Fy(a) 
atc—-A F(a) 
This equation will determine A, because if F3(a) be expressed by Equation 2.87, 


(2.95) 


168 


2. Analytical Investigations 


the second member of Equation 2.95 will only contain the ratio of C to D, which 
is given by Equation 2.93, and if F3(a) be expressed by Equation 2.88, C’ will 
disappear, inasmuch as D’ = 0. 


31. Let us now form the expression for the resultant of the forces which the 
fluid exerts on the cylinder. Let Y be the resultant of the pressures acting on a 
length dl of the cylinder, which will evidently be a force acting in the direction of 
the axis of x; then we get in the same way as the Equation 2.47 was obtained 


20 
FF = dl « | [—P, - cos(@) + Tp - sin(@)|, dé, (2.96) 
0 


and P, and Ty are given in terms of R and © by the same formule, Equation 2.46, 
as before. When the right-hand members of these equations are expressed in terms 
of x, there will be only one term in which the differentiation with respect to r 
rises to the second order, and we get from Equation 2.70, Equation 2.75, and 
Equation 2.76 


d?y de A dX, 1 dys 


dr? r dr r2 d@2 °° yw dt’ 


We get from this equation and the equations of condition, Equation 2.79 
GAN oT ON. 2 de Mid = 
deyy @ db a? \drd@y : 
POY ceed PaC\ 2: sin(@). dg 28 
ee ee ee a dt a’ 
1 
a 


DO reall OY, cae OY ca OU \ O ne CeO 
dry. ° <dr J. a:\dt), a2 \det ye edt). oa dy 


We get by integration by parts 


|v -cos(@) dé = pa: sin(@) — if @i -sin(@) dé. 


The first term vanishes at both limits; and putting for 4 its value given by 


Equation 2.77, and substituting in Equation 2.97, we get 


— ay dx 
7— = . — . ] 
F = padl al {2 ( a i + Ox)a} sin(@) dé, 
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or 
F =npadl-ni-{a+ Fi(a) + Fy(a)}-ei™. 

Observing that F3(a) or Fy(a) = ac— F,(a) from Equation 2.83, and that F,(a) = 4, 

where A is given by Equation 2.95, and putting M’ for pa? dl, the mass of the 

fluid displaced, we get 


v1 _ / J 
$ = Meni 1-2-5) aap 


aF3(a) + F3(a) 


which becomes by means of the differential Equation 2.85 which F3 satisfies 


4. F3(a) : 
Gi Monies La — 2.98 
F cni { a} e (2.98) 
Let 4 Fi(a) 
. 3 a i ! 
a =k—ik 2.99 
m2a- F3(a) pee eee) 


where k and k’ are real, then, as before, kM’ - as will be the part of ¥ which 
alters the time of oscillation, and k’M’n - a the part which produces a diminution 
in the arc of oscillation. 

When p’ vanishes, m becomes infinite, and we get from Equation 2.88 and Equa- 
tion 2.99, remembering that D’ = 0; k = 1, k’ = 0, a result which follows directly 


and very simply from the ordinary equations of hydrodynamics??. 


32. Everything is now reduced to the numerical calculation of the quantities k, 
k’, of which the analytical expressions are given. The series in Equation 2.87 being 
always convergent might be employed in all cases, but when the modulus of ma 
is large, it will be far more convenient to employ a series according to descending 
powers of a. Let us consider the ascending series first. Let 2m be the modulus of 
ma, then 


a4 
ma=2m-e4', 


pease na 1 (2.100) 
"9 pw 2 ie 


T being as before the time of oscillation from rest to rest. Substituting in Equa- 
tion 2.99 the above expression for ma, we get 


ia- Fi(a) 


Se aa She 
aoe Ye F(a) 


(2.101) 


2See Camb. Phil. Trans. Vol. VIII. p. 35. 
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Putting for shortness 


1 1 
ine Sek (2.102) 
Jn 2 
we get from Equation 2.87 and Equation 2.93 
1 T. wm... mm mo, 
5 Fea) = [lostm) ++ Fa) [14 2 om - weit | 
mM... om m? : 
7 esi - ph — ph | a 
1 , m. m* Tr mm. m’ 
Dp F3(a) =14 pimp +2 [log(m) + A 4 7 i| (5 ae a 
2 | mie 
—2-|—Sj;i- S. S3i4 
E pep ee amg | 
Let 
ee aie 
ie oe 
m? m? : 
2 2.92.32" =M), 
m* mé 
= f---=M., 
12-2 12.92.32-4 
m? mo 
io: para 
ie a (2.103) 
Tl jag geet = No, 
m? m?® F 
[2>1— Page. gens t= Nos 
m* mé 
Po” porate Ne 
m4 mo ; 
[2.922 — Jag2.gz gat t= Ne; 
In(m)+A=L: (2.104) 


then substituting in Equation 2.101, changing the sign of i, and arranging the 
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terms, we get 


2 
k+ik=1+— 5 
™m 

—LMo + 5M. — §Mh+ No + {5Mot+ 0M. -—§-(1-M!)-N-}i 


—4Mj+L-(1— M+ Ni+ {-LMj-%-(1—- M)+NG}i 


(2.105) 


33. Before going on with the calculation, it will be requisite to know the 
numerical value of the transcendental quantity A. Now 


1 1 (4) d d 1 1 

-[’ = 2 loe Nis) = —— log (PE —-, fe =— 
Va (5) es ie ai age aes 
and the value of # log [['(1 + s)] may be got at once from LEGENDRE’s table of 


the common logarithms’ of '(1 +), in which the interval of s is 0.001. Putting /, 
for the tabular number corresponding to s, we have 


d Ry te OAD kts it 
me = . Oe SNP eT oie SINT Teens 
ds log [[(1 + s)] = 1000 - In(10) {a 5 AG reas 3 APL Z book \ 


2a 14 
For s = 5 we get 


Al, = +16050324, Al, = +405620, Al, = —359, A‘+l, =+46, 


the last figure being in each case in the 12th place of decimals. We thus get 


1 1 
—_-I’| =) = -1.9635102, A =-+0.5772158. 2.106 
vi (3) . 7 a 


34. When m is large, it will be more convenient to employ series according to 
descending powers of a. Observing that the general term of F3(a) as given by 
Equation 2.88, in which D’ = 0, is 


[Peer 1p 


—1) 1 o7ma . 
ee 2-4-...-21-(4ma)i- Ja’ 


we get for the general term of F3(a) 


oa Ries eee ean 8 (2i-1)? 2-1 
or Mee eee |" ee 2a hs 


Shttps://books . google .de/books?id=c4M_AAAAcAAJ&h1=de&source=gbs_navlinks_s 
M4The following numbers are copied from DE MORGAN’s Differential and Integral Calculus, p. 
588. 
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and the expression within brackets is equivalent to 


(2i —1)- (22+ 1) 


7 


87a 
whence 
1-3 174355 
Aw PA a (Oe Te es So a 
eer . ne { 2-4ma 2-4. (4ma)? \ , 
and we find by actual division 
a-F3(a) _ P <r. th 
RG oe Ga) 


35. When many terms are required, the calculation of the coefficients may be 
facilitated in the following manner. 


Assuming aF3(a) = v(a)F3(a), we have 
F(a) =". ya), 


F¥(a) = {vc ues a F(a). 


Substituting in the differential Equation 2.85 which F3 has to satisfy, we get 


2 


a-v'(a) + [v(a)]° — m?a? =0. (2.107) 


Assuming 
A A 
aca i , Tay a co 


and substituting in the above equation, we get 


LeAy 25 Ay 323 


ma (ma)? (ma)3_— 
A A 

+ {-amat Ant Ht be [dot Ste bo, 
ma ma 


which gives on equating coefficients, Aj = —i, and for 2 > 0 


2-Aigi = —tA; + ApAi + AiAiit:-:+AjAo, 
or, assuming to avoid fractions, 


Asso Fh Be, (2.109) 
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Bia = —2B; + BoB; + By, By + ae + B;Bo 5 (2.110) 


a formula by means of which the coefficients B,, Bj, B3, ...may be readily 
calculated one after another. We get 


Bo=-l, Bi =+41, By =—4, 
B3=+25, Br=—-208, Bs=+2146, (2.111) 
Bg = —26368, By = +375733, Bs = —6092032. 


We get now from Equation 2.100, Equation 2.101, Equation 2.108, and Equa- 
tion 2.109 


ae | 1 a 1 1 7 1 
oar = Ft —27i —37i 
k-ik =1+2-e4 ate ee ao a OTE ad (2.112) 
whence if we calculate 
2 
i 5 
m 
2.0 ahs Bo 
ae ar 
1 B 
Oe. as. 
: 1 By Qt 
uj; = (-1)*"- 2 : ) 
2 m? 


we shall have, changing the sign of i in Equation 2.112, and writing ¢ for e4/, 


k+ik’ =14+ 194+ up? — uz9" + usp" — use? ++: 


k=1 yds yf da — a+ yf Bs — gf Br + uy — af 
aaa eo) D) D) 2 (2.113) 
Kf dis tn af dn + gf bus — 06+ af bon afd 
2 2 2 2 2 


If 11, lo, ... be the common logarithms of the coefficients of +, i ...in the last 
two of the formule according to Equation 2.113, 


1, = 0.1505150; I, = 2.4948500; ly = 2.3646348 ; 
ly = 1.6989700; Js = 2.2371251; Js = 2.7019316; 
lz = 2.6453650; Ig = 2.4046734; Ig = 2.6017045; 


and if the logarithms of the coefficients of i, =, ...in Uy, Ug, ... be required, it will 


be sufficient to add 0.1505150 to the Ist, 3rd, 5th, &c. of the logarithms above given. 


174 


2. Analytical Investigations 


36. It will be found that when m is at all large, the series according to Equa- 
tion 2.113 are at first convergent, and afterwards divergent, and in passing from 
convergent to divergent the quantities u; become nearly equal for several successive 
terms. If after having calculated 2 terms of the first of the series according to 
Equation 2.113 we wish to complete the series by a formula involving the differences 
of u;, we have 


CeAsp Ay alow 


=e Cieepe (ey 


4 2 
BE edhe Ue 9? ee eer 
ees, Le @ de 


Legation (| vim) es) 
oO = Cos A 1sim 4 = Cos 8 e€ ; 


a) 1 (=) ni 
== see |=} *e8", 
(l+) 2 8 


wig — toni + ugg? —-- = oF {1-9 


and 


so that the quantities to be added to k, k’, are 


(2.114) 


—= sec (<) i 
‘b= Gl meer] 


37. The following Table 2.1 contains the values of the functions k and k’ cal- 
culated for 40 different values of m. From m = 0.1 to m = 1.5 the calculation 
was performed by means of Equation 2.105; the rest of the table was calculated 
by means of the series according to Equation 2.113. In the former part of the 
calculation, six places of decimals were employed in calculating the functions Mo, 
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&c. given by Equation 2.103. 


m ek A m?-k om?-k’ m ek i m?-k m?-k’ 
0 o) ee) 0 0 2.1 1.677 0.7822 7.395 3.450 
0.1 19.70 48.63 0.1970 0.4863 2.2 1.646 0.7421 7.966 3.592 
0.2 9.166 16.73 0.3666 0.6691 2.3 1.618 0.7059 8.557 3.734 
0.3 6.166 9.258 0.5549 0.8332 2.4 1.592 0.6730 9.168 3.877 
0.4 4.771 6.185 0.7633 0.9896 2.5 1.568 0.6430 9.799 4.019 
0.5 3.968 4.567 0.9920 1.142 2.6 1.546 0.6154 10.45 4.160 
0.6 3.445 3.589 1.240 1.292 2.7 1.526 0.5902 11.12 4.303 
0.7 3.082 2.936 1.510 1.439 2.8 1.507 0.5669 11.81 4.444 
0.8 2.812 2.477 1.800 1.585 2.9 1.489 0.5453 12.52 4.586 
0.9 2.604 2.137 2.110 1.731 3.0 1.473 0.5253 13.25 4.728 
10 2.4389 1.876 2.489 1.876 3.1 1.457 0.5068 14.01 4.870 
1.1 2.306 1.678 2.700 2.021 3.2 1.443 0.4895 14.78 5.012 
1.2 2.194 1.503 3.160 2.164 3.3 1.480 0.4732 15.57 5.154 
1.3 2.102 1.365 3.002 2.307 3.4 1.417 0.4581 16.38 5.296 
1.4 2.021 1.250 3.961 2.450 3.0 1.405 0.4439 17.21 5.437 
1.5 1.951 1.153 4.389 2.595 3.6 1.3894 0.43805 18.06 5.580 
1.6 1.891 1.069 4.841 2.739 3.7 1.3883 0.4179 18.93 5.721 
1.7 1.838 0.9965 5.312 2.880 3.8 1.3873 0.4060 19.82 5.863 
1.8 1.791 0.9332 5.804 3.024 3.9 1.363 0.3948 20.73 6.005 
1.9 1.749 0.8767 6.314 3.165 4.0 1.354 0.3841 21.67 6.145 
2.0 1.711 0.8268 6.845 3.307 co ol 0 oe) oe) 


Table 2.1.: Values of the functions k and k’ calculated for 40 different values of m 


The last figure was then struck out, and five-figure logarithms were employed in 
multiplying the four functions Mo, Mj, M., and 1 — Mj? by 4, and by L, as well as 
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in reducing the right-hand member of Equation 2.105 to the form k +ik’. The 
terms of the series according to Equation 2.113 were calculated to five places of 
decimals. That these series are sufficiently convergent to be employed when m = 1.5, 
might be presumed from the numerical values of the terms, and is confirmed by 
finding that they give k = 1.952, and k’ = 1.153. For m = 1.5 and a few of the 
succeeding values, the second and third of the series according to Equation 2.113 
were summed directly as far as =: inclusively, and the remainders were calculated 
from Equation 2.114. Two columns are annexed, which give the values of m?k and 
m? k’, and exhibit the law of the variation of the two parts of the force ¥, when 
the radius of the cylinder varies, the nature of the fluid and time of oscillation 
remaining unchanged. Four significant figures are retained in all the results. 

The numerical calculation by means of Equation 2.103, Equation 2.104, and Equa- 
tion 2.105 become very laborious when many values of the functions are required. 
The difficulty of the calculation increases with the value of m for two reasons, first, 
the calculation of the functions Mo, &c. becomes longer, and secondly, the moduli 
of the numerator and denominator of the fraction in the right-hand member of 
Equation 2.105 go on decreasing, so that greater and greater accuracy is required in 
the calculation of the functions Mp, &c., and of the products [Mo, &c., in order to 
ensure a given degree of accuracy in the result. The calculation by the descending 
series according to Equation 2.113 is on the contrary very easy. 

It will be found that the first differences of m*k’ and of m?-(k — 1) are nearly 
constant, except near the very beginning of the table. Hence in the earlier part of 
the table the value of k or k’ for a value of m not found in the table will be best 
got by finding m2 k — m? or mk’ by interpolation, and thence passing to the value 
of k or k’. Very near the beginning of the table, interpolation would not succeed, 
but in such a case recourse may be had to Equation 2.103, Equation 2.104, and 
Equation 2.105, the calculation of which is comparatively easy when m is small. It 
did not seem worthwhile to extend the table beyond m = 4, because when m is 
greater than 4, the series according to Equation 2.113 are so rapidly convergent 
that k and k’ may be calculated to a sufficient degree of accuracy with extreme 
facility. 
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38. Let us now examine the progress of the functions k and k’. 
When m is very small, we may neglect the powers of m in the numerator and 
denominator of the fraction in the right-hand member of Equation 2.105, retaining 
only the logarithms and the constant terms. We thus get 


—2:s 


m “1 
k+ik’=1- 
ss ar 
whence 
2 4 
m*-(k—1) = oe 
2+ (%) 
opie —— (2.115) 
L? + (3) 


L being given by Equation 2.102 and Equation 2.104, or Equation 2.104 and 
Equation 2.106. When m vanishes, LZ, which involves the logarithm of i, becomes 
infinite, but ultimately increases more slowly than if it varied as m affected with 
any negative index however small. Hence it appears from Equation 2.115, that 
k —1 and k’ are expressed by aa multiplied by two functions of m which, though 
they ultimately vanish with m, decrease very slowly, so that a considerable change 
in m makes but a small change in these functions. Now when the radius a of the 
cylinder varies, everything else remaining the same, m varies as a, and in general 
the parts of the force Y on which depend the alteration in the time of vibration, 
and the diminution in the arc of oscillation, vary as a?k, ak’, respectively. Hence 
in the case of a cylinder of small radius, such as the wire used to support a sphere 
in a pendulum experiment, a considerable change in the radius of the cylinder 
produces a comparatively small change in the part of the alteration in the time 
and arc of vibration which is due to the resistance experienced by the wire. The 
simple Equation 2.115 are accurate enough for the fine wires usually employed in 
such experiments if the theory itself be applicable; but reasons will presently be 
given for regarding the application of the theory to such fine wires as extremely 
questionable. 

From m = 0.3 or 0.4 to the end of the table, the first differences of each of the 
functions m?-(k — 1) and mk’ remain nearly constant. Hence for a considerable 
range of values of m, each of the functions may be expressed pretty accurately by 
A+ Bm. When m is at all large, the first two terms in the 2nd and 3rd of the 
Equation 2.113 will give k and k’ with considerable accuracy, because, independently 
of the decrease of the successive quantities i, i =F ..., the coefficients of + and 
5 are considerably larger than those of several of the succeeding powers. If we 
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neglect in these formulee the terms after uz, we get 


1 
k=1+vV2--, 
m 
1 1 1 
Sas = ee 
m 2 wm 


It may be remarked that these approximate expressions, regarded as functions of 
the radius a, have precisely the same form as the exact expressions obtained for a 
sphere, the coefficients only being different. 


2.4. Determination of the motion of a fluid about a 
sphere which moves uniformly with a small 
velocity. Justification of the application of the 
solutions obtained in section 2.2 and section 2.3 
to cases in which the extent of oscillation is not 
small in comparison with the radius of the 
sphere or cylinder. Discussion of a difficulty 
which presents itself with reference to the 
uniform motion of a cylinder in a fluid. 


39. Let a sphere move in a fluid with a uniform velocity V, its centre moving in a 
right line; and let the rest of the notation be the same as in section 2.2. Conceive 
a velocity equal and opposite to that of the sphere impressed both on the sphere 
and on the fluid, which will not affect the relative motion of the sphere and fluid, 
and will reduce the determination of the motion of the fluid to a problem of steady 
motion. Then we have for the equations of condition 


heat; CSO; when. + Sas (2.116) 


R=-V-cos(#), O=V-sin(@), when r=oo. (2.117) 


The equations of condition, as well as the equations of motion, may be satisfied by 
supposing ~ to have the form sin?(@) - f(r). We get from Equation 11.20’, by the 
same process as that by which Equation 2.33 and Equation 2.34 were obtained, 


($-2) -10 aie (2.118) 


r2 
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the only difference being that in the present case Equation 11.20’ cannot be replaced 
by the two Equation 2.22 and Equation 2.23, which become identical, inasmuch as 
the velocity of the fluid is independent of the time. 

The integral of Equation 2.118 is 


f(r) = Ar + Br +Cr? + Dr*, (2.119) 
which gives 
1 dw A B 9 
R i. ain(0) | dé 2 - cos(@) (< - C r ) 
1 dy. 24 A B 2 
ha a -(#—-—-— —4D ; 
O Paain(y a sin(@) (= : 2C r ) 


The first of the equations of condition according to Equation 2.117 requires that 


D=0, Oa-5-V. (2.120) 
It is particularly to be remarked that inasmuch as the two arbitrary constants C’ 
and D are determined by the first of the conditions according to Equation 2.117, 
none remain whereby to satisfy the second. Nevertheless it happens that the second 
of these conditions leads to precisely the same Equation 2.120 as the first. The 
equations of condition according to Equation 2.116 give 


A=-—-—-Va?, B=>-Va; 
wane 1 2h? 0 °é 
jhe (-3 +2 =) . sin?(6), (2.121) 
R=-V.- (: — “ + <) -cos(9) , (2.122) 
Gay: (1 2 “ : 5) SOL (2.123) 


If now we wish to obtain the solution of the problem in its original shape, in which 
the sphere is in motion and the fluid at rest, except so far as it is disturbed by the 
sphere, we have merely to add V - cos(9), —V - sin(@) and $- Vr? -sin?(@) to the 


1ST have already had occasion, in treating of another subject, to publish the solution expressed 
by this equation, which I had obtained as a limiting case of the problem of a ball pendulum. 
See Philosophical Magazine for May 1848, p. 343, Part IV. 
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expressions for R, 0, and w. We get from Equation 2.121 
wy=—-Va?. (= — *) -sin?(6). (2.124) 


40. Let us now return to the problem of section 2.2; let us suppose the time of 

oscillation to increase indefinitely, and examine what Equation 2.40 becomes in 
the limit. 
When 7 becomes infinite, n, and therefore m, vanishes; the expression within 
brackets in Equation 2.40 takes the form oo — oo, and its limiting value is easily 
found by the ordinary methods. We must retain the m? in the coefficient of f, 
because t is susceptible of unlimited increase. We get in the limit 


yw _— ae Z eltmt . (= = *) F sin?(0) , (2.125) 


If now we put V for a the velocity of the sphere, we get from Equation 2.39, 
c-eH'mt — V_ After substituting in Equation 2.125, the equation will remain 
unchanged when we pass from the symbolical to the real values of w and V, and 


thus Equation 2.125 will be reduced to Equation 2.124. 


41. It appears then that by supposing the rate of alteration of the velocity of 
the sphere to decrease indefinitely, we obtain from the solution of the problem of 
section 2.2 the same result as was obtained in Art. 39, page 179, by treating the 
motion as steady. As yet, however, the method of Art. 40, page 181 is subject to a 
limitation from which that of Art. 39, page 179 is free. In obtaining Equation 2.40, 
it was supposed that the maximum excursion of the sphere was small in comparison 
with its radius. Retaining this restriction while we suppose T to become very large, 
we are obliged to suppose c to become very small, so that the velocity of the sphere 
is not merely so small that we may neglect terms depending upon its square, a 
restriction to which Art. 39, page 179 is also subject, but so extremely small that 
the space passed over by the sphere in even a long time is small in comparison 
with its radius. 

We have seen, however, that on supposing 7 very large in Equation 2.40 we obtain a 
result identical with Equation 2.124, not merely a result with which Equation 2.124 
becomes identical when the restriction above mentioned is introduced. This leads 
to the supposition that the solution expressed by Equation 2.40 is in fact more 
general than would appear from the way in which it was obtained. That such is 
really the case may be shewn by a slight modification of the analysis. Instead of 
referring the fluid to axes fixed in space, refer it to axes originating at the centre of 
the sphere, and moveable with it. In the general equations of motion, the terms 
which contain differential coefficients taken with respect to the co-ordinates will 
remain unchanged, inasmuch as they represent the very same limiting ratios as 
before: it is only those in which differentiation with respect to t occurs that will be 
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altered. If a be the symbol of differentiation with respect to t when the fluid is 
referred to the moveable axes, we shall have 


d._. d's "de ad. 
dt dt dtda’ 
but the terms arising from a a are of the order of the square of the velocity, and are 


therefore to be neglected. Hence the general equations have the same form whether 
the fluid be referred to the fixed or moveable axes. But on the latter supposition 
the equations of condition according to Equation 2.30 become rigorously exact. 
Hence Equation 2.40 gives correctly the solution of the problem, independently 
of the restriction that the maximum excursion of the sphere be small compared 
with its radius, provided we suppose the polar co-ordinates r and @ be measured 
from the centre of the sphere in its actual, not its mean position. Similar remarks 
apply to the problem of the cylinder. Moreover, in the case of a sphere oscillating 
within a concentric spherical envelope, it is not necessary, in order to employ the 
solution obtained in section 2.2, that the maximum excursion of the sphere be 
small compared with its radius; it is sufficient that it be small compared with the 
radius of the envelope. 

These are points of great importance, because the excursions of an oscillating 
sphere in a pendulum experiment are not by any means extremely small compared 
with the radius of the sphere; and in the case of a narrow cylinder, such as the 
suspending wire, so far from the maximum excursion being small compared with 
the radius of the cylinder, it is, on the contrary, the radius which is small compared 
with the maximum excursion. 


42. Let us now return to the case of the uniform motion of a sphere. In order to 
obtain directly the expression for the resistance of the fluid, it would be requisite 
first to find p, then to get P, and Ty from Equation 2.46, or at least to get the 
values of these functions for r = a, and lastly to substitute these in Equation 2.47 
and perform the integration. We should obtain p by integrating the expression for 
dp got from Equation 2.16 and Equation 2.17. It would be requisite first to express 
u and q in terms of w, then to transform the expression for dp so as to involve 
polar co-ordinates, and then substitute for w its value given by Equation 2.121; or 
else to express the right-hand member of Equation 2.121 by the co-ordinates x, a, 
and substitute in the expression for dp.!© We have seen, however, that the results 


16The Equation 2.16 and Equation 2.17 give, after a troublesome transformation to polar co- 


ordinates, 
dp Lb d fd’ _sin(@)d 1 d= pd a (7) 
dr r2-sin(@)d0 \dr2" r2 dO sin(0)dd dt) ””’ :: 
dp _ je a fd , sin) d 1 dpa ,; (6) 
dé —ssin(@) dr \ dr?" r? d@sin(@)d@ dt) 7” 


The expression for dp got from these equations is an exact differential by virtue of the equation 
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applicable to uniform motion may be deduced as limiting cases of those which 
relate to oscillatory motion, and consequently, we may make use of the expression 
for F already worked out. Writing V for c-e!” in the first equation of Art. 20, 
page 157, where c is the maximum excursion of similarly situated points of the 
fluid and expressing m in terms of n according to Equation 2.32, and then making 
n vanish, we get 


— F = 6p paV (2.126) 


and — F is the resistance required. 

This equation may be employed to determine the terminal velocity of a sphere 
ascending or descending in a fluid, provided the motion be so slow that the square 
of the velocity may be neglected. It has been shewn experimentally by COULOMB", 
that in the case of very slow motions, the resistance of a fluid depends partly on the 
square and partly on the first power of the velocity. Equation 2.126 determines, in 
the particular case of a sphere, that part of the whole resistance which depends on 
the first power of the velocity, even though the part which depends on the square 
of the velocity be not wholly insensible. 

It is particularly to be remarked, that according to Equation 2.126, the resistance 
varies not as the surface but as the radius of the sphere, and consequently the 
quotient of the resistance divided by the mass increases in a higher ratio, as the 
radius diminishes, than if the resistance varied as the surface. Accordingly, fine 
powders remain nearly suspended in a fluid of widely different specific gravity. 


43. When the motion is so slow that the part of the resistance which depends 
on the square of the velocity may be neglected, we have, supposing V to be the 
terminal velocity, 

4 
-F = 379° (7—p)-a°, 


where g is the force of gravity, and a, which is supposed greater than p, the density 


which determines w; and in the problems considered in section 2.2 and in the present Section 
w has the form W - sin?(@), where W is independent of @. Hence we get from Equation 6, by 
integrating partially with respect to 0, 


p= pcos) 2 (55 -5-25)u. (6) 


It is unnecessary to add an arbitrary function of r, because if A(r) be such a function which we 
suppose added to the right-hand member of Equation €, we must determine \ by substituting 
in Equation y. The resulting expression for \’(r) cannot contain #, inasmuch as the expression 
for dp is an exact differential, but it is composed of terms which all involve cos(@) as a factor, 
and therefore we know, without working out, that these terms must destroy one another. Hence 
A(r) must be constant, or at most be a function of t, which we may suppose included in IL. 
A(r) will in fact be equal to zero if II be the equilibrium pressure at the depth at which [ g dz’ 
vanishes. 
1” Mémoires de l'Institut, Tom. III. p. 246. 
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of the sphere. Substituting in Equation 2.126 we get 


v= 58. (2-1). (2.127) 


Let us apply this equation to determine the terminal velocity of a globule of water 
. 2 
forming part of a cloud. Putting g = 386 &, p’ = (0.116)?, an inch being the 


sec sec? 


unit of length, and supposing (Z — 1) = 1000, in order to allow a little for the 


rarity of the air at the height of the cloud, we get V = 6372 x 1000-a?. Thus, for 
a globule the one thousandth of an inch in diameter, we have V = 1.593 inch per 
second. For a globule the one ten thousandth of an inch in diameter, the terminal 
velocity would be a hundred times smaller, so as not to amount to the one sixtieth 
part of an inch per second. 

We may form a very good judgment of the magnitude of that part of the resistance 
which varies as the square of the velocity, and which is the only kind of resistance 
that could exist if the pressure were equal in all directions, by calculating the 
numerical value of the resistance according to the common theory, imperfect though 
it be. It follows from this theory that if h be the height due to the velocity V, 
the resistance is to the weight as 3ph to 80a. For V = 1.593 inch per second, the 
resistance is not quite the one four hundredth part of the weight; and for a sphere 
only the one ten thousandth of an inch in diameter, moving with the velocity 
calculated from Equation 2.127, the ratio of the resistance to the weight would 
be ten times as small. The terminal velocities of the globules calculated from the 
common theory would be 32.07 and 10.14 inches per second, instead of only 1.593 
and 0.01593 inch. It appears then that the apparent suspension of the clouds is 
mainly due to the internal friction of air. 


44. The resistance to the globule has here been determined as if the globule were 
a solid sphere. In strictness, account ought to be taken of the relative motion of 
the fluid particles forming the globule itself. Although it may readily be imagined 
that no material change would thus be made in the numerical result, it may be 
worth while to point out the mode of solution of the problem. Suppose the globule 
preserved in a strictly spherical shape by capillary attraction, which will very nearly 
indeed be the case. Conceive a velocity equal and opposite to that of the globule 
impressed both on the globule and on the surrounding fluid, which will reduce 
the problem to one of steady motion. Let y,, &c. refer to the fluid forming the 
globule, and assume w, = f;(r)-sin?(9). Then we get on changing the constants in 
Equation 2.119 


A 
fay = Bir Cir’ Dig. 


The arbitrary constants A,, B, vanish by the condition that the velocity shall not 
become infinite at the centre. There remain the two arbitrary constants C), D, to 
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be determined, in addition to those which appeared in the former problem. But 
we have now four instead of two equations of condition which have to be satisfied 
at the surface of the sphere, which are that 


Bade Soe (2.128) 


Bye=05 3h = fies 


where r = a. 

We shall thus have the same number of arbitrary constants as conditions to be 
satisfied. Now Tig will involve j1; as a coefficient, just as Ty involves pp or jz; and 
141, which refers to water, is much larger than 1, which refers to air, although pi’ 
is larger than yz. Hence the results will be nearly the same as if we had taken 
[41 = 00, or regarded the sphere as solid. 

If, however, instead of a globule of liquid descending in a gas we have a very small 
bubble ascending in a liquid, we must not treat the bubble as a solid sphere. We 
may in this case also neglect the motion of the fluid forming the sphere, but we 
have now arrived at the other extreme case of the general problem, and the two 
equations of condition which have to be satisfied at the surface of the sphere are 
that R = 0 and Ty = 0 when r = a, instead of R= 0 and O = 0, when r =a. 
The equation of condition 7g = 0 which applies to a bubble, as well as the fourth 
of Equation 2.128, will not be the true equations, if forces arising from internal 
friction exist in the superficial film of a fluid which are of a different order of 
magnitude from those which exist throughout the mass. At the end of the memoir 
already referred to, COULOMB states that in very slow motions the resistance of 
bodies not completely immersed in a liquid is much greater than that of bodies 
wholly immersed, and promises to communicate a second memoir in continuation 
of the first. This memoir, so far as I can find out, has never appeared. Should the 
existence of such forces in the superficial film of a liquid be made out, the results 
deduced from the theory of internal friction will be modified in a manner analogous 
to that in which the results deduced from the common principles of hydrostatics 
are modified by capillary attraction. It may be remarked that we have nothing 
to do with forces of this kind in considering the motion of pendulums in air, or 
even in considering the oscillations of a sphere in water, except as regards the very 
minute fraction of the whole effect which relates to the resistance experienced by 
the suspending wire in the immediate neighbourhood of the free surface. 

It may readily be seen that the effect of a set of forces in the superficial film of a 
liquid offering a peculiar resistance to the relative motion of the particles would 
be, to make the resistance of a gas to a descending globule agree still more clearly 
with the result obtained by regarding the globule as solid, while the resistance 
experienced by an ascending bubble would be materially increased, and made to 
approach to that which would belong to a solid sphere of the same size without 
mass, or more strictly, with a mass only equal to that of the gas forming the bubble. 
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Possibly the determination of the velocity of ascent of very small bubbles may 
turn out to be a good mode of measuring the amount of friction in the superficial 
film of a liquid, if it be true that forces of this kind have any existence. But any 
investigation relating to such a subject would at present be premature. 


45. Let us now attempt to determine the uniform motion of a fluid about an 
infinite cylinder. Employing the notation of section 2.3, and reducing the problem 
to one of steady motion as in Art. 39, page 179, we obtain the same equations of 
condition according to Equation 2.116 and Equation 2.117, as in the case of the 
sphere. Assuming y = sin(@)- F'(r), and substituting in the equation obtained from 
Equation 2.69 by transforming to polar co-ordinates and leaving out the terms 
which involve < we get 


a l 


= 
dr? ordr_sr? 


) -F(r) =0. (2.129) 


The integral of this equation may readily be obtained by multiplying the last term 
of the operating factor by (1+ 6)”, integrating the transformed equation, and then 
making 6 vanish. It is 


A 
F(r) = — + Br+Crlog(r) + Dr?, (2.130) 
r 
which gives 
2a of A. 5 
(a Sag (= + B+Clog(r) + Dr ) cos(9) , 
= JOS = eB 5 
O= Sa (= B-—C—Clog(r) —3Dr ) sin(@) . 


The first of the equations of condition in Equation 2.117 requires that 
C=0;. D=0, B= -V, 


which also satisfies the second. We have thus only one arbitrary constant left 
whereby to satisfy the two equations of condition according to Equation 2.116, and 
the same value of A will not satisfy these two equations. 


46. It appears then that the supposition of steady motion is inadmissible. It 
will be remembered that, in the case of the sphere, the solution of the problem was 
only possible because it so happened that the values of two arbitrary constants 
determined by satisfying the first of the equations of condition in Equation 2.117 
satisfied also the second, which indicates that the solution was to a certain extent 
tentative. We have evidently a right to conceive a sphere or infinite cylinder to exist 
at rest in an infinite mass of fluid also at rest, to suppose the sphere or cylinder 
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to be then moved with a uniform velocity V, and to propose for determination 
the motion of the fluid at the end of the time t. But we have no right to assume 
that the motion approaches a permanent state as t increases indefinitely. We may 
follow either of two courses. We may proceed to solve the general problem in 
which the sphere or cylinder is supposed to move from rest, and then examine what 
results we obtain by supposing t to increase indefinitely, or else we may assume for 
trial that the motion is steady, and proceed to inquire whether we can satisfy all 
the conditions of the problem on this supposition. The former course would have 
the disadvantage of requiring a complicated analysis for the sake of obtaining a 
comparatively simple result, and it is even possible that the solution of the problem 
might baffle us altogether; but if we adopt the latter course, we must not forget 
that the equations with which we work are only provisional. 

It might be objected that the impossibility of satisfying the conditions of the 
problem on the hypothesis of steady motion arose from our assumption that sin(@) 
was a factor of y, the other factor being independent of 6. This however is not 
the case. For, for given values of r and t, x is a finite function of 6 from ? = 0 
to 6 = 7. We have a right to suppose y to vanish at any point of the axis of x 
positive that we please; and if we suppose y to vanish at one such point, it may 
be shewn as in the note to Art. 15, page 151, that y will vanish at all points of 
the axis of x positive or x negative. Hence y may be expanded in a convergent 
series of sines of @ and its multiples; and since x and its derivatives with respect 
to @ alter continuously with 6, the expansions of the derivatives will be got by 
direct differentiation!®. This being true for all other pairs of values of r and t, y 
can in general be expanded in a convergent series of sines of # and its multiples; 
but the coefficients, instead of being constant, will be functions of r and t, or 
in the particular case of steady motion, functions of r alone. Now a very slight 
examination of the general equations will suffice to shew that the coefficients of 
the sines of the different multiples of 9 remain perfectly independent throughout 
the whole process, and consequently had we employed the general expansion, we 
should have been led to the very same conclusions which have been deduced from 
the assumed form of y. 


A7. If we take the impossibility of the existence of a limiting state of motion, 
which has just been established, in connexion with the results obtained in section 2.3, 
we shall be able to understand the general nature of the motion of the fluid around 
an infinite cylinder which is at first at rest, and is then moved on indefinitely with 
a uniform velocity. 

The fluid being treated as incompressible, the first motion which takes place is 
impulsive. Since the terms depending on the internal friction will not appear in the 
calculation of this motion, we may employ the ordinary equations of hydrodynamics. 


18See a paper On the Critical Values of the Sums of Periodic Series. Camb. Phil. Trans. Vol. 
VIII. p. 533. 
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The result, which is easily obtained, is!? 


2 
Rdr+ Ordé=dé, where ¢ = a -cos(6) . (2131) 


As the cylinder moves on, it carries more and more of the fluid with it, in consequence 
of friction. For the sake of precision, let the quantity carried by the element dl of 
the cylinder be defined to be that which, moving with the velocity V, would have 
the same momentum in the direction of the motion that is actually possessed by the 
elementary portion of fluid which is contained between two parallel infinite planes 
drawn perpendicular to the axis of the cylinder, at an interval dl, the particles 
composing which are moving with velocities that vary from V to zero in passing 
from the surface outwards. The pressure of the cylinder on the fluid continually 
tends to increase the quantity of fluid which it carries with it, while the friction of 
the fluid at a distance from the cylinder continually tends to diminish it. In the 
case of a sphere, these two causes eventually counteract each other, and the motion 
becomes uniform. But in the case of a cylinder, the increase in the quantity of fluid 
carried continually gains on the decrease due to the friction of the surrounding fluid, 
and the quantity carried increases indefinitely as the cylinder moves on. The rate at 
which the quantity carried is increased, decreases continually, because the motion 
of the fluid in the neighbourhood of the cylinder becomes more and more nearly a 
simple motion of translation equal to that of the cylinder itself, and therefore the 
rate at which the quantity of fluid carried is increased would become smaller and 
smaller, even were no resistance offered by the surrounding fluid. The correctness 
of this explanation is confirmed by the following considerations. Suppose that F'(r) 
had been given by the equation 


A 
F(r) =—4+ Br+Cr'? + Dr? 
, 
instead of Equation 2.130, 6 being a small positive quantity. On this supposition it 


would have been possible to satisfy all the equations of condition, and therefore 
steady motion would have been possible. By determining the arbitrary constants, 


19 According to these equations, the fluid flows past the surface of the cylinder with a finite 
velocity. At the end of the small time ¢ after the impact, the friction has reduced the velocity of 
the fluid in contact with the cylinder to that of the cylinder itself, and the tangential velocity 
alters very rapidly in passing from the surface outwards. At a small distance s from the surface 
of the cylinder, the relative velocity of the fluid and the cylinder, in a direction tangential 
to the surface, is a function of the independant variables ¢’, s, which vanishes with s for any 
given value of t’, however small, but which for any given value of s, however small, approaches 
indefinitely to the quantity determined by Equation 2.131 as ¢ vanishes. The communication of 
lateral motion is similar to the communication of temperature when the surface of a body has 
its temperature instantaneously raised or lowered by a finite quantity. 
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and substituting in vy, we should have obtained 


veav-{-pi aes | = (=)""} sing), 
R=V-\—-aoe () =i =a (=) “b -cosia, 


Sig a) ay G) ee 


Since 6 is supposed to be extremely small, it follows from these expressions that 
when r is not greater than a moderate multiple of a, the velocities R, © are 
extremely small; but, however small be 6, we have only to go far enough from the 
cylinder in order to find velocities as nearly equal to —V - cos(@), +V - sin(@) as 
we please. But the distance from the cylinder to which we must proceed in order 
to find velocities R, O which do not differ from their limiting values —V - cos(6), 
+V-sin(@) by more than certain given quantities, increases indefinitely as 6 decreases. 
Hence, restoring to the fluid and the cylinder the velocity V, we see that in the 
neighbourhood of the cylinder the motion of the fluid does not sensibly differ from 
a motion of translation, the same as that of the cylinder itself, while the distance 
to which the cylinder exerts a sensible influence in disturbing the motion of the 
fluid increases indefinitely as 6 decreases. 


48. When we have formed the equations of motion of a fluid on any particular 
dynamical hypothesis, it becomes a perfectly definite mathematical problem to 
determine the motion of the fluid when a given solid, initially at rest as well as 
the fluid, is moved in a given manner, or to discuss the character of the analytical 
solution in any extreme case proposed. It is quite another thing to enquire how 
far the principles which furnished the mathematical data of the problem may be 
modified in extreme cases, or what will be the nature of the actual motion in such 
cases. Let us regard in this point of view the case considered in the preceding 
article as a mathematical problem. When the quantity of fluid carried with the 
cylinder becomes considerable compared with the quantity displaced, it would 
seem that the motion must become unstable, in the sense in which the motion of a 
sphere rolling down the highest generating line of an inclined cylinder may be said 
to be unstable. But besides the instability, it may not be safe in such an extreme 
case to neglect the terms depending on the square of the velocity, not that they 
become unusually large in themselves, but only unusually large compared with the 
terms retained, because when the relative motions of neighbouring portions of the 
fluid become very small, the tangential pressures which arise from friction become 
very small likewise. 

Now the general character of the motion must be nearly the same whether the 
velocity of the cylinder be constant, or vary slowly with the time, so that it does not 
vary materially when the cylinder passes through a space equal to a small multiple 
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of its radius. To return to the problem considered in section 2.3, it would seem that 
when the radius of the cylinder is very small, the motion which would be expressed 
by the formulze of that Section would be unstable. This might very well be the 
case with the fine wires used in supporting the spheres employed in pendulum 
experiments. If so, the quantity of fluid carried by the wire would be diminished, 
portions being continually left behind and forming eddies. The resistance to the 
wire would on the whole be increased, and would moreover approximate to a 
resistance which would be a function of the velocity. Hence, so far as depends 
on the wire, the arc of oscillation would be more affected by the resistance of the 
air than would follow from the formulee of section 2.3. Whether the effect on the 
time of oscillation would be greater or less than that expressed by the formule: is 
difficult to say, because the increase of resistance would tend to increase the effect 
on the time of vibration, while on the other hand the approximation of the law of 
resistance to that of a function of the velocity would tend to diminish it. 


2.5. On the effect of internal friction in causing the 
motion of a fluid to subside. Application to the 
case of oscillatory waves 


49. We have already had instances of the effect of friction in causing a gradual 
subsidence in the motion of a solid oscillating in a fluid ; but a result may easily be 
obtained from the equations of motion in their most general shape, which shews 
very clearly the effect of friction in continually consuming a portion of the work of 
the forces acting on the fluid. 

Let P,, Po, P3; be the three normal, and 7,, 75, T3 the three tangential pressures 
in the direction of three rectangular planes parallel to the co-ordinate planes, and 
let D be the symbol of differentiation with respect to t when the particle and not 
the point of space remains the same. Then the general equations applicable to a 
heterogeneous fluid, (the Equation 2.10 of my former paper,) are 


| =0, (2.132) 


with the two other equations which may be written down from symmetry. The 
pressures P;, &c. are given by the equations 


(2.133) 
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and four other similar equations. In these equations 


36 = —+—+—. (2.134) 


At the end of the time t let V be the vis viva of a limited portion of the fluid, 
occupying the space which lies inside the closed surface S, and let V + DV be the 
vis viva of the same mass at the end of the time t + Dt. Then 


v= |f[fo (e+e? +u%) drdyde, 


Du Du Dw 
pv =a0t- fff (wp hu, 4 wpe) dedyde, (2.135) 


the triple integrals extending throughout the space bounded by S. Substituting 


now for Bu &c. their values given by the equations of the system according to 


Equation 2.132, we get 


pv =2pt- fff p-(uX +0¥ + w2) dr dyde 


_ opt /I/ dP, d73 | dIo\ | dP, dT, | dt; 
“"\ ade " dy dz ea dy dz dz 


| diy diy. ih 
tw & Poa ie) } aed a (2.136) 


The first part of this expression is evidently twice the work, during the time Dt, 
of the external forces which act all over the mass. The second part becomes after 
integration by parts 


—2pt- ff (uP + oT, + wh) dyde — 20t- ff (wPy+ wh, + ut) dzde 


-2pt- ff (wP3 + uT> + vT,) dx dy 


du dv dw dv dw dw = du 
+2Dt- P,4 P24 P34 -T,4 -T: 
: ike. aie ase ca (= i) . (= =) ° 
du du 
+{(—4—]-T ; 
(E+E) 1} ardy de 


The double integrals in this expression are to be extended over the whole surface 
S. If dS be an element of this surface, 1’, m’, n’ the direction-cosines of the normal 
drawn outwards at dS, we may write l/dS, m'dS, n'dS for dy dz, dz dz, dx dy. 
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The second part of DV thus becomes 


—2Dt- , {u : (UP, + mT + n'T») +u-: (m' P» + n'T; + l'T3) 
+WwW: (n' Ps + PTS + m'T,)} dS. 


The coefficients of u, v, w in this expression are the resolved parts, in the direction 
of x, y, z, of the pressure on a plane in the direction of the elementary surface dS, 
whence it appears that the expression itself denotes twice the work of the pressures 
applied to the surface of the portion of fluid that we are considering. 

On substituting for P,, &c. their values given by Equation 2.133 and Equation 2.134, 
we get for the last part of DV 


du du dw 
+ 2Dt- : da dy dz 
[ff (= dy =) - 
du\? dv \? dw \? 
—2Dt- 242% + 2- +2: 
[fe eG) 2G) 2 
2 (du du | dw : 
3 \dx' dy dz 
dv dw\?’ dw du \? du dv\’ 
dx dydz. 
dz dy dx dz dy dx 

In this expression p denotes, in the case of an elastic fluid, the pressure statically cor- 
responding to the density which actually exists about the point whose co-ordinates 
are x, y, Z, and the part of the expression which contains p denotes twice the work 
converted into vis viva in consequence of internal expansions, and arising from the 
forces on which the elasticity depends. The last part of the expression is essentially 
negative, or at least cannot be positive, and can only vanish in one very particular 
case. It denotes the vis viva consumed, or twice the work lost in the system during 
the time dt, in consequence of internal friction. According to the very important 
theory of Mr Joule, which is founded on a set of most striking and satisfactory 
experiments, the work thus apparently lost is in fact converted into heat, at such a 
rate, that the work expressed by the descent of 772 lbs through one foot, supplies 


the quantity of heat required to raise 1 lb. of water through 1° of FAHRENHEIT’s 
thermometer. 
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50. The triple integral containing 4 can only vanish when the differential 
coefficients of u, v, w satisfy the four following equations, 


du dv dw 
dx dy dz’ 
dv dw 
dz dy” 
ss (2.137) 
de 
dx dg ’ 
og eg 
dy dx 


These equations give immediately the following expressions for the differentials 
of u, v, w, in which the co-ordinates alone are supposed to vary, the time being 
constant: 


du = ddz —w" dyt+w" dz, 
dv = ddy—w'dz+w" dz, (2.138) 
dw = 6dz—w" dr+u' dy. 


In these equations 6, w’, w”, w”” are certain functions of which the forms are defined 
by the Equation 2.138, but need not at present be considered. It follows from 
Equation 2.138 that the motion of each element of the fluid within the surface S 
is compounded of a motion of translation, a motion of rotation, and a motion of 
dilatation alike in all directions. So far as regards the first two kinds of motion, 
the fluid element moves like a solid, and of course there is nothing to call internal 
friction into play. For the reasons stated in my former paper, I was led to assume 
that a motion of dilatation alike in all directions, (which of course can only exist 
in the case of an elastic fluid,) has no effect in causing the pressure to differ from 
the statical pressure corresponding to the actual density, that is, in occasioning 
a violation of the functional relation commonly supposed to exist between the 
pressure, density, and temperature. The reader will observe that this is a totally 
different thing from assuming that a motion of dilatation has no effect on the 
pressure at all. 

When the fluid is incompressible, then 6 = 0, and it may be proved without difficulty 
that w’, w”, w” are constant, that is to say, constant so far as the co-ordinates are 
concerned. In this case we get by integrating Equation 2.137 


u=a—w"ytw"z, 
v=b-wz+w"sz, (2.139) 


w=c-—w'rt+u'y. 


Hence, in the case of an incompressible fluid, unless the whole mass comprised 
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within the surface S move together like a solid, there cannot fail to be a certain 
portion of vis viva lost by internal friction. In the case of an elastic fluid, the 
motion which may take place without causing a loss of vis viva in consequence of 
friction is somewhat more general, and corresponds to velocities u + Au, v + Av, 
w + Aw, where u, v, w are the same as in Equation 2.139, and 


Au = 64 +2-(ax+ By+yz)-x-—a- (a? +y? +2’) : 


with similar expressions for Av and Aw. In these expressions a, 3, y are three 
constants symmetrically related to x, y, z, and 6 is a constant which has the same 
relation to each of the co-ordinates”®. 


51. By means of the expression given in Art. 49, page 190, for the loss of vis 
viva due to internal friction, we may readily obtain a very approximate solution of 
the problem: To determine the rate at which the motion subsides, in consequence 
of internal friction, in the case of a series of oscillatory waves propagated along the 
surface of a liquid. 

Let the vertical plane of xy be parallel to the plane of motion, and let y be measured 
vertically downwards from the mean surface; and for simplicity’s sake suppose the 
depth of the fluid very great compared with the length of a wave, and the motion 
so small that the square of the velocity may be neglected. In the case of motion 
which we are considering, udxz + vdy is an exact differential dé when friction is 
neglected, and 

@=c-e ™.-sin(mz — nt), (2.140) 


where c, m, n are three constants, of which the last two are connected by a relation 
which it is not necessary to write down. We may continue to employ this equation 
as a near approximation when friction is taken into account, provided we suppose 
c, instead of being constant, to be a parameter which varies slowly with the time. 
Let V be the vis viva of a given portion of the fluid at the end of the time t, then 


V = pc*m’ . /f/ e 7 dr dydz. (2.141) 


But by means of the expression given in Art. 49, page 190 we get for the loss of 
vis viva during the time dt, observing that in the present case ju is constant, w = 0, 
6 = 0, and udxz + vdy = d¢, where ¢ is independent of z, 


d¢\*  (ao\* | ds \* 
wat HL) + (Siz) +2 (aay) parva 


20see Appendix C at the end. 
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which becomes, on substituting for ¢ its value, 


8pc?m* at fff ee?’ dr dy dz. 


But we get from Equation 2.141 for the decrement of vis viva of the same mass 
arising from the variation of the parameter c 


—2pmc : «at : ah e "4 dr dydz. 


Equating the two expressions for the decrement of vis viva, putting for m its value 
an where J is the length of a wave, replacing ys by pp, integrating, and supposing 
Co to be the initial value of c, we get 


_ 16n2 yt 
C=Cy-e =. 


It will presently appear that the value of /y’ for water is about 0.0564, an inch 
and a second being the units of space and time. Suppose first that \ is two inches, 
and ¢t ten seconds. Then oe = 1.256 and c: cg :: 1 : 0.2848, so that the height 
of the waves, which varies as c, is only about a quarter of what it was. Accordingly, 
the ripples excited on a small pool by a puff of wind rapidly subside when the 
exciting cause ceases to act. 

Now suppose that A is 40 fathoms or 2880 inches, and that t is 86400 seconds or 
a whole day. In this case ne is equal to only 0.005232, so that by the end of 
an entire day, in which time waves of this length would travel 574 English miles, 
the height would be diminished by little more than the one two hundredth part 
in consequence of friction. Accordingly, the long swells of the ocean are but little 
allayed by friction, and at last break on some shore situated at the distance of 
perhaps hundreds of miles from the region where they were first excited. 


52. It is worthy of remark, that in the case of a homogeneous incompressible 
fluid, whenever udx+vudy-+w dz is an exact differential, not only are the ordinary 
equations of fluid motion satisfied?!, but the equations obtained when friction 
is taken into account are satisfied likewise. It is only the equations of condition 
which belong to the boundaries of the fluid that are violated. Hence any kind 
of motion which is possible according to the ordinary equations, and which is 
such that udx + vdy + wdz is an exact differential, is possible likewise when 
friction is taken into account, provided we suppose a certain system of normal 
and tangential pressures to act at the boundaries of the fluid, so as to satisfy the 
equations of condition. The requisite system of pressures is given by the system of 
Equation 2.133. Since y disappears from the general Equation 2.1, it follows that 


21Tt is here supposed that the forces X, Y, Z are such that X dx + Y dy + Zdz is an exact 
differential. 
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p is the same function as before. But in the first case the system of pressures at 
the surface was P, = P, = P3 = p, T, = Tyo = T3 = 0. Hence if AP, &c. be the 
additional pressures arising from friction, we get from Equation 2.133, observing 
that 6 = 0, and that udz + vdy + w dz is an exact differential d¢, 


d2 
2 
AP, = —21- — (2.142) 
y 
a2 
d? 
d? 
AT, = 2 - > o (2.143) 
d? 
make dx 7 


Let dS be an element of the bounding surface, I’, m’, n’ the direction-cosines of the 
normal drawn outwards, AP, AQ, AR the components in the direction of x, y, z 
of the additional pressure on a plane in the direction of dS. Then by Equation 2.9 
of my former paper applied to the Equation 2.142, Equation 2.143 we get 


Po PO a) Pn 


AP=—2u-<I 
e "so da dy " da dz 


with similar expressions for AQ and AR, and AP, AQ, AR are the components of 
the pressure which must be applied at the surface, in order to preserve the original 
motion unaltered by friction. 


53. Let us apply this method to the case of oscillatory waves, considered in Art. 
51., page 194. In this case the bounding surface is nearly horizontal, and its vertical 
ordinates are very small, and since the squares of small quantities are neglected, we 
may suppose the surface to coincide with the plane of xz in calculating the system 
of pressures which must be supplied, in order to keep up the motion. Moreover, 
since the motion is symmetrical with respect to the plane of xy, there will be no 
tangential pressure in the direction of z, so that the only pressures we have to 
calculate are AP, and AT3. We get from Equation 2.140, Equation 2.142, and 
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Equation 2.143, putting y = 0 after differentiation, 


AP, = —2um’*c- sin(ma — nt), | (2.145) 


AT3 = —2ym?c- cos(ma — nt). 


If w,, v; be the velocities at the surface, we get from Equation 2.140, putting y = 0 
after differentiation, 


Uy 


(2.146) 


mc: cos(mn — nt), 


v1 = —mce- sin(mz — nt). 


It appears from Equation 2.145 and Equation 2.146 that the oblique pressure which 
must be supplied at the surface in order to keep up the motion is constant in 
magnitude, and always acts in the direction in which the particles are moving. 
The work of this pressure during the time dt corresponding to the element of surface 
dx dz, is equal to dx dz (AT3 - u,; dt + AP, - v; dt). Hence the work exerted over a 
given portion of the surface is equal to 


2Qum3? ar ff dz dz. 


In the absence of pressures AP:, AT3 at the surface, this work must be supplied at 
the expense of vis viva. Hence 


Aum? at. ff da dz 


is the vis viva lost by friction, which agrees with the expression obtained in Art. 
51, page 194 as will be seen on performing in the latter the integration with respect 
to y, the limits being y = 0 to y = oo. 
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3.1. Discussion of the Experiments of Baily, Bessel, 
Coulomb, and Dubuat 


54. The experiments discussed in this Section will be taken in the order which is 
most convenient for discussion, which happens to be almost exactly the reverse of 
the chronological order. I commence with the experiments of the late Mr BAILY, 
which are described in the Philosophical Transactions for 1832, in a memoir entitled 
”On the Correction of a Pendulum for the Reduction to a Vacuum: together with 
Remarks on some anomalies observed in Pendulum experiments.”! 

The object of these experiments was, to determine by actual observation the cor- 
rection to the time of vibration due to the presence of the air in the case of a 
great number of pendulums of various forms. This was effected by placing each 
pendulum in succession in a vacuum apparatus, by which means the pendulum, 
without being dismounted, could be swung alternately under the full atmospheric 
pressure, and in air so highly rarefied as nearly to approach to a vacuum. The 
paper, as originally presented to the Royal Society, contained the results obtained 
with 41 pendulums, the same body being counted as a different pendulum when 
swung in a different manner. Out of these, 14 are of such forms as to admit of 
comparison with theory. An addition to the paper contains the results obtained 
with 45 pendulums more, of which 24 admit of comparison with theory. The details 
of these additional experiments are omitted, the results only being given. 

BAILY has exhibited the results obtained with the several pendulums in each of 
two ways, first, by the value of the factor n by which the correction for buoyancy 
must be multiplied in order to amount to the whole effect of the air as given by 
observation, and, secondly, by the weight of air which must be conceived to be 
attached to the centre of gyration of the pendulum, adding to its inertia with- 
out adding to its weight, in order that the increased inertia, combined with the 
buoyancy of the air, may account for the whole effect observed. I shall uniformly 
write n for BAILY’s n, in order to distinguish it from the n of chapter 2 of the 
present paper, which has a totally different meaning. In the case of a pendulum 
oscillating in air, it will be sufficient, unless the pendulum be composed of ex- 


‘https: //royalsocietypublishing. org/doi/10.1098/rst1.1832.0020 
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tremely light materials, to add together the effects of buoyancy and inertia. Hence 
if the pendulum consist of a sphere attached to a fine wire of which the effect 
is neglected, or else of a uniform cylindrical rod, we may suppose n = 1+ k, 
where k is the factor so denoted in chapter 2; so that if MM’ be the mass of air 
displaced, kM’ will be the mass which we must suppose collected at the centre 
of the sphere, or distributed uniformly along the axis of the cylinder, in order to 
express the effect of the inertia of the air. The second mode of exhibiting the effect 
of the air was suggested by Mr Atmry, and is better adapted than the former for 
investigating the effect of the several pieces of which a pendulum of complicated 
form is composed. Since the value of the factor n and that of the weight of air are 
merely two different expressions for the result of the same experiment, it would be 
sufficient to compare either with the result calculated from theory. In some cases, 
however, I have computed both. In almost all the calculations I have employed 
4-figure logarithms. The experimental result is sometimes exhibited to four figures, 
but no reliance can be placed on the last. In fact, in the best observations, the 
mean error in different determinations of n for the same pendulum appears to have 
been about the one-hundredth part of the whole, and that it should be so small, 
is a proof of the extreme care with which the experiments must have been performed. 


55. I commence with the 13th set of experiments — Results with plain cylindrical 
rods — page 441. This set contains three pendulums, each consisting of a long 
rod attached to a knife-edge apparatus. The result obtained with each pendulum 
furnishes an equation for the determination of ju’, and the theory is to be tested by 
the accordance or discordance of the values so obtained. The principal steps of the 
calculation are contained in the following Table 3.1. 
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Pendulum rod No Diameter Time of n by Correction Deduced Corres- Resulting 
2a vibration t experiment for confined value of k ponding value of 
space (by by value of m VAT 
theory) experiment 
Copper, 58.8 inches long| 21 0.410 1.0136 2.932 -0.009 1.923 1.5445 0.1166 
Brass, 56.4 inches long 43 0.185 0.9933 4.083 -0.002 3.081 0.7000 0.1175 
Steel, 56.4 inches long 44 0.072 0.9933 7.530 6.530 0.2822 0.1134 


Table 3.1.: Determination of 7’ by means of BAILY’s experiments with plain cylindrical rods. 
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In this table the first column explains itself. The next contains the reference 
number. In the case of the copper rod I have replaced 42 by 21, under which 
number the details of the experiment will be found. The diameters of the rods 
are expressed in decimals of an inch. The time of vibration of the pendulum No. 
21 may be got from the tables at the end of BAILY’s memoir, which contain the 
details of the experiments. Nos. 43 and 44 belong to the ” additional experiments” , 
of which all the details are suppressed. BAILY has not even given the times of 
vibration, not having been aware of the circumstance, indicated by the theory of 
this paper, that the factor n and the weight of air which must be conceived as 
dragged by the pendulum are functions of the time of vibration. Accordingly, in the 
cases of the pendulums Nos. 43 and 44, and in all similar cases, I have calculated 
the time of vibration by the ordinary formulee of dynamics. In calculating 7, I have 
added 1.55 inch, the length of the shank of the knife-edge apparatus, to the length 
of the rods. The result so obtained is abundantly accurate enough for my purpose. 
Had the rod, retaining its actual length, been supposed to begin directly at the 
knife-edge, the error thence resulting in the value of 7, or rather the correspoding 
error in the calculatcd value of n or k, might just have been sensible. The fifth 
column in the above table is copied from BAILY’s table. The next contains a 
small correction necessary to reduce the value of n got from observation to what 
would have been got from observations made in an unlimited mass of fluid. It 
is calculated from the formula tn or 2a" nearly, which is obtained from the 
ordinary equations of hydrodynamics, and therefore it cannot be regarded as more 
than a rude approximation. It will be useful, however, as affording an estimate of 
the magnitude of the effect produced by confining the air. The diameter of the 
vacuum tube (whether external or internal is not specified) is stated to have been 
six inches and a half, whence 2b = 6.5. The values of & given in the next column 
are obtained by applying the correction for confined space to BAILY’s values of 
n, and subtracting unity. The value of m corresponding to each value of k was 
got by interpolation from the table near the end of section 2.3 of the former part 
of this paper. For k = 1.923 the interpolation is easy. The value 3.081 happens 
to be almost exactly found in the table. For k = 6.530, a remark already made 
will be found to be of importance, namely, that the first differences of m?-(k — 1) 
are nearly constant. The last column contains the value of \/u’ obtained from the 


equation 
a 7 
m=-—-,/—, 3.1 
2 wr ee) 


which contains the definition of m. 

It will be observed that the three values of /j/’ are nearly identical. Of course any 
theory professing to account for a set of experiments by means of a particular value 
of a disposable constant, when applied to the experiments would lead to nearly the 
same numerical value of the constant if the experiments were made under nearly the 
same circumstances. But in the present case the circumstances of the experiments 
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are widely different. The diameter of the steel rod is little more than the sixth part 
of that of the copper rod, and the value of k obtained by experiment for the steel 
rod is more than three times as great as that obtained for the copper rod. It is a 
simple consequence of the ordinary theory of hydrodynamics that in the case of 
a long rod oscillating in an unlimited fluid k = 1, and we see that this value of k 
must be multiplied, in round numbers, by 2, by 3, and by 65, in order to account 
for the observed effect. The value 1.5445 of m is so large that the descending series 
comes into play in the calculation of the function k, while 0.2822 is so small that 
the ascending series are rapidly convergent. Hence the near agreement of the values 
of \/y’ deduced from the three experiments is a striking confirmation of the theory. 
The mean of the three is 0.1158, but of course the last figure cannot be trusted. I 
shall accordingly assume as the value of the square root of the index of friction of 
air in its average state of pressure, temperature, and moisture 


Jui = 0.116. 


It is to be remembered that ./j/’ expresses a length divided by the square root of a 
time, and that the numerical value above given is adapted to an English inch as 
the unit of length, and a second of mean solar time as the unit of time.? 


56. I now proceed to compare the observed values of n with those calculated 
from theory with the assumed value of ,/f. I begin with the same cylindrical 
rods as before, together with the long brass tubes Nos. 35 to 38. The diameter of 
this tube was 1.5 inch, and its length 56 inches. The ends were open, but as the 
included air was treated by Mr BAILY in the reduction of his experiments as if it 
formed part of the pendulum, we may regard the pendulum as a solid rod. The 
tube was furnished with six agate planes, represented in the wood-cut at page 417, 
which rested on fixed knife-edges. The pendulums Nos. 35, 36, 37, and 38 consisted 
of the same tube swung on the planes marked A, C, a, c. In air the pendulum 
swung at the rate of about 90080 vibrations in a day, so that 7 = 0.9596 nearly. 
The values of n obtained with the end planes A, c were slightly though sensibly 
greater than the values obtained with the mean planes C, a. I shall suppose the 
mean of the four values of n, namely 2.290, to be the result of the experiments. In 
the following Table 3.2 the difference between the theoretical and experimental 
values of n is exhibited both by decimals and as a fractional part of the former of 
these values. 


? According to https: //www.engineeringtoolbox.com/air-absolute-kinematic-viscosity-d_ 
601.html the value for p’ = p16? corresponds to a temperature of approximately —57°C 
for air at 1 atmosphere pressure. 
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No. 2a m k Add for Total n by n by Difference 
confined theory experiment 
space 
35 to 38 1.5 5.849 1.242 0.122 2.364 2.290 —0.074, or —+ 
21 or 42 0.410 1.555 1.917 0.009 2.926 2.932 +0.006, or ia 
43 0.185 0.7089 3.055 0.002 4.057 4.083 +0.026, or to 
44 0.072 0.2759 6.670 7.670 7.530 —0.140, or —4 


Table 3.2.: BAILy’s results with a long brass tube and with long cylindrical rods 


204 


3. Comparison of Theory and Experiment 


It will be seen at once how closely the experiments are represented by theory. 
The largest proportionate difference occurs in the case of the brass tube, and even 
that is less than one thirtieth. A glance at BAILY’s wood-cut at page 417 will shew 
that the six planes with which the tube was furnished caused the whole figure to 
deviate sensibly from the cylindrical form. Moreover the resistance experienced 
by each element of the cylinder has been calculated by supposing the element in 
question to belong to an infinite cylinder oscillating with the same linear velocity, 
and the resistance thus determined must be a little too great in the immediate 
neighbourhood of the ends of the cylinder, where the free motion of the air is less 
impeded than it would be if the cylinder were prolonged. Lastly, the correction for 
confined space is calculated according to the ordinary equations of hydrodynamics, 
and on that account, as well as on account of the abrupt termination of the cylinder, 
will be only approximate. The small discrepancy between theory and observation, 
as well as the small difference (amounting to about the 1-83rd of the whole) detected 
by experiment between the results obtained with the extreme planes and those 
obtained with the mean planes, may reasonably be attributed to some such causes 
as those just mentioned. In the case of the steel rod or wire, the difference between 
theory and observation may be altogether removed by supposing a very small error 
to have existed in the measurement of the diameter of the rod. Since, as we have 
seen, the observation is satisfied by m = 0.2822, and Equation 3.1 gives a «x m 
when yp’ and 7 are constant, it is sufficient, in order to satisfy the experiment, to 
increase the diameter of the rod in the ratio of 0.2759 to 0.2822, or to suppose an er- 
ror of only 0.0017 inch in defect to have existed in the measurement of the diameter. 


57. I proceed next to the experiments on spheres attached to fine wires. The 
pendulums of this construction comprise four 14-inch spheres, Nos. 1, 2, 3, and 4; 
three 2-inch spheres, Nos. 5, 6, and 7; and one 3-inch sphere, No. 66. Nos. 8 and 9 
are the same spheres as Nos. 5 and 7 respectively, swung by suspending the wire 
over a cylinder instead of attaching it to a knife-edge apparatus. As this mode of 
suspension was not found very satisfactory, and the results are marked by BAILY 
as doubtful cases, I shall omit the pendulums Nos. 8 and 9, more especially as 
with reference to the present inquiry they are merely repetitions of Nos. 5 and 7. 
In the case of a sphere attached to a fine wire of which the effect is neglected, and 
swung in an unconfined mass of fluid, we have by Equation 2.52 


1 9 | LT 
k=—4 . : 3.2 
2 2a 20 2) 


2a being in this case the diameter of the sphere. Before employing this equation 
in the comparison of theory and experiment, it will be requisite to consider two 
corrections, one for the effect of the wire, the other for the effect of the confinement 
of the air by the sides of the vacuum tube. 

I have already remarked at the end of section 2.4, that the application of the 
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formulze of section 2.3 to the case of such fine wires as those used in pendulum 
experiments is not quite safe. Be that as it may, these formule will at any rate 
afford us a good estimate of the probable magnitude of the correction. 

Let / be the length, a; the radius, V; the volume of the wire, V the volume of the 
sphere, J the moment of inertia of the pendulum, J’ that of the air which we may 
conceive dragged by it, H the sum of the elements of the mass of the pendulum 
multiplied by their respective vertical distances below the axis of suspension, H’ 
the same for the air displaced, o the density of the air. Then the length of the 
isochronous simple pendulum is 4 in vacuum, and #4 in air, and the time of 
vibration is increased by the air in the ratio of a to a or, on account of 
the smallness of a, in the ratio of 1 to J + 5 : (E + ia nearly. Now 3 ae H is the 
correction for buoyancy, and therefore 


n-l=—.-—. (3.3) 
We have also, if k; be the value of the function k of section 2.3, 


1 
I'=koV -(l+a)?+=hoVk, 
: (3.4) 
1 
H'=oV- (+a) +50Ml, 


H 
and = Ge 
tor, ai neglecting V7, we get 


iy l ame aA l 
= : = shea ; 
Galea yt (a5) iy (+a) 


j very nearly. Substituting in Equation 3.3, expanding the denomina- 


Now V, is very small compared with V, and it is only by being multiplied by the 
large factor k, that it becomes important. We may then, without any material 
error, replace the last term in the above equation by 3 i 4 A Toa 5, and if be the 
renga of the oemronovs simple pendulum, we may sipped ae +a = X, and replace 
Tray? Ta? s by 1 — *, since a is small compared with ». We thus get, putting An for 


the correction te to the wire, 


Ve 2a 


Substituting for ky — 1 from Equation 2.115, and for m from Equation 3.1, in which 
equations, however, k;, a; must be supposed to be written for k, a, expressing Vj, 
V in terms of the diameters of the wire and sphere, and neglecting as before a? in 
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comparison with \?, we get 


OV LS BDAY ey 
eens ia au ee (3.5) 
{12+ (4)’}- (2a)8 
where 
pet (=) (e057. (3.6) 
2a1 T 


It is by these formulze that I have computed the correction for the wire in the 
following table. In the experiments, the time of oscillation was so nearly one second 
that it is sufficient in the Equation 3.2, Equation 3.5, and Equation 3.6 to put 
7 = 1, and take X for the length of the second pendulum, or 39.14 inches. 

With respect to the correction for confined space, it seems evident that the vacuum 
tube must have impeded the free motion of the air, and consequently increased the 
resistance experienced by the pendulum when it was swung in air, and that the 
increase of resistance caused by the cylindrical tube must have been somewhat less 
than that which would have been produced by a spherical envelope of the same 
radius surrounding the sphere. The effect of a spherical envelope has been investi- 
gated in section 2.2; but as we are obliged at last to have recourse to estimation, it 
is needless to be very precise in calculating the increase of resistance due to such 
an envelope, and we may accordingly employ the expression obtained from the 
ordinary theory of hydrodynamics. According to this theory, the increase of the 
factor k, which is due to the envelope, is equal to 3 Ges ay or ¥ : a nearly, 
when 6 is large compared with a. The increase due to a cylindrical envelope whose 
axis is vertical, and consequently perpendicular to the direction of oscillation of 
the sphere, may be estimated at about two-thirds of the increase due to a spherical 
envelope of the same diameter. I have accordingly taken +3 for the correction for 
confined space, and have supposed 2b = 6.5 inches. 

The diameter of the wire employed in the pendulums Nos. 1, 2, 3, 5, 6, and 7, 
is stated to have been about the th of an inch, and that of the wire employed 
with the heavy brass sphere No. 66, about 0.023 inch. The ivory sphere No. 4 was 
swung with a fine wire weighing rather more than half a grain. Taking the weight 
at half a grain, and the specific gravity of silver at 10.5, we have for this wire 
2a, = 0.00251 nearly. The diameters of the three brass spheres in the following 
Table 3.3 are taken from page 447 of BAILY’s memoir. The several parts of which, 
according to theory, n is composed, are exhibited separately. 
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n by theory 
No. and kind Diameter of Diameter of For For inertia Additional Correction Correction Total n by Difference 
sphere, 2a wire, 2a; buoyancy on for inertia for wire for experiment 
common on account confined 
theory — of internal space 
friction (estimated) 

13-INCH SPHERES 
No. 1, Platina 1.44 0.014 29 1 0.5 0.289 0.035 0.011 1.835 1.881 +0.046, or +3 
No, 2, Lead 1.46 0.014 29 1 0.5 0.285 0.035 0.011 1.831 Bova +0.040, or +4 
No. 3, Brass 1.465 0.014 29 1 0.5 0.284 0.035 0.011 1.830 1.834 +0.004, or + 
No. 4, Ivory 1.46 0.002 51 iL 0.5 0.285 0.016 0.011 1.812 L872 +0.060, or +3 
2-INCH SPHERES 
No. 5, Lead 2.06 0.014 29 1 0.5 0.202 0.012 0.032 1.746 1.738 —0.008, or ee 
No. 6, Brass 2.065 0.014 29 1 0.5 0.202 0.012 0.032 1.746 LF OL +0.005, or +35 
No. 7, Ivory 2.06 0.014 99 1 0.5 0.202 0.012 0.032 1.746 1.755 +0.009, or +5 
3-INCH SPHERE 
No. 66, Brass 3.030 0.023 1 0.5 0.137 0.005 0.101 1.743 1.748 +0.005, or +4 


Table 3.3.: BAILY’s results with spheres suspended by fine wires 
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The mean error in different determinations of n for the same sphere was about 
0.01 or 0.02, and this does not include errors arising from small errors in specific 
gravities, &c. Hence, if we except the spheres Nos. 1, 2, and 4, the discrepancies 
between theory and experiment are altogether insignificant. In considering the 
confirmation thence arising to the theory, it must be borne in mind that the 
theory did not furnish a single disposable constant, inasmuch as \/u’ was already 
determined from the experiments with cylindrical rods. The result obtained with 
the brass sphere No. 3 happens to agree almost exactly with theory. However, as 
the results obtained with this sphere exhibited some anomalies, it seems best to 
exclude it from consideration, The value of n, then, which belongs to a 13-inch 
sphere, appears to exceed by a minute quantity the value deduced from theory. The 
difference is indeed so small that it might well be attributed to errors of observation, 
were it not that all the spheres tell the same tale. Thus the error +0.046 in the 
case of the platina sphere corresponds to an error of less than the fortieth part 
of a second in the observation of an interval of time amounting to 4 hours. If 
the apparent defect, amounting to about 0.04 or 0.05, in the theoretical result be 
real, it may be attributed with probability to an error in the correction for the 
wire. This would be no objection to the theory, for it will be remembered that the 
theory itself indicated the probable failure of the formule generally applicable to a 
long cylinder when the cylinder comes to be of such extreme fineness as the wires 
employed in pendulum experiments. 


58. The preceding experiments of BAILY’s are the most important for the 

purposes of the present paper, inasmuch as they were performed on pendulums of 
simple and very different forms; but there still remain three sets of experiments, 
the fourteenth, fifteenth, and sixteenth, in which the pendulum consisted of a 
combination of a sphere and a rod, so that the results can be compared with theory. 
The details of these experiments being suppressed, I have been obliged to calculate 
the time of oscillation from the ordinary formulee of dynamics, but the results will 
no doubt be accurate enough for the purpose required. In all the calculations I 
have supposed the rod to reach up to the axis of suspension, and have consequently 
added 1.55 inch (the length of the shank of the knife-edge apparatus) to the length 
of the rod, and have added to the weight of the rod a quantity bearing to the whole 
weight the ratio of 1.55 inch to the whole length. 
In the case of the spheres attached to the ends of the rods (sets 14 and 16) the 
process of calculation is as follows. Let / be the length of the rod increased by 1.55 
inch, W, its weight, increased as above explained, a the radius and W the weight 
of the sphere, A the length of the isochronous simple pendulum. Then supposing 
the masses of the rod and sphere to be respectively distributed along the axis, and 
collected at the centre, which will be quite accurate enough for the present purpose, 
and putting a for the ratio of a to 1, we have by the ordinary formula 


4W,+(1+a)?-W 


= 72 
1W,+(1+a)-W 


(3.7) 
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whence 7, the time of vibration, is known. Equation 3.2 then gives k, which applies 
to the sphere, and Equation 3.1 gives m, the a in this formula being the radius of 
the rod, from whence k;, which applies to the rod, may be got by interpolation 
from Table 2.1. Let Ak, Ak, be the corrections which must be applied to k, ky on 
account of the confined space of the vacuum apparatus, and let S,, S be the specific 
gravities of the rod and sphere respectively; then we get by means of Equation 3.3 
and Equation 3.4 


n-l= (3.8) 


3°(hit+Am)- t+ (+a)?-(k+Ak)- 5 5Wi+(1+a)-W 
Wi +(1+a)?-W Facet ae (ha joo 
The first of the two factors connected by the sign - in this equation is equal to 
— and if we want to calculate the weight of air which we must conceive attached 
to the centre of gyration of the pendulum in order to allow for the inertia of the 
air, we have only to multiply the factor just mentioned by o and by the weight of 
the whole pendulum. The following table contains the comparison of theory and 
experiment in the case of the 14th set. The rods here mentioned are the same as 
those which composed the pendulums Nos. 21, 48, and 44, and the spheres are 
the three brass spheres of Nos. 3, 5, and 66. It appears from p. 432 of BAILY’s 
paper that his results are all reduced to a standard pressure and temperature, on 
the supposition that the effect of the air on the time of vibration is proportional 
to its density. The theory of the present paper shews that this will only be the 
case if yu’ be constant, which however there is reason for supposing it to be when 
the pressure alone varies. Be that as it may, no material error can be produced 
by reducing the observations in this way, because the difference of density in any 
pair of experiments did not much differ from the density of air at the standard 
pressure and temperature. The standard pressure and temperature taken were 
29.9218 inches of mercury and 32 °F, and the assumed specific gravity of air at 
this pressure and temperature was the 1-770th of that of water, so that in the 
calculations from theory it is to be supposed that 4 =F 10: 
If w be the weight of the whole pendulum, w’ that of the air which we must suppose 
attached to the pendulum at its centre of gyration in order to express the effect of 
the inertia of the air, S the vibrating specific gravity of the pendulum, the effects 


of buoyancy and inertia are as § to we but they are also as 1 to (n—1), according 


to the definition of the factor n, and therefore 


wi =(n—1)-S-w, (3.9) 


a formula which may be employed to calculate w’ when n is known. 
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Value of n Weight of adhesive air, in grains 
No. and nature of By theory By experiment Difference By theory By Difference 
pendulum experiment 

No. 45 — 13-inch sphere with copper rod 2.525 2.458 —0.067, or -% 4.863 4.564 —0.299, or -< 
No, 46 — 2-inch sphere with ditto 2202 2.234 +0.032, or +% 5.005 5.076 +0.071, or +7 
No. 47 — 3-inch sphere with ditto 1.957 1.873 —0.084, or 33 7.071 6.425 —0.646, or —# 
No. 48 — 15-inch sphere with brass rod 2310 2.356 —0.019, or -—5 1.447 1.417 —0.030, or -% 
No. 49 — 2-inch sphere with ditto 2.060 1.982 —0.078, or —3% 2.135 1.973  —0.162, or -4 
No. 50 — 3-inch sphere with ditto 1.631 1.933 ? +0.302 ? 4.411 4.868 ? +0.457 ? 
No. 51 -— 15-inch sphere with steel rod 2.099 2.344 ? +0.245 ? 0.682 0.8384?  +0.152 ? 
No. 52 — 2-inch sphere with ditto 1.920 1.793 —0.127, or —4 1.457 1;259 —0.198, or —4 
No. 53 ~ 3-inch sphere with ditto 1.781 1.759 —0.022,or-— 3.742 3.670  —0.072, or —3 


Table 3.4.: BAILY’s results with spheres at the ends of long rods 
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With respect to the two experiments marked ? BAILY remarks, ”'These two 
experiments (with the pendulums Nos. 50 and 51) are very unsatisfactory; and are 
marked as such in my journal. It was consequently my intention to have repeated 
them: but the subject was overlooked till it was too late. I should propose their 
being rejected altogether.” If these two experiments be struck out, it will be seen 
that the differences between theory and experiment are very small, especially when 
the difficulty of this set of experiments is considered, arising from the frequency of 
the coincidences with the mean solar clock. 


59. On account of the difficulty which BAILY experienced in obtaining accurate 
results with the long rods and spheres attached, he divided the brass and steel rods 
near the centre of oscillation, and after having cut off an inch from each portion 
inserted the spheres where the rods had been divided. The results thus obtained 
constitute the 15th set of experiments. He afterwards removed the lower segments 
of the rods, and obtained the results contained in the 16th set. I shall give the 
computation of the latter set first, inasmuch as the formule to be employed are 
exactly the same as those required for the 14th set. The experiments belonging 
to this set in which the spheres were swung with iron wires have already been 
computed under the head of spheres attached to fine wires. 

Here again (Table 3.5) the differences between theory and experiment are extremely 
small. In the ease of the pendulum No. 61, BAILY’s two results 1.901 and 1.513 
appear to be inconsistent, as not agreeing with Equation 3.9. 
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Value of n 


Weight of adhesive air, in grains 


No. and nature of By theory By experiment Difference By theory By Difference 
pendulum experiment 
No. 60 — 15-inch sphere with brass rod 2.149 2.198 +0.049 or +4 1.011 1.047 +0.036 or +35 
No. 61 — 2-inch sphere with ditto 1.879 1.901 +0.022 or 4 = 1.619 1.5138 —0.106 or -< 
No. 62 — 3-inch sphere with ditto 1.787 1.830 +0.043 or +4 3.970 4.202 +0.232 or +i 
No. 63 ~ 15-inch sphere with steel rod 1.960 1.904 —0.056 or-—x= —-0.570 0.537  —0.033 or —% 
No. 64 — 2-inch sphere with ditto 1.796 1.785 —0.011 or zw 1.239 L22¢ —0.012 or —W 
No. 65 — 3-inch sphere with ditto 1.758 L779 +0.021 or +3 3.609 3.720 +0.111 or +35 


Table 3.5.: BAILY’s results with the spheres at the end of the short rods 
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60. The following Table 3.6 contains the values of 7, k and k, deduced from the 
given data, and employed in the calculations of which the results are contained 
in the two preceding tables. It is added, partly to facilitate a comparison of the 
circumstances of the different experiments, partly to assist in the re-computation of 
any of the experiments, or the detection of any numerical error which I may have 
committed. I may here observe that I have not, generally speaking, re-examined 
the calculations, except where an error was apparent, but that each step requiring 
addition, subtraction, multiplication, or division, was checked immediately after it 
was performed. I have not thought it requisite to check in this manner the taking 
of logarithms or antilogarithms out of a table. 


Long rods Short rods 
No. T k ky No. T k ky 


Sphere Rod 


1 S-inch copper 45 1.090 0.7968 1.951 
2-inch copper 46 1.158 0.7170 1.981 
3-inch copper 47 1.227 0.6523 2.010 
13-inch brass 48 1.155 0.8055 3.222 60 0.9517 0.7772 3.012 
2-inch brass 49 1.198 0.7207 3.264 61 0.9806 0.7005 3.042 
3-inch brass 50 = 1.222 0.6520 3.288 62 0.9982 0.6373 3.062 
1 $-inch steel 51 1.190 0.8099 7.272 63 0.9868 0.7824 6.649 
2-inch steel 52 1.199 0.7208 7.299 64 0.9954 0.7021 6.679 
3-inch steel 53 1.231 0.6525 7.396 65 1.0030 0.6377 6.714 


Table 3.6.: Values of 7, k and k, employed in the calculation of the theoretical 
results employed in the two preceding tables 


The corrections for confined space employed are, for the spheres, (Ak), 0.0115, 
0.0321, 0.1013; and for the rods, (Ak,), 0.009, 0.002, 0.000. These corrections are 
to be added to the values of k, k, given in the preceding table before going on with 
the calculation. 


61. In the 14th set of experiments, the weight of adhesive air due to the spheres 
alone has been computed by BAILY by subtracting from the whole weight, as given 
by observation, the weight due to the rods as given by the 13th set of experiments, 
taking account of the change of weight corresponding to the change in the position 
of the centre of gyration, the point at which the air is supposed to be attached. 
According to theory, this process is not legitimate, inasmuch as the weight dragged 
by a rod is a function of the time of vibration, which is altered when a sphere is 
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attached to the end of the rod. But in the 15th set of experiments the spheres did 
not materially affect the time of vibration, inasmuch as they were inserted nearly 
at the centre of oscillation of the rods, and therefore in this case the process is 
legitimate. Accordingly, I think it is a sufficient comparison between theory and 
experiment in the case of the 15th set, to compare the weights of air due to the 
spheres alone, as calculated by BAILY, with the weights calculated according to the 
theory of this paper with the assumed value of \//’. I have exhibited separately 
the weight corresponding to the correction for confined space, in order to enable 
the reader to form an estimate of the extent to which the results may be affected 
by the uncertainty relating to the amount of this correction. 
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By Theory By Experiment 


1 5-inch 2-inch 3-inch 


1d-inch 2-inch 33-inch 
sphere sphere sphere 


sphere sphere sphere 


In free air 0.431 1.060 3.002 From exp. with brass rod 0.446 1.180 3.382 
Additional for confined space 0.006 0.048 0.476 From exp. with steel rod 0.405 1.039 3.371 
Total 0.437 1.108 3.478 Mean 0.425 1.109 3.377 
Diff. th. & exp., as decimal —0.012  +0.001  —0.101  Diff., as fraction of the whole = ai A 


Table 3.7.: Weights of air dragged by the spheres alone, as deduced from BAILY’s results with the spheres at the 
centre of oscillation of the long rods 
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62. I pass now to BESSEL’s experiments described in his memoir entitled 
Untersuchungen tiber die Lange des einfachen Sekundenpendels®, which is printed 
among the memoirs of the Academy of Sciences of Berlin for the year 1826. The 
object of this memoir was to determine the length of the seconds’ pendulum by a 
new method, which consisted in swinging the same sphere with wires of two different 
lengths, the difference of lengths being measured with extreme precision. In the 
calculation, the absolute length of the simple pendulum isochronous with either the 
long or the short compound pendulum was regarded as unknown, but the difference 
of the two as known, and this difference, combined with the observed times of 
oscillation, is sufficient for the determination of the quantity sought. Nothing 
more would have been required if the pendulums had been swung in a vacuum; 
but inasmuch as they were swung in air, a further correction was necessary to 
reduce the observations to a vacuum. Since it is necessary to take into account 
the inertia of the air, as well as its buoyancy, in reducing the observations to a 
vacuum, BESSEL sought to determine by experiment the value of the factor k, of 
which the meaning has been already explained. The value of this factor, as BESSEL 
remarked, will depend upon the form of the body; but he does not seem, at least 
in his first memoir, to have contemplated the possibility of its depending on the 
time of oscillation, and consequently he supposed it to have the same value for the 
long as for the short pendulum. When the factor k is introduced, the equation 
obtained from the known difference of length of the two simple pendulums contains 
two unknown quantities, namely k, and the length of the seconds’ pendulum. To 
obtain a second equation, BESSEL made another set of experiments, in which the 
brass sphere was replaced by an ivory sphere, having as nearly as possible the same 
diameter. The results obtained with the ivory sphere furnished a second equation, 
in which k appeared with a much larger coefficient, on account of the lightness 
of ivory compared with brass. The two equations determined the two unknown 
quantities. 

Let A be the length of the seconds’ pendulum, ¢1, t2 the times of oscillation of the 
brass sphere when swung with the short wire and long wire respectively, 11, l2 the 
lengths of the corresponding simple pendulums, corrected for everything except the 
inertia of the air, m the mass of the sphere, m, the mass of the fluid displaced;then 


a 
2 a 
ea as 


or, since m, is so small that we may neglect m2, 
m 
Mi (1-2) =e 
m 


The long pendulum furnishes a similar equation, and the result obtained from the 


3https://www.digitale-sammlungen.de/de/view/bsb10052717?page=1 
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brass sphere is 
m 
d (G-#)-(1- kb) =b-h, (3.10) 


since ly — 1, is the quantity which is regarded as accurately known. The ivory 
sphere in like manner furnishes the equation 


d- (#2) - (1-24 -k) =f =i, (3.11) 


where the accented letters refer to that sphere. The equation for the determination 
of & results from the elimination of A between Equation 3.10 and Equation 3.11. 
Now, according to the theory of this paper, the factor k has really different values 
for the long and short pendulums. Let k, refer to the short, and k2 to the long 
pendulum with the brass sphere, k{ to the short, and k4 to the long pendulum 
with the ivory sphere. Then 


Mt? . (Q--m) =i. 
at - (1- = - ie) =e 
and therefore 
lp — hy = NB (1— hy) — P- (1- en) (3.12) 


In the equation resulting from the elimination of A between Equation 3.10 and 
Equation 3.11, let the values of lz — 1, and 15 — I got from Equation 3.12 and the 
similar equation relating to the ivory sphere be substituted. The result is 


(2-1) (1 Maa) fe (1 Baa) f(t) 
==) (0 Bat) fe (0 Man) (Ba 
This equation is of the form 
P+Qm,+ Rm? = P’+Q’m, + R'm, 
and P = P’, and Rm?, R'm? may be neglected, so that the equation is reduced to 
Q=Q. 


It is now no longer necessary to distinguish between tz and t), and between t, and 
t, which may be supposed equal. Also m: m’ :: S : S", where S, S” are the specific 
gravities of the brass and ivory spheres respectively. Substituting in the equation 
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Q = Q’, and solving with respect to k, we get 


1, — 13: (Shs — She) — tf - (Ski — Ski) 


(#2 — #2) -(S — 9’) (3.13) 


This equation contains the algebraical definition of that function k of which the 
numerical value is determined by combining, in BESSEL’s manner, the results 
obtained with the four pendulums. Since the equation is linear so far as regards k, 
k, &c., we may consider separately the different parts of which these quantities are 
composed, and add the results. For the part which relates to the spheres, regarded 
as suspended by infinitely fine wires, we have ki = ky and k/, = ky, since the radii 
of the two spheres were equal, or at least so nearly equal that the difference is 
insensible in the present enquiry. We get then from Equation 3.13 


_ tke — tik 


Ga — 


which gives 
k—k k—-—k kg —k 

== (3.15) 

t5 ty (¢3 — t}) 
Since tg > t; and ky > k,, the Equation 3.15 shew that the value of k determined 
by BESSEL’s method is greater than the factor which relates to the short pendulum, 
which was a seconds’ pendulum nearly, and even greater than that which relates to 
the long pendulum, as has been already remarked in Art. 6., page 140. 
If k, be the factor relating to either sphere oscillating once in a second, and if the 
effect of the confinement of the air be neglected, we have from Equation 3.2 


by 52k 5 the 52 Vai Ve: 1, 
and in BESSEL’s experiments t, = 1.001, tg = 1.721, 2a = 2.143 in English inches. 
We thus get from either of Equation 3.14 or Equation 3.15, on substituting 0.116 
for Vu’, k = 0.786. The value of the factor ks, which relates to a sphere of the 
same size, swung as a seconds’ pendulum, is only 0.694, and k; may be regarded 
as equal to k,. Equation 3.2 gives ky = 0.755. 


63. We have next to investigate the correction for the wire. The effect of the 
inertia of the air set in motion by the wire was altogether neglected by BESSEL, 
and indeed it would have been quite insensible had the parts of the correction for 
inertia due to the wire and to the sphere, respectively, been to each other in nearly 
the same ratio as the parts of the correction for buoyancy. BAILY, however, was 
led to conclude from his experiments that the effect of the wire was probably not 
altogether insignificant, and the theory of this paper leads, as we have seen, to the 
result that the factor n is very large in the case of a very fine wire. 
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The ivory sphere in BESSEL’s experiments was swung with a finer wire than the 
brass sphere. It was for this reason that I did not from the first suppose ki = k, and 
ki = kg. Let Ak, Ak,, &c. be the corrections due to the wire. The values of Ak, 
Aky, Aki, AkS, may be got from Equation 3.5, in which it is to be remembered 
that A denotes the length of the isochronous simple pendulum, not, as in BESSEL’s 
notation, the length of the seconds’ pendulum. It is stated by BESSEL (p. 131), 
that the wire used with the brass sphere weighed 10.95 Prussian grains in the case 
of the long pendulum, and 3.58 grains in the case of the short. This gives 7.37 
grains for the weight of one toise or 72 French inches. The weight of one toise of the 
wire employed with the ivory sphere was 6.28 — 2.04 or 4.24 grains (p. 141). The 
specific gravity of the wire was 7.6 (p. 40), and the weight of a cubic line (French) 
of water is about 0.1885 grain. From these data it results that the radii of the wires 
were 0.003867 and 0.002933 inch English. Equation 3.1 gives m, whence L is known 
from Equation 3.6. The lengths of the isochronous simple pendulums were about 
39.20 inches for the short pendulum, and 116.94 for the long. On substituting the 
numerical values we get from Equation 3.5, since k, = (n, —1) and ky = (n2—1), 


Ak, = 0.0107, Ak) = 0.0090, 
Ak, = 0.0286, Ak, = 0.0244. 


The specific gravities of the two spheres were about 8.190 and 1.794, whence we 
get from Equation 3.13 Ak = 0.0308, or 0.031 nearly. 

The value of k deduced by BESSEL from his experiments was 0.9459 or 0.946 nearly, 
which in a subsequent paper he increased to 0.956. In this paper he contemplates 
the possibility of its being different in the cases of the long and of the short pen- 
dulum, and remarks with justice that no sensible error would thence result in the 
length of the seconds’ pendulum, as determined by his method, but that the factor 
k; would belong to the system of the two pendulums. 

The following is the result of the comparison of theory and experiment in the case 
of BESSEL’s experiments on the oscillations of spheres in air. 


Value of k belonging to the system of a long and a short 0.956 
pendulum, as determined experimentally by Bessel 


Value deduced from theory, including the correction for 0.817 
the wire, but not the correction for confined space 


difference +0.139 


I cannot find that BESSEL has stated exactly the distance of the centre of the 
sphere from the back of the frame within which it was swung, but if we may judge 
by the sketch of the whole apparatus which is given in Plate I., and by a comparison 
of figs. 2 and 3, Plate II., it must have been very small, that is to say, a small 


220 


3. Comparison of Theory and Experiment 


fraction of the radius of the sphere’. If so, although the exact calculation of the 
correction for confined space would form a problem of extreme difficulty, it may be 
shewn from theoretical considerations that the correction would be by no means 
insensible, so that it might wholly or in part account for the difference +0.139 
between the results of theory and observation. It is, however, not improbable, for 
a reason which has been already mentioned, that the theoretical correction for the 
wire is not quite exact. 


64. The experiments performed by BESSEL on a sphere vibrating in water 
will be more conveniently considered after the discussion of some experiments of 
COULOMB’s, to which I now proceed. These experiments are contained in a memoir 
entitled Expériences destinées a déterminer la cohérence des fluides et les lois de 
leur résistance dans les mouvements trés-lents®?, which will be found in the 3rd 
Volume of the Mémoires de l'Institut, p. 246. The experiments which I shall first 
consider are those which relate to the oscillations of disks suspended in water with 
their planes horizontal. In these experiments the disk operated upon was attached 
to the lower extremity of a vertical cylinder of copper, not quite half an inch in 
diameter, the axis of which passed through the centre of the disk. The cylinder 
was suspended by a fine wire attached to its upper extremity. The under portion 
of the cylinder, together with the attached disk, were immersed in water, the disk 
at the bottom of the cylinder being immersed to the depth of 4 or 5 centimetres 
below the surface. The upper portion carried a horizontal metallic graduated disk, 
by means of which the arc of oscillation could be read off, and which, on account of 
its size and weight, mainly determined the inertia of the system, so that the time 
of oscillation in the different experiments was nearly the same. The observations 
were taken as follows. The whole system was turned very slowly round by applying 
the hands of the graduated disk, taking care not to derange the vertical position 
of the suspending wire. The arc through which the system had been turned was 
read by means of the graduation, or rather the system was turned through an 
arc previously fixed on; the system was then left to itself, and the arc again read 
off to a certain number of oscillations. Thus it was the decrement of the arc of 
oscillation that was observed; the time of oscillation was indeed also observed, but 
only approximately, for the sake of determining a subsidiary quantity required in 
the calculation. Indeed, it will be easily seen that the experiments were not adapted 
to determine the effect of the fluid on the time of oscillation. The decrement of 
arc so determined had to be corrected for the effect of the imperfect elasticity of 


4The measurement of either of BESSEL’s figures, figs. 5 or 6, Plate II. gives 1.53 inch for the 
distance of the centre of the sphere from the surface of the broad iron bar which formed the back 
of the frame, the surface of the bar being supposed truly vertical; and the measurement of fig. 2 
giving 2.06 inches for the diameter of the sphere, it appears that the distance of the surface of 
the sphere from the surface of the bar was barely equal to half the radius of the sphere. 

“https: //www.academie-sciences. fr/pdf/dossiers/Coulomb/Coulomb_pdf/Mem1800_p246. 
pdf 
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the wire, and of the resistance of the air against the graduated disk, and of the 
water against the portion of the copper cylinder immersed. The amount of the 
correction was determined by repeating the observation when the lower disk had 
been removed. 

It appeared from the experiments, first, that with the same disk immersed, the 
successive amplitudes of oscillation decreased in geometric progression; secondly, 
that with different disks the moment of the resisting force was proportional to the 
fourth power of the radius. From these laws COULOMB concluded that each small 
element of any one of the disks experienced a resistance varying as the area of the 
element multiplied by its linear velocity. It should be observed that COULOMB 
was only authorized by his experiments to assert this law to be true in the case 
of oscillations of given period, inasmuch as the time of oscillation was nearly the 
same in all the experiments. 

Let a be the radius of the disk in the fluid, 7 the time of oscillation, 0 the angular 
displacement of the disk, measured from its mean position, J the moment of inertia 
of the whole system; and let 1 : (1 — m) be the ratio in which the arc of oscillation 
is diminished in one oscillation. According to Equation 2.15 we have 


ent 


for the factor which expresses the ratio of the arc of oscillation at the end of the 
time t to the initial arc. At the end of one oscillation t = 7, and the value of the 
above factor is 1 — m, which is given by observation. Putting for @ its value, in 
which My? = I, and nt = 7, we get 


4 3,,/ 
pa Risa ee 
In (1 — = ——_— -4/ ——_. 3.16 
n ( m) 7 3 ( ) 


Let T' be the time of oscillation, and Jy the moment of inertia, when the under disk 
is removed: then I = Ip - a Also if M be the mass and FR the radius of the large 
graduated disk, we have Ip = SMR’, neglecting, as COULOMB did, the rotatory 
inertia of the copper cylinder. Substituting in Equation 3.16, we get 


ih it 
In (i = at pV wt 27q4 aa (G17) 
—m 


Let W be the weight of the disk in grammes. Then the mass of the disk is equal 
to that of W cubic centimetres or 1000W cubic millimetres of water. Hence 
M = 1000pW, a millimetre being the unit of length. Substituting in Equation 3.17, 
and solving with respect to /u’, we get 


R21 
Vp = 1000- V21n10- mW os = 77108 | (3.18) 
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No. Diamter of Time four 1 : 
log | —— Result 
disk 2a, in oscillations 47 © | G=m) pies 
‘llimet value of 
millimetres Jit in 
inches 
1 195 97 0.0568 0.055 19 
2 140 92 0.021 0.057 16 
3 119 91 0.0135 0.054 36 
4 0 91 0.0058 


Table 3.8.: Determination of the value of \/y’ for water from COULOMB’s experi- 
ments on the decrement of the arc of oscillation of disks, oscillating in their own 
plane by the force of torsion 


and the same value of \/y’ ought to result from different experiments. 
The weight of the disk is stated to have been 1003 grammes, and its diameter 271 
millimetres, and it made 4 oscillations in 91 seconds. Hence W = 1003, R = 135.5, 
T = 22.75. The last three factors in Equation 3.18 vary from one experiment to 
another. After making experiments with three disks of different radii attached to 
the copper cylinder, COULOMB made another set with nothing attached, for the 
purpose of eliminating the effect of the imperfect elasticity of the wire. Table 3.8 
contains the data furnished by experiment, together with the value of \/y’ deduced 
from the several experiments. The latter is reduced to the decimal of an English 
inch, by including 2.5952 (the logarithm of the ratio of a millimetre to an inch) in 
the logarithm of the constant part of the 2nd member of Equation 3.18. 

In correcting the results of the first three experiments for the imperfect elasticity 
of the wire, COULOMB calculated the values of m given by the four experiments, 


and subtracted the value given by the fourth from each of the others. But it is at 


the same time easier and more exact to subtract the value of log Fen given by 


the fourth experiment from that given by each of the others. For if 


be the moments of two forces, each varying as the velocity, divided by the moment 
of inertia, the factors by which the initial arc of oscillation must be multiplied 
to get the arc at the end of the time ¢, first, when the two forces act together, 
secondly, when the second force acts alone, are 


—(ctc’)-t —cl-t 
’ 


e€ e€ : 
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respectively, and that, whether the time t be great or small. Hence if we subtract 
the logarithm of the second factor from that of the first we shall get the logarithm 
of the factor due to the action of the first force alone. But if we put each factor 
under the form (1 — m), and subtract the m of the second factor from the m of the 
first, we shall not get the m due to the first force alone, unless t be small enough 
to allow of our neglecting the squares of c-t and c’ -t, or at least the product c- t, 
c’-t. In truth, when t = 7, the quantities m are sufficiently small to be treated 
in COULOMB’s manner without any material error, since the corrected values of 
log(1 —m), obtained in the two ways, would only differ in the 4th place of decimals. 


The numbers given in the last column of the above table were calculated from 
Equation 3.18, on substituting for log Fea the numbers found in the first three 
lines of the 4th column, corrected by subtracting 0.0058. The mean of the three 
results is 0.05557, but the three experiments are not equally valuable for the 
determination of /u’. For the three numbers from which /’ was deduced are 
0.0510, 0.0152, 0.0077, and a given error in the first of these numbers would produce 
a smaller error in \//’ than that which would be produced by the same error in the 
second, still more, than that which would be produced by the same error in the 
third. If we multiply the three values of \/u’ by 510, 152, and 77, respectively, and 
divide the sum of the products by 510 + 152 + 77 or 739, we get 0.05551. We may 
then take 0.555 as the result of the experiments. Assuming \/y’ = 0.0555 we have 


log ls | from experiment 0.0568 in No. 1 0.021 in No. 2, 0.0135 in No. 3, 


log lal from theory 0.0571 0.0206 0.0137 


difference —0.0003 +0.0004 —0.0002 


65. So far the accordance of the theoretical and observed results is no very 
searching test of the truth of the theory. For, in fact, the theory is involved in 
the result only so far as this, that it shews that the resistance experienced by 
a given small element of a disk oscillating in a given period varies as the linear 
velocity; since the difference of periods in COULOMB’s experiments was so small 
that the effects thence arising would be mixed up with errors of observation. This 
law is so simple that it might very well result from theories differing in some 
essential particulars from the theory of this paper. But should the numerical value 
of \/p’ determined by COULOMB’s experiments on disks be found to give results 
in accordance with theory in totally different cases, then the theory will receive a 
striking confirmation. Before proceeding to the discussion of other experiments, 
there are one or two minute corrections to be applied to the value of W/y’ given 
above, which it will be convenient to consider. 

In the first place, the result obtained in Art. 8, page 143 is only approximate, the 
approximation depending upon the circumstance that the diameter of the revolving 
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body is large compared with a certain line determined by the values of \/y’ and 
T. In the particular case in which the revolving solid is a circular disk, it happens 
that the approximate solution satisfies the general equations exactly, except so far 
as relates to the abrupt termination of the disk at its edge®. In consequence of this 
abrupt termination, the fluid annuli in the immediate neighbourhood of the edge 
are more retarded by the action of the surrounding fluid than they would have 
been were the disk continued, and consequently the resistance experienced by the 
disk in the immediate neighbourhood of its edge is actually a little greater than 
that given by the formula. I have not investigated the correction due to this cause, 
but it would doubtless be very small. 

In the second place, Equation 2.15 is adapted to an indefinite succession of oscilla- 
tions, whereas COULOMB did not turn the disk through an angle greater than the 
largest intended to be observed, and suffer one or two oscillations to pass before 
the observation commenced, but took for the initial arc that at which the disk 
had been set by the hand. Probably the disk was held in this position for a short 
time, so that the fluid came nearly to rest. If so, the resulting value of \/j’ as may 
readily be shewn, would be a little too small. For in the course of an indefinite 
series of oscillations, the disk, in its forward motion, carries a certain quantity 
of fluid with it, and this fluid, in consequence of its inertia, tends to preserve its 
motion. Hence, when the disk, having attained its maximum displacement in the 
positive direction, begins to return, it finds the fluid moving in such a manner 
as to oppose its return, and therefore it experiences a greater resistance than if 
it had started from the same position with the fluid at rest. In fact, it appears 
from the expression for G in Art. 8, page 143 that the moment of the resistance 
vanishes, in passing from negative to positive, not when the disk has reached the 
end of its excursion in the positive direction, but the eighth part of a period earlier. 
Hence, had the observation commenced during a series of oscillations, a larger 
initial arc would have been necessary, to overcome the greater resistance, in order 
to produce, after a given number of oscillations, the same final arc as that actually 
observed. I have investigated the correction to be applied on account of this cause, 
and find it to be about +0.009, but I must refer to a note for the demonstration, in 
order not to interrupt the present discussion’. I shall assume then, in the following 
comparisons, that for water® 

Ju! = 0.0564 , 


the units being the same as before, namely, an English inch and a second. That pi’ 
is independent of the pressure of the fluid, or at least very nearly so, appears from 
an experiment of COULOMB’s, in which it was found that the decrement of the arc 
of oscillation of a disk oscillating in water was the same in an exhausted receiver 
as under the full atmospheric pressure. I will here mention another experiment of 


®See Appendix A at the end. 
“See Appendix B at the end. 
89 
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COULOMB’s which bears directly on one part of the theory. On covering the disk 
with a thin coating of tallow, the resistance was found to be the same as before; and 
even when the tallow was sprinkled with powdered sandstone, by means of a sieve, 
the increase of resistance was barely sensible. This strikingly confirms the cor- 
rectness of the equations of condition assumed to hold good at the surface of a solid. 


66. I will now compare Equation 3.2 with the results obtained by BESSEL for 
the oscillations of the brass sphere in water, which will be found at page 65 of his 
memoir. This sphere was suspended so as to be immersed in the water contained 
in a large vessel, and was swung with two different lengths of wire, the same as 
those employed for the experiments in air. The times of oscillation were 1.9085 
second for the long pendulum, and 1.1078 for the short. The results are 


Long pendulum — Short pendulum 


k, by experiment 0.648 0.602 
k, by theory 0.631 0.600 
difference +0.017 +0.002 


The depth to which the spheres were immersed is not stated, but it was probably 
sufficient to render the effect of the free surface small, if not insensible. The vessel 
was three feet in diameter, and the water 10 inches deep, so that unless the spheres 
were suspended near the bottom, which is not likely to have been the case, the 
effect of the limitation of the fluid by the sides of the vessel must have been but 
trifling. The agreement of theory and observation, as will be seen, is very close. 


67. In the same memoir which contains the experiments on disks, COULOMB 
has given the results of some experiments in which the disk immersed in the fluid 
was replaced by a long narrow cylinder, placed with its axis horizontal and its 
middle point in the prolongation of the axis of the vertical copper cylinder. In 
these experiments, the arcs did not decrease in geometric progression, as would 
have been the case if the resistance had varied as the velocity; but it was found 
that the results of observation could be satisfied by supposing the resistance to vary 
partly as the first power, and partly as the square of the velocity. In COULOMB’s 
notation, 1 : (1 — m) denotes the ratio in which the arc of oscillation would be 
altered after one oscillation, if the part of the resistance varying as the square of 
the velocity were destroyed. The several experiments performed with the same 
cylinder were found to be sufficiently satisfied by the formula deduced from the 
above-mentioned hypothesis respecting the resistance, when suitable numerical 
values were assigned to two disposable constants m and p, of which p is related to 
the part of the resistance varying as the square of the velocity. 

Conceive the cylinder divided into elementary slices by planes perpendicular to its 
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axis. Let r be the distance of any slice from the middle point, @ the angle between 
the actual and the mean positions of the axis, d-Y that part of the resistance 
experienced by the slice which varies as the first power of the velocity. Then 
calculating the resistance as if the element in question belonged to an infinite 
cylinder moving with the same linear velocity, we have by the formule of Art. 31., 
page 169 


AF = WM nS, where M’' = rpa? dr, 
ag _ ab 
de. «de 


If G be the moment of the resistance, | the whole length of the cylinder, we have, 


putting n = =, 
Ge mek pack’ “a0. 


127. dt’ 
whence ‘ 2 a2) 
1°k' pa 
| - if 
o la = =| 24’ a) 


I being the moment of inertia. 
Expressing J in terms of the same quantities as in the case of the disk, we get from 
Equation 3.1 and Equation 3.19 


1 at? gp T _» 
eg eee : ene / 
og | og(e) 3R ml kK, (3.20) 


and gp is the weight of a cubic millimetre of water, or the 1000th part of a gramme. 
The numerical values of pi’, T, R, W have been already given, but yz’ must be 
reduced from square inches to square millimetres. The cylinders, of which three 
were tried in succession, had all the same length, namely, 249 millimetres. Their 
circumferences, calculated from their weights and expressed in millimetres, were 
21.1, 11.2, and 0.87, and the time of four oscillations was 92°, 91°, 91°. The values 
of m calculated from these data by means of Equation 3.1 are 0.4332, 0.2312, 
and 0.01796. For the first and second of these values, m? k’ may be obtained by 
interpolation from Table 2.1 given in chapter 2; for the third it will be sufficient to 
employ the second of Equation 2.115. 
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The following are the results: 


Cylinder, No. 1 Cylinder, No. 2. Cylinder, No. 3 


m, by experiment 0.0400 0.0260 0.0136 
m, by theory 0.0413 0.0291 0.0113 
Difference —0.0013 —0.0031 +0.0023 


The differences between the results of theory and experiment are perhaps as small 
as could reasonably be expected, when it is considered that, notwithstanding the 
delicate nature of the experiments, the numerical values of two constants, m and p, 
had to be deduced from their results. 


68. This memoir of COULOMB’s contains also a notice of a set of experiments 
with disks and cylinders in which the water was replaced by oil. The experiments 
with disks shewed that with a given disk the arc of oscillation decreased in geometric 
progression, and that with different disks the moments of the resistances were as the 
fourth powers of the diameters. The absolute resistances were greater than in the 
case of water in the ratio of about 17.5 to 1. The details of COULOMB’s experiments 
on cylinders oscillating in oil are entirely omitted. It is merely stated that on 
making the same cylinders as before, or shorter cylinders when the resistance was 
too great, oscillate in oil, it was found, conformably with the results obtained with 
planes, that the coherence of oil was to that of water as 17 to 1. The coherence is 
here supposed to be measured by that part of the resistance which is proportional 
to the first power of the velocity. On making a rough calculation of the ratio of the 
resistances to cylinders oscillating in oil and in water, on the supposition that /p’ 
for oil is to /y’ for water as 17.5 to 1, as would follow from the experiments on 
disks if the difference of the specific gravities of the two fluids be neglected, I found 
that the ratio in question ought to have been somewhere about 100 to 1, instead 
of only 17 to 1. It would seem from this that the theory of the present paper is 
not applicable to oil; but fresh experiments would be required before this point 
can be considered as established, on account of the theoretical doubt respecting 
the application of the formulee of section 2.3, to extremely fine cylinders, especially 
in cases in which \/y’ is large, so that m is very small. It would be interesting 
to make out whether what I have called internal friction is or is not of the same 
nature as viscosity. COULOMB and DUBUAT apply the term viscosity to that 
property of water by virtue of which certain effects are produced which have been 
shewn in this paper to be perfectly explicable on the theory of internal friction; 
whereas POISSON, in one of his memoirs, expressly asserts that the terms in the 
equations of motion which result from what has been called in this paper internal 
friction belong to perfect fluids, and have nothing to do with viscosity!®. Pors- 


10 Journal de l’Ecole Polytechnique, Tom. XIII. p. 95., 1831, https://gallica.bnf.fr/ark: 
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SON does not give the slightest hint as to the grounds on which he rested his opinion. 


69. I come now to the experiments of DUBUAT, which are contained in an 
excellent work of his entitled Principes d’Hydraulique, of which the second edition 
was published in 1786. The first edition does not contain the experiments in 
question. DUBUAT justly remarked that the time of oscillation of a pendulum 
oscillating in a fluid is greater than it would be in vacuum, not only on account of 
the buoyancy of the fluid, which diminishes the moving force, but also on account 
of the mass of fluid which must be regarded as accompanying the pendulum in 
its motion; and even determined experimentally the mass of fluid which must be 
regarded as carried by the oscillating body in the case of spheres and of several other 
solids. Thus DUBUAT anticipated by about forty years the discovery of BESSEL; 
but it was not until after the appearance of BESSEL’s memoir that DUBUAT’s 
labours relating to the same subject attracted attention. 

DUBUAT’s method was as follows. Imagine a body suspended by a fine thread or 
wire and swung in vacuum, and let a be the length of the pendulum, reckoned from 
the centre of suspension to the centre of oscillation. Now imagine the same body 
swung in a fluid, in which its apparent weight is p, so that if P denote the weight 
of fluid displaced, the true weight of the body will be p+ P. Since the moving 
force is diminished in the ratio of p+ P to p, if the inertia of the body were all that 
had to be overcome, it would be necessary to diminish the length of the pendulum 
in the same ratio, in order to preserve the same time of oscillation. But since the 
mass in motion consists not only of the mass of the body itself, but also of that 
of the fluid which it carries with it, the pendulum must be shortened still more, 
in order that the time of oscillation may be unaltered. Let / be the length of the 
pendulum so shortened, and n (which for the same reason as before I write instead 
of DUBUAT’s n) a factor greater than unity, such that p+nP is the weight of the 
mass in motion; then 

ap D--(@. 


a ee cea 21 
l eine) whence n Pp (5 1) (3.21) 


DUBUAT’s experiments on this subject consist of 44 experiments on spheres os- 
cillating in water, (Tom. II. p. 236); 31 experiments on other solids oscillating 
in water, (p. 246); and 3 experiments on spheres oscillating in air, (p. 283). The 
following table contains a comparison of Equation 3.2 with DUBUAT’s results for 
spheres oscillating in water. The value of \/y’ employed in the calculation is 0.0564 
inch English, or 0.05291 inch French. 


/12148/cb34378280v/date 
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n n 
calc. obs. diff. T calc. obs. diff. 
5 1.633 1.502 -0.131 2 1.566 1.507  -0.059 
SPER ees 1 1.687 1.502 -0.185 pp nere ohwaods 3 1.581 1.547 -0.034 
Diameter 1.0113 inches. Diameter 4.076 inches. 
Weight in water 2102 grains. 2 1.766 1.522 -0.244 Weight in water 2102 grains. 4 1.593 1.547 — -0.046 
3 1.825 1.620 -0.205 6 1.614 1.567 -0.057 
1 1.547 1.375 -0.172 
S herevor siases 2 1.602 1.518 -0.084 : ; tha ob ane 2 1.566 1.456 -0.110 
2 Diameter 2.645 inches. 4 1.644 1.569 -0.075 ee ee ane ne 3 1.581 1.525 -0.056 
A ; . 4204 grains. 
Weight in water 574 grains. 6 1.676 1.598 -0.078 4 1.593 1.557 -0.036 
6 1.614 1.549 -0.065 
1 1.572 1.515 -0.057 
Same sphere weighing in water 2 1.602 1.516 -0.086 1 1.547 1.57 +0.023 
2102 grains. 3 1.624 1.523 -0.101 Same sphere weighing in water 2 1.566 1.553 -0.013 
4 1.644 1.546 -0.098 9216 grains. 3 1.581 1.59 +0.009 
4 1.593 1.583  -0.010 
1 1.572 1.537  -0.035 
Same sphere weighing in water 2 1.602 1.523  -0.079 
4204 grains. 3 1.624 1.524 -0.100 3 1.549 1.27  -0.279 
4 1.644 1.538 -0.106 4 1.557 1.394  -0.163 
Another sphere of wood. 6 1.570 1.487 -0.083 
1 1.449 -0.102 ee 9 1.585 1.566 -0.019 
a nee. as ea Weight in water 2102 grains. , : a 
Same sphere weighing in water 1 1.572 1.872 -0.200 12 1.599 1.569 -0.030 
9216 grains. 2 1.602 1.494 -0.108 18 1.621 1.565 -0.056 
3 1.624 1.494 -0.130 
Same sphere weighing in water 10.85 1.594 1.634 +0.040 
3204 grains. 
3 1.549 1.651 +0.102 
: . ne ; 4 1.557 1.627 +0.070 
ame sphere weighing in water 6 L570 6&4 40.084 
4204 grains. 
9 1.585 1.664 +0.079 
12 1.599 1.674 +0.075 


Table 3.9.: DUBUAT’s experiments on spheres oscillating in water 
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70. If we strike out the experiments with the large sphere, which cannot well 
be compared with theory for a reason which will be explained further on, it will 
be observed that in seven out of the eight groups of experiments left, the signs in 
the last column are regularly minus. The preponderance of negative errors could 
be destroyed by using a much smaller value of \/’ in the reduction. We have 
seen, however, that the value of \/’ deduced from COULOMB’s experiments on 
the decrement of the arc of oscillation of disks satisfied almost exactly BESSEL’s 
observations of the time of oscillation of a sphere about two inches in diameter 
oscillating in water. The very small errors which remained in this case had both 
the sign +, whereas in DUBUAT’s experiments on the 1-inch and 25-inch spheres, 
the errors, which are far larger, have all the sign —. Since the experiments of 
DuBuAT and BESSEL, though made under similar circumstances, do not lead to 
the same result, it is of course impossible for any theory to satisfy them both. The 
numbers in the last column of the preceding table are, however, far too regular to 
be attributable to mere fortuitous errors of observation. If we suppose BESSEL’s 
results to have been nearly exact, there must have been something in the mode 
either of making or of reducing DUBUAT’s experiments which caused a tendency to 
error in one direction. 

With respect to the reduction of the experiments it may be observed that the 
length | was measured from the centre of oscillation, whereas in Equation 3.2 it is 
supposed that the mass of which the weight is k- P or (n—1) - P is collected at 
the centre of the sphere. If h be the distance of the centre of the sphere from the 
axis of suspension, the observed value of (n—1) ought in strictness to be increased 
in the ratio of h? to 1”, or the calculated value diminished in the ratio of 1? to h?, 
before comparing the results of theory and experiment. In the case of the loaded 
spheres especially, the theoretical value of n would thus be a little diminished; but 
except in a very few cases, in which either / or (a — 1) is small, the diminution is 
hardly worth considering. After having been for a good while at a loss to account 
for the regular occurrence of rather large negative errors, the following occurred to 
me as the probable solution of the difficulty. 

When a pendulum oscillates in water, the arc of oscillation rapidly decreases; this 
rapid diminution forms in fact the grand difficulty in experiments of this kind. 
In DUBUAT’s experiments, it will be remembered, the suspending thread was 
lengthened or shortened till the time of oscillation was an exact number of seconds, 
or occasionally half a second. Now, it is probable that the observer occasionally 
gave the suspending thread a slight push as the pendulum was commencing its 
return, in order to keep the oscillations going for a sufficient time to allow of 
tolerable precision in rendering the time of oscillation equal to what it ought to be. 
If so, these pushes would slightly accelerate the oscillations, and therefore cause 
the length of thread fixed on by observation to be a little too great, which would 
make the effect of the water in retarding the oscillations appear a little too small. 
On inspecting the table of differences, it may be observed that sometimes when the 
same sphere differently loaded is swung in the same time as before, the numbers 
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in the table of differences are altered more than appears to be attributable to 
merely fortuitous errors of observation. This accords very well with the conjecture 
just mentioned, and seems difficult to account for in any other way, inasmuch as 
everything relating to the fluid must have been almost exactly the same in the two 
cases. 

The occurrences of positive differences in the case of the large wooden sphere may 
be accounted for by the limitation of the fluid mass by the sides and bottom of the 
vessel, and by the free surface, which, except in the case of very short oscillations, 
would have much the same effect as a rigid plane, inasmuch as it would be preserved 
almost exactly horizontal by the action of gravity. The vessel which contained the 
water was 51 inches long and 17 broad, the water was 14 inches deep, and the 
spheres were plunged to about 3 inches below the surface, so that the effect of 
the confinement of the fluid mass would have been quite sensible in the case of 
such large spheres. If it be objected that the same sphere gave negative differences 
in the case of the first group of experiments, it must be observed, that when the 
apparent weight of so large a sphere was only 2102 French grains, the resistance 
would quickly have caused the oscillations to subside if an extraneous force had 
not frequently been applied. 


71. In DUBUAT’s experiments on spheres oscillating in air, the lightness of 
the fluid was compensated by the extreme lightness of the spheres, which were 
composed, the first two of paper, and the third of gold-beater’s skin. In the 
following table the diameter 2a of the sphere is expressed in French inches. The 
value of \/u’ employed in the reduction is the same as was before used in the 
reduction of observations made in air, namely 0.116 inch English, or 0.1088 inch 
French. 


No. 2a - n calc. n obs. Diff. 
337 4.0416 1.51 1.61 1.51 —0.10 
338 6.625 1.84 1.57 1.63 +0.06 
339 17.25 3.625 1.53 1.54 +0.01 


Table 3.10.: DUBUAT’s experiments on light spheres oscillating in air 


The differences certainly appear very small when the delicacy of the experiments 
and the simplicity of the apparatus employed are considered. 


72. The only comparison yet made in this section between theory and observation 
in the case of pendulum experiments, consists in comparing the observed times of 
vibration with the results calculated with an assumed value of /y’. But according 
to theory we ought to be able, without assigning a particular value to any new 
disposable constant, to calculate the rate of decrease of the arc of vibration. I 


232 


3. Comparison of Theory and Experiment 


have not met with any experiments made with a view of investigating the decrease 
in the arc of vibration in the case of extremely small vibrations, such as those 
employed in pendulum experiments. The experiments of NEWTON and others, in 
which the arc of vibration was so large that the resistance depended mainly on 
the square of the velocity, would be quite useless for my purpose. The pendulum 
experiments of BESSEL and BAILY contain however the requisite information, or at 
least some portion of it, for the arcs are registered for the sake of giving the data 
for calculating the small reduction to indefinitely small vibrations. 

In BESSEL’s experiments the arc is registered for the end of equal intervals of time 
during the motion. The number of such registrations in one experiment amounts in 
some cases to eleven, and is never less than three. So far the observations are just 
what are wanted; but there are other causes which prevent an exact comparison 
between theory and experiment. In the first place the spheres were swung so close 
to the back of the frame that the increase of resistance due to the confinement of 
the air must have been very sensible. In the second place the effect of the wire must 
have been very sensible, especially in the case of the long pendulum. For Table 2.1 
shews that for the wire (for which m is very small) the value of k’ is much larger 
than that of k, whereas for spheres of the size of those employed, when the time of 
oscillation is only one or two seconds, k’ is a good deal smaller than k. Hence, if 
the formule of that section are applied to such fine wires, the effect of the wire on 
the arc of vibration would be much greater than its effect on the time of vibration, 
and therefore would be quite sensible. But it has been shewn in section 2.4, that 
the effect of the wire in diminishing the arc of vibration is probably greater than 
would be given by the formula, and therefore the uncertainty depending on the 
wire is likely to amount to a very sensible fraction of the whole amount. Again, 
since BESSEL’s experiments were all made in air, no data are afforded whereby 
to eliminate the portion of the observed result which was due to friction at the 
point of support, imperfect elasticity of the wire, or gradual dissipation of vis viva 
by communication of motion to the supporting frame. Moreover in the case of 
the long pendulum the observations were made with rather too large arcs, for 
the law of the decrease of the arc of vibration deviated sensibly from that of a 
geometric progression. In BAILY’s experiments, only the initial and final arcs are 
registered, and not even those in the case of the ”additional experiments”. Hence 
these experiments do not enable us to make out whether it would be sufficiently 
exact to suppose the decrease to take place in geometric progression. Moreover, the 
final arc was generally so small, that a small error committed in the measurement 
of it would cause a very sensible error in the rate of decrease concluded from the 
experiment. For these reasons it would be unreasonable to expect a near accordance 
between the formulae and the results of the experiments of BESSEL and BAILY. 
Still, the formulze might be expected to give a result in defect, and yet not so much 
in defect as not to form a large portion of the result given by observation. On this 
account it will not be altogether useless to compare theory and observation with 
reference to the decrement of the arc of vibration. 
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73. Let us first consider the case of a sphere suspended by a fine wire. Let the 
notation be the same as was used in investigating the expression for the effect of 
the air on the time of vibration, except that the factors k’, k{ come in place of k, 
k,. Considering only that part of the resistance which affects the arc of vibration, 
we have for the portions due respectively to the sphere and to the element of the 
wire whose length is ds, and distance from the axis of suspension s, 


dé 
'M!' : See 
k'M'n- (l+a) ai 
/ M! do 
Bye pe OS NES sas 


and if we take the moment of the resistance, and divide by twice the moment of 
inertia, the coefficient of a in the result, taken negatively, and multiplied by ¢, 
will be the index of e in the expression for the arc. Hence if ag be the initial arc of 


vibration, and a; the arc at the end of the time t 


kiM’-(L+a)?+iki Mie xt 
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M'- (1 +a)? being as before taken for the moment of inertia of the sphere, which 
will be abundantly accurate enough. If then we put { for the Napierian logarithm?! 
of the ratio of the arc at the beginning to the arc at the end of an oscillation, we 
must put t = 7 in Equation 3.22, whence, neglecting the effect of the wire, we 
obtain 


=, i) 
[=" 2 (3.23) 


If now Ak’ be the correction to be applied to k’ in this formula on account of the 
wire, since k’, ki, are combined together in the expression for the arc just as k, ky 
in the expression for the time, we get 


Ak’ = +. Ak, (3.24) 


Aki = ——- Ak, (3.25) 


whence the numerical value of Ak’ is easily deduced from that of Ak, which has 


1See Appendix F at the end. 
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been already calculated. We get also from Equation 2.52 


i. 1\? 
ay ee eae (Bee 2 
W=k-S4+5 (i 5) (3.26) 


whence k’ may be readily deduced from k, which has been already calculated. 


74. Before comparing these formulee with BESSEL’s experiments, it will be 
proper to enquire how far the latter are satisfied by supposing the arcs of oscillation 
to decrease in geometric progression. In BESSEL’s tables the arc is registered in 
the column headed p. This letter denotes the number of French lines read off 
on a scale placed behind the wire, and a little above the sphere, and is reckoned 
from the position of instantaneous rest of the wire on one side of the vertical to 
the corresponding position on the other side. The distance of the scale from the 
axis of suspension being given, as well as the correction to be applied to jy on 
account of parallax, the arc of oscillation may be readily deduced. However, for 
our present purpose, any quantity to which the arc is proportional will do as well 
as the arc itself, and yp, though strictly proportional to the tangent of the arc, may 
be regarded as proportional to the arc itself, inasmuch as the initial arc usually 
amounted to only about 50’ on each side of the vertical. 

Now we may form a very good judgment as to the degree of accuracy of the 
geometric formula by comparing the arc observed in the middle of an experiment 
with the geometric mean of the initial and final arcs. I have treated in this way 
BESSEL’s experiments, Nos. 1, 2, 3, 4, and 5. Each of these is in fact a group of 
six experiments, four with the long pendulum and two with the short, so that the 
whole consists of 20 experiments with the long pendulum, and 10 with the short. 
In the case of the long pendulum, the observed value of jz regularly fell short of the 
calculated value, and that by a tolerably constant quantity. The mean difference 
amounted to 0.688 line, and the mean error in this quantity to 0.109. This mean 
error was not due entirely to errors of observation, or variations in the state of 
the air, &c., but partly also to slight variations in the initial arc, larger differences 
usually accompanying larger initial arcs. The initial arc usually corresponded to 
jt = 39 or 40 lines, and the final to 4 = 15 or 16 lines. In the case of the short 
pendulum, the differences in 8 cases out of 10 had the same sign as before. The 
mean difference was 0.025, and the mean error 0.043. The arcs of oscillation were 
nearly the same as before; but inasmuch as the axis of suspension was nearer to 
the scale than before, the initial value of js was only about 12 or 13 lines, and the 
final value about 7 lines. When the results of some of the experiments were laid 
down on paper, by abscissas taken proportional to the times and ordinates to the 
logarithms of jz, it was found that in the case of the long pendulum the line so 
drawn was decidedly curved, the concavity being turned toward the side of the 
positive ordinates. The curvature of the line belonging to the short pendulum could 
hardly be made out, or at least separated from the effects of errors of observation. 
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The experiments 9, 10, 11, having been treated numerically in the same way as 
the experiments 1-5, led to much the same result. In the 16 experiments with the 
ivory sphere and short pendulum contained in the experiments Nos. 12, 13, 14, and 
15, the excess of the calculated over the observed value of 4 was more apparent, 
the mean excess amounting to 0.129. The reason of this probably was, that the 
observations with the ivory sphere were made through a somewhat wider range of 
arc than those with the brass sphere. 

It appears then that at least in the case of the long pendulum a correction is 
necessary, in order to clear the observed decrease in the arc of oscillation from the 
effect of that part of the resistance which increases with the arc more rapidly than if 
it varied as the first power of the velocity, and so to reduce the observed rate of de- 
crease to what would have been observed in the case of indefinitely small oscillations. 


75. In COULOMB’s experiments it appeared that the resistance was composed of 
two terms, one involving the first power, and the other the square of the velocity. If 
we suppose the same law to hold good in the present case, and denote the amplitude 
of oscillation at the end of the time t, measured as an angle, by a, we shall obtain 


<< = —Aa — Ba’, (3.27) 
where A and B are certain constants. We must now endeavour to obtain A from 
the results of observation. Since the substitution for a of a quantity proportional 
to a will only change the constant B in Equation 3.27, and the numerical value 
of this constant is not required for comparison with theory, we may substitute for 
a the number of lines read off on the scale as entered in BESSEL’s tables in the 
columns headed wp. 

I have employed four different methods to obtain A from the observed results. The 
one I am about to give is the shortest of the four, and is sufficiently accurate for 
the purpose. 

The Equation 3.27 gives after dividing by a 


dlog(a) 
——— = -A-Ba. 3.28 
dt 2 oe) 
Now, as has been already observed, the arcs of vibration decrease nearly in geometric 


progression. If this law were strictly true, we should have 
ee: 
a=ao- (=) (3.29) 
Qo 


where ao denotes the initial and a2 the final arc, and J’ denotes the whole time 
of observation. We may, without committing any material error, substitute this 
value of a in the last term of Equation 3.28. The magnitude of the error we thus 
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commit is not to be judged of merely by the smallness of B. The approximate 
Equation 3.29 is rather to be regarded as a well-chosen formula of interpolation, 
and in fact z -In (<2) differs very sensibly from A. Making now this substitution 
in Equation 3.28, integrating, and after integration restoring a in the last term by 
means of Equation 3.29, we get 

BTa 


Hosta) = —AP~ 55a) — logan) * © — 


C being an arbitrary constant. To determine the three constants A, B, C, let a; 
be the arc observed at the middle of the experiment, apply the last equation to the 
arcs Qg, Q1, Q2, and take the first and second differences of each member of the 
equation. Let A; denote the sum of the two first differences, so that Ajt is the 
same thing as 7’. Then we may take for the two equations to determine A and B 


BA,t- Ajao 

ae = —AA\t — ——___— 
1 > log(ao) © Ay log(ao) ’ 
as =-— 

A? - log(ao) A? - log(ag) — 


Eliminating B, and passing from Napierian to common logarithms, which will be 
denoted by log, we get 


A - log(ao) = A? - log(ag) - Ara (3.31) 
~ loge) - Aqt Ay - log(ag) - A?a J | 
If we suppose the part of — do which does not vary as the first power of a to be 
a’¢'(a) instead of Ba?, we shall get in the same way 
log(e) - Ait A; - log(ao) - A? (a0) J” 


76. I have not attempted to deduce evidence for or against the truth of Equa- 
tion 3.27 from BESSEL’s experiments. The approximate Equation 3.29 so nearly 
satisfied the observations, that almost any reasonable formula of interpolation which 
introduced one new disposable constant would represent the experiments within 
the limits of errors of observation. It may be observed, that the factor outside the 
brackets in Equation 3.31 and Equation 3.32 is the first approximate value of A 
got by using only the initial and final arcs, and supposing the arcs to decrease in 
geometric progression. In the case of the long pendulum, the value of A, corrected 
in accordance with Equation 3.32, would be very sensibly different according as 
we supposed ¢(a) to be equal to Ba, in which case Equation 3.32 would reduce 
itself to Equation 3.31, or equal to Ba?. In the case of the long pendulum with 
the brass sphere, the corrected value of A, deduced from Equation 3.31, was equal 
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to about 0.77 of the first approximate value. 

I have not considered it necessary to go through all BESSEL’s experiments, as 
it was not to be expected that the formula should account for the whole ob- 
served decrement. I have only taken four experiments for each kind of pendulum, 
namely, I. a, b, e, and f for the long pendulum with the brass sphere; I. c and 
d and II. ¢ and d for the short pendulum with the brass sphere; XII. a, b, c, 
and d for the long pendulum with the ivory sphere, and XII. a’, b’, c’, and d’ 
for the short pendulum with the ivory sphere. Equation 3.31 gave the following 
results. First case, log(e) - 7A = 0.0000759; mean error = 0.0000020. Second case, 
log(e)-7A = 0.0000504; mean error = 0.0000075. Third case, log(e) - A = 0.000631; 
mean error = 0.000046. Fourth case, log(e) - A = 0.000167; mean error = 0.000074. 
Now [=7A and therefore, to get the values of { deduced from experiment, it will 
be sufficient to divide the numbers above given by the modulus of the common 
system of logarithms. The theoretical value of [ will be got from Equation 3.23, if 
we add to k’ the correction Ak’ depending upon the wire. The following are the 
results: 


long p. brass s. short p. brass s. long p. ivory s. short p. ivory s. 


1000000 [{ for sphere 
alone in an unlimited 


mass of fluid, by theory ae 67 50 298 222 
additional for wire ue Zt 9 114 39 

94 59 412 261 
1000000 f by experiment 3, 5 116 1453 384 


It appears then that the calculated rate of decrease of the arc amounts on the 
average to about half the rate deduced from observation. This is about what we 
might have expected, considering the various circumstances, all tending materially 
to augment the rate of decrease, which were not taken into account in the calculation. 


77. Of BAILY’s pendulums I have compared the following with theory in regard 
to the decrement of the arc of vibration. No. 1 (the 13-inch platina sphere), 
experiments 1 to 8; No. 3 (the brass 13-inch sphere), experiments 9 to 16; No. 6 
(the 2-inch brass sphere), experiments 33 to 40; No. 21 (the 0.410-inch long copper 
cylindrical rod), experiments 109 to 112; and No. 35-38 (the 13-inch long brass 
tube), experiments 167 to 174. I have not thought it worth while to compute the 
results obtained with the other 13-inch and 2-inch spheres, inasmuch as they were 
of the same size as the brass spheres, and moreover the observation of the decrement 
of the arc was not the object BAILY had in view in making the experiments. The 
3-inch sphere, and all the other cylindrical rods and combinations of cylindrical 
rods and spheres, belong to the ” additional experiments” for which the arcs are 
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not given. 

The mode of performing the calculation will best be explained by an example. 
Take, for instance, the pair of experiments Nos. 1 and 2. In No. 1 the total interval 
was 4.22 hours, the initial arc was 0°.77, the final arc 0°.29, the mean height of the 
barometer 30.24 inches, and the temperature about 385° F. The difference of the 
common logarithms of the initial and final arcs is 0.424, and this divided by the 
total interval gives 0.1005 for the difference of logarithms for one hour. The second 
experiment, treated in a similar way, gives 0.0352, which expresses the effect of 
friction at the point of support, communication of motion to the support itself, 
&c., together with the resistance of highly rarefied air at a pressure of only 0.97 
inch of mercury. Since we have reason to believe that ju’ is independent of the 
density, we may get the effect of air at a pressure of 30.24 - 0.97 or 29.27 inches 
of mercury by subtracting 0.0352 from 0.1005, which gives 0.0653. Reducing to 
29 inches of mercury for convenience of comparison, we get 0.0649. Each pair of 
experiments is to be treated in the same way. Since the temperature was nearly 
the same in the experiments made with the same pendulum, we may suppose it 
constant, and equal to the mean of the temperatures in the experiments made 
under the full atmospheric pressure. The experiments reduced consist of four pair 
for each pendulum, except No. 21, for which only two pair were performed. The 
following are the results. For the 15-inch platina sphere 0.0644, mean error 0.0044. 
For the 15-inch brass sphere 0.180, mean error 0.024. For the 2-inch brass sphere 
0.094, mean error 0.013. For the copper rod 0.486, mean error 0.113. For the 
brass tube the results were 0.145, 0.363, 0.338, 0.305. Rejecting the first result as 
anomalous, and taking the mean of the others, we get 0.335, mean error 0.030. To 
obtain [ from the mean results above given we have only to divide by 3600 times 
the modulus, and multiply by 7, and for the experiments with spheres we may 
suppose T = 1. 

The mode of calculating { from theory in the case of a sphere suspended by a fine 
wire has already been explained. For the sake of exhibiting separately the effect of 
the wire, I will give one intermediate step in the calculation. 


1.44-inch sphere. 


k’ ,for sphere alone ... 0.326 
Ak’ ,the correction for the wire ... 0.130 
Total, to be substituted in Equation 3.23... 0.456 


1.46-inch sphere. 
0.320 
0.130 


0.450 


2.06-inch sphere. 
0.220 
0.045 


0.265 


Equation 3.22, which applies to a sphere suspended by a wire, will be applicable to 
a long cylindrical rod if we suppose M@ = 0. Hence the same Equation 3.23 that 
has been used for a sphere may be applied to a cylindrical rod if we suppose k’ to 
refer to the rod. For the copper rod k’ = 1.107, and for the tube k’ = 0.2561. The 
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following are the results for the three spheres and two cylinders. 


No. 1. No. 3. No. 6. No. 21. Nos. 35-38. 


1000000 [, from experiment ... 41 115 60 315 206 
1000000 [, from theory ... 39 106 60 237 156 
Difference ... +2 +9 0 +78 +50 


It appears that the experiments with spheres are satisfied almost exactly. The 
differences between the results of theory and observation are much larger in the case 
of the long cylinders. Large as these differences appear, they are hardly beyond 
the limits of errors of observation, though they would probably be far beyond the 
limits of errors of observation in a set of experiments performed on purpose to 
investigate the decrement of the arc of vibration. It was to be expected beforehand 
that the results of calculation would fall short of those of observation, inasmuch as 
only two arcs were registered in each experiment, so that no data were afforded for 
eliminating the effect of that part of the resistance which did not vary as the first 
power of the velocity. 


78. I have now finished the comparison between theory and experiment, but 
before concluding this section 3.1 I will make a few general remarks. 
When a new theory is started, it is proper to enquire how far the theory does 
violence to the notions previously entertained on the subject. The present theory 
can hardly be called new, because the partial differential equations of motion 
were given nearly thirty years ago by NAVIER, and have since been obtained, on 
different principles, by other mathematicians; but the application of the theory 
to actual experiment, except in some doubtful cases relating to the discharge of 
liquids through capillary tubes, and the determination of the numerical value of 
the constant py’, are, I believe, altogether new. Let us then, in the first instance, 
examine the magnitude of the tangential pressure which we are obliged by theory 
to suppose capable of existing in air or water. 
For the sake of clear ideas, conceive a mass of air or water to be moving in horizontal 
layers, in such a manner that each layer moves uniformly in a given horizontal 
direction, while the velocity increases, in going upwards, at the rate of one inch 
per second for each inch of ascent. Then the sliding in the direction of a horizontal 
plane is equal to unity, and therefore the tangential pressure referred to a unit of 
surface is equal to pw or pp. The absolute magnitude of this unit sliding evidently 
depends only on the arbitrary unit of time, which is here supposed to be a second. 
In the case supposed, it will be easily seen that the particles situated at one instant 
in a vertical line are situated at the expiration of one second in a straight line 
inclined at an angle of 45° to the horizon. Equating the tangential pressure p'p 
to the normal pressure due to a height h of the fluid, we get h = e, g being the 
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force of gravity. Putting now g = 386, pw’ = (0.116)? for air, py’ = (0.0564)? for 
water, we get h = 0.00003486 inch for air, and h = 0.000008241 inch for water, 
or about the one thirty-thousandth part of an inch for air, and less than the 
one hundred-thousandth part of an inch for water. If we enquire what must be 
the side of a square in order that the total tangential pressure on a horizontal 
surface equal to that square may amount to one grain, supposing the density of 
air to be to that of water as 1 to 836, and the weight of a cubic inch of water 
to be 252.6 grains, we get 25 feet 8 inches for air, and 1 foot 10 inches for water. 
It is plain that the effect of such small forces may well be insignificant in most cases. 


79. In a former paper I investigated the effect of internal friction on the 
propagation of sound, taking the simple case of an indefinite succession of plane 
waves, see page 94. It appeared that the effect consisted partly in a gradual 
subsidence of the motion, and partly in a diminution of the velocity of propagation, 
both effects being greater for short waves than for long. The second effect, as I 
there remarked, would be contrary to the result of an experiment of M. BIOT’s, 
unless we supposed the term expressing this effect to be so small that it might be 
disregarded. I am now prepared to calculate the numerical value of the term in 
question, and so decide whether the theory is or is not at variance with the result 
of M. BIOT’s experiment. 

According to the expression given in the paper just mentioned, we have for the 
proportionate diminution in the velocity of propagation 


8x7 py! 
9\2V 2? 


A being the length of a wave, and V the velocity of sound. To take a case 
as disadvantageous as possible, suppose A only equal to one inch, which would 
correspond to a note too shrill to be audible to human ears. Taking the velocity 
of sound in air at 1000 feet per second, there results for the common logarithm 
of the expression above written 11.0428, so that a wave would have to travel near 
100000000000 inches, or about 1578000 miles, before the retardation due to friction 
amounted to one foot. It is plain that the introduction of internal friction leaves 
the theory of sound just as it was, so far as the velocity of propagation is concerned, 
at least if the sound be propagated in free air. 

The effect of friction on the intensity of sound depends on the first power of pu’. In 
the case of an indefinite succession of plane waves, it appears that during the time 
t the amplitude of vibration is diminished in the ratio of 1 to e~“, and therefore 
the intensity in the ratio of 1 to e~?%, where 


- Sr? p! 
* Bn? 
Putting A = 1 and t = 1 we get 1 to 0.4923, or 2 to 1 nearly, for the ratio in which 
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the intensity is altered during one second in the case of a series of waves an inch 
long. The rate of diminution decreases very rapidly as the length of wave increases, 
so that in the case of a series of waves one foot long the intensity is altered in one 
second in the ratio of 1 to 0.995095, or 201 to 200 nearly. It appears then that in 
all ordinary cases the diminution of intensity due to friction may be neglected in 
comparison with the diminution due to divergence. If we had any accurate mode 
of measuring the intensity of sound it might perhaps be just possible, in the case 
of shrill sounds, to detect the effect of internal friction in causing a more rapid 
diminution of intensity than would correspond to the increase of distance from the 
centre of divergence. 


3.2. Suggestions with reference to future 
experiments 


80. I am well aware that the mere proposal of experiments does not generally form 
a subject fit to be brought before the notice of a scientific society. Nevertheless, as 
it frequently happens in the division of labour that one person attends more to the 
theoretical, another to the experimental investigation of some branch of science, it 
is not always useless for the theorist to point out the nature of the information 
which it would be most important to obtain from experiment. I hope, therefore, 
that I may be permitted to offer a few hints with reference to experiments in which 
the theory of the internal friction of fluids is concerned. I shall omit all details, 
since they would properly come in connexion with the experiments. 

Experiments with which the theory of internal friction in fluids has more or less to 
do may be performed for either of the following objects: first, to test still further 
the truth of the theory; secondly, to determine the index of friction of various gases, 
liquids, or solutions; to investigate the dependance of the index of friction of a gas 
on its state of pressure, temperature, and moisture; or to endeavour to make out 
the law according to which the index of friction of a mixture of gases depends upon 
the indices of friction of the separate gases; thirdly, to measure the length of the 
seconds’ pendulum, or its variation from one part of the earth’s surface to another. 
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3. Comparison of Theory and Experiment 


81. First object. The theory has been already put to a pretty severe test by 
means of the experiments of BAILY and others. Nevertheless there are some 
uncertainties in the comparison of theory and experiment arising from the influence 
of modifying causes of which the effect could only be estimated from theory, and yet 
was not so small as to be merged in errors of observation. Moreover, experiments 
on the decrement of the arc of vibration are almost wholly wanting. The following 
system of pendulums, meant to be swung in air and in vacuum, would afford a 
very good test of the theory. 


e No. 1. A 2-inch or 13-inch sphere swung with a fine wire. 
e No. 2. A very small sphere swung with the same kind of wire. 
e No. 3. A long cylindrical rod, a few tenths of an inch in diameter. 


e No. 4. A cylinder only three or four inches long, of the same diameter as 
No. 3, swung with the same kind of wire as No. 1. 


The vacuum tube ought to be of sufficient size to render the estimated correction 
for confined space less than, or at most comparable with, errors of observation. 
The vacuum apparatus used by Col. SABINE would do very well. If the vacuum 
tube be not of sufficient size, it ought to admit of removal, and to be removed 
when the pendulums are swung in air. 

In all the experiments the arc of oscillation ought to be carefully observed several 
times during the motion, the observation of the arc being quite as important for 
the purposes of theory as the observation of the time. Indeed, if it should be 
inconvenient to observe the time, the observation merely of the arc would be very 
valuable as a test of theory. In that case an approximate value of the time of 
oscillation in air would be required. 

In the system proposed, Nos. 1 and 3 are the principal pendulums, Nos. 2 and 
4 are introduced for the sake of making certain small corrections to the results 
of Nos. 1 and 3. No. 2 is meant for the elimination from No. 1 of the effect of 
the wire, and No. 4 for the elimination from No. 3 of the effect of the resistance 
experienced by a small portion of the rod near its end. The times of vibration of 
the four pendulums ought to be nearly the same, although for that purpose slightly 
different lengths of wire would be required in Nos. 1, 2, and 4. 

It follows from theory that for a given pendulum the factor n is a function of the 
time of vibration. This is a result which seems to have been hardly so much as 
suspected by those who were engaged in pendulum experiments, or at most to 
have been mentioned as a mere possibility!?, and therefore it might be thought 
advisable to verify it by direct experiment. For my own part I regard it as so 


!2Tt should be observed however that in a subsequent memoir (Astronomische Nachrichten, No. 
223, p. 106), Bessel deduced from other experiments that the value of k was larger for the long 
than for the short pendulum. 
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3. Comparison of Theory and Experiment 


intimately connected with the fundamental principles of the theory, that if the 
theory be confirmed in other respects I think this result may be accepted on 
the strength of theory alone. The direct comparison with experiment would be 
inconvenient, because it would require a clock which kept excellent time, and yet 
admitted of being adjusted so as to make widely different numbers of vibrations in 
a day. The result could, however, be confirmed indirectly by observing the arc of 
vibration, an observation which is as easy with one time of vibration as with another. 


82. Second object. According to theory, the index of friction may be deduced 
from experiments either on the arc or on the time of vibration. It must be left to 
observation to decide which give the more consistent results. Should the results 
obtained from the arc appear as trustworthy as those obtained from the time, it 
would apparently be much the easiest way of determining p’ for an elastic fluid 
to observe the arc, because no particular accuracy would then be required in the 
observation of time. As to the form of the pendulum, a cylindrical rod would 
apparently be the best if only a single pendulum were employed. The observation of 
the arc seems the only practicable way of determining the influence of temperature 
on the index of friction, unless the pendulum be extremely light, or unless the 
observer be content with the limited range of temperature which may be procured 
by making observations at different times of year. For in an apparatus artificially 
heated or cooled, it would be difficult to prevent small unknown variations of 
temperature, which would cause variations in the rate of vibration, in consequence 
of the expansion and contraction of the pendulum; and these variations would 
vitiate the result of the experiment, so far as the time of vibration is concerned, 
because the effect of the gas on the time of vibration is deduced from the small 
difference between two large quantities which are directly observed. But the effect 
of the gas on the arc of vibration produces by far the greater part of the whole 
diminution observed, and therefore small fluctuations of temperature would not be 
of much consequence, except so far as they might occasion gentle currents; and 
even then it would not be very important, because the forces thence arising would 
not be periodic, and dependent upon the phase of vibration of the pendulum. 
The grand difficulty which besets the observation of the time of vibration of a 
pendulum oscillating in a liquid consists in the rapidity with which the oscillations 
subside. The best form of a pendulum to oscillate in a liquid would be a sphere 
suspended by a fine wire. The vessel containing the liquid and the sphere immersed 
in it ought to be so large as to render the correction for confined space insensible. 
But the index of friction of a liquid would probably be better determined by 
experiments more of the nature of those of COULOMB, or perhaps by the slow 
discharge of liquids through narrow tubes. 

Among the gases for which p’ ought to be determined experimentally should be 
mentioned coal-gas, on account of the practical application which it appears pos- 
sible to make of the result to the laying down of gas-pipes. The calculation of 
the resistance in a circular pipe is very simple, and is given in Art. 9, page 98 of 
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my former paper. According to the equations of condition assumed in the present 
paper we must put U = 0, U denoting in that article the velocity close to the 
surface. It appears that the pressure spent in overcoming friction varies as the 
mean velocity divided by the square of the diameter of the pipe, or as the rate of 
supply divided by the fourth power of the diameter. This goes on the supposition 
that the motion is sufficiently slow to allow of our neglecting the pressure which 
may be spent in producing eddies, in comparison with that spent in overcoming 
what really constitutes internal friction. 


83. Third object. With respect to experiments for determining the length of the 

seconds’ pendulum, the theory of internal friction rather enables us to calculate for 
certain forms of pendulum the correction due to the inertia of the air than points 
out any particular mode of performing the experiments. Even the ordinary theory 
of hydrodynamics points out the importance of removing all obstacles to the free 
motion of the air in the neighbourhood of the pendulum if we would calculate from 
theory the whole correction for reduction to a vacuum. 
Since the theoretical solution has been obtained in the case of a long cylindrical 
rod, or of such a rod combined with a sphere, we may regard a pendulum formed 
in this manner, and which is convertible in air, as also convertible in vacuum, for 
it is of small consequence whether the pendulum be or be not really convertible 
in vacuum, provided that if it be not we know the correction to be applied in 
consequence. 
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Part IV. 


XLVII. On the Constitution of the 
Luminiferous Aether 


The phenomenon of aberration may be reconciled with the undulatory theory of 
light, as I have already shown (Philosophical Magazine, vol. xxvii, p. 9), without 
making the violent supposition that the ether passes freely through the earth in 
its motion round the sun, but supposing, on the contrary, that the sether close to 
the surface of the earth is at rest relatively to the earth. This explanation requires 
us to suppose the motion of the zther to be such, that the expression usually 
denoted by udx + vdy + wdz is an exact differential. It becomes an interesting 
question to inquire on what physical properties of the eather this sort of motion 
can be explained. Is it sufficient to consider the ather as an ordinary fluid, or 
must we have recourse to some property which does not exist in ordinary fluids, 
or, to speak more correctly, the existence of which has not been made manifest in 
such fluids, by any phaenomenon hitherto observed? I have already attempted to 
offer an explanation on the latter supposition (Philosophical Magazine, vol xxix. 
p. 6). Professor CHALLIS, in his last communication, has considered the ether as 
an ordinary fluid. 

In my paper last referred to, I have expressed my belief that the motion for which 
udx + vdy + wdz is an exact differential, which would take place if the ather 
were like an ordinary fluid, would be unstable; I now propose to prove the same 
mathematically, though by an indirect method. 

Even if we supposed light to arise from vibrations of the ather accompanied by 
condensations and rarefactions, analogous to the vibrations of the air in the case 
of sound, since such vibrations would be propagated with about 10,000 times the 
velocity of the earth, we might without sensible error neglect the condensation of 
the zther in the motion which we are considering. As far as the case in hand is 
concerned, Professor CHALLIS might have regarded p as constant, and treated p as 
he has treated s. Suppose, then, a sphere to be moving uniformly in a homogeneous 
incompressible fluid, the motion being such that the square of the velocity may 
be neglected. There are many obvious phenomena which clearly point out the 
existence of a tangential force in fluids in motion, analogous in many respects to 
friction in the case of solids. When this force is taken into account, the equations 
of motion become (Cambridge Philosophical Transactions, vol. viii. p. 297) 


dp _ du | du d’u_ d*u 
my dx? © dy? | dz)’ 


ag ae 


(1) 


with similar equations for y and z. In these equations the square of the velocity 
is omitted, according to the supposition made above, p is considered constant, 
and the fluid is supposed not to be acted on by external forces. We have also the 
equation of continuity 


=0, (2) 


and the conditions, (1) that the fluid at tile surface of the sphere shall be at rest 
relatively to the surface, (2) that the velocity shall vanish at an infinite distance. 
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For my present purpose it is not requisite that the equations such as Equation 1 
should be known to be true experimentally; if they were even known to be false they 
would be sufficient, for they may be conceived to be true without mathematical 
absurdity. My argument is this. If the motion for which udx + vdy + w dz is an 
exact differential, which would be obtained from the common equations, were stable, 
the motion which would be obtained from Equation 1 would approach indefinitely, 
as . vanished, to one for which udz + vdy + wdz was an exact differential, and 
therefore, for anything proved to the contrary, the latter motion might be stable; 
but if, on the contrary, the motion obtained from Equation 1 should turn out 
totally different from one for which udz + vdy + wdz is an exact differential, the 
latter kind of motion must necessarily be unstable. 

Conceive a velocity equal and opposite to that of the sphere impressed both on the 
sphere and on the fluid. It is easy to prove that udx + vdy + wdz will or will not 
be an exact differential after the velocity is impressed, according as it was or was 
not such before. The sphere is thus reduced to rest, and the problem becomes one 
of steady motion. The solution which I am about to give is extracted from some 
researches in which I am engaged, but which are not at present published. It would 
occupy far too much room in this Magazine to enter into the mode of obtaining 
the solution: but this is not necessary; for it will probably be allowed that there is 
but one solution of the equations in the case proposed, as indeed readily follows 
from physical considerations, so that it will be sufficient to give the result, which 
may be verified by differentiation. 

Let the centre of the sphere be taken for origin; let the direction of the real motion 
of the sphere make with the axes angles whose cosines are 1, m, n, and let v be the 
real velocity of the sphere; so that when the problem is reduced to one of steady 
motion, the fluid at a distance from the sphere is moving in the opposite direction 
with a velocity v. Let a be the sphere’s radius: then we have to satisfy the general 
Equation 1 and Equation 2 with the particular conditions 


Cal, BS. w=)... when: rH (3) 


u=—l-v, v=-m-v, w=-n-v, when r=o, (4) 


r being the distance of the point considered from the centre of the sphere. It will 
be found that all the equations are satisfied by the following values, 


3 > Ge | | | la’? 3a 
tie? as -a-(lz+my+nz)+lv- 1,374,771 ; 


with symmetrical expressions for v and w. II is here an arbitrary constant, which 
evidently expresses the value of p at an infinite distance. Now the motion defined 
by the above expressions does not tend, as fz vanishes, to become one for which 
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udx + vdy + wdz is an exact differential, and therefore the motion which would 
be obtained by supposing udx + vdy + wdz an exact differential, and applying to 
the ether the common equations of hydrodynamics, would be unstable. The proof 
supposes tHe motion in question to be steady; but as such it may be proved to 
be, if the velocity of the earth be regarded as uniform, and an equal and opposite 
velocity be conceived impressed both on the earth and on the ether. Hence the 
stars would appear to be displaced in a manner different from that expressed by 
the well-known law of aberration. 

When, however, we take account of a tangential force in the wether, depending, not 
on relative velocities, or at least not on relative velocities only, but on relative dis- 
placements, it then becomes possible, as I have shown (Philosophical Magazine, vol. 
xxix. p. 6), to explain not only the perfect regularity of the motion, but also the 
circumstance that udx + udy + wdz is an exact differential, at least for the ether 
which occupies free space; for as regards the motion of the awther which penetrates 
the air, whether about the limits of the atmosphere or elsewhere, I do not think it 
prudent, in the present state of our knowledge, to enter into speculation; I prefer 
resting in the supposition that udxz+vudy+w dz is an exact differential. According 
to this explanation, any nascent irregularity of motion, any nascent deviation from 
the motion for which udz + vdy + wdz is an exact differential, is carried off 
into space, with the velocity of light, by transversal vibrations, which as such are 
identical in their physical nature with light, but which do not necessarily produce 
the sensation of light, either because they are too feeble, as they probably would be, 
or because their lengths of wave, if the vibrations take place in regular series, fall 
beyond the limits of the visible spectrum, or because they are discontinuous, and 
the sensation of light may require the succession of a number of similar vibrations. 
It is certainly curious that the astronomical phenomenon of the aberration of light 
should afford an argument in support of the theory of transversal vibrations. 
Undoubtedly it does violence to the ideas that we should have been likely to form 
a priori of the nature of the sther, to assert that it must be regarded as an elastic 
solid in treating of the vibrations of light. When, however, we consider the wonder- 
ful simplicity of the explanations of the phenomena of polarization when we adopt 
the theory of transversal vibrations, and the difficulty, which to me at least appears 
quite insurmountable, of explaining these phenomena by any vibrations due to the 
condensation and rarefaction of an elastic fluid such as air, it seems reasonable to 
suspend our judgement, and be content to learn from phenomena the existence 
of forces which we should not beforehand have expected. The explanations which 
I had in view are those which belong to the geometrical part of the theory; but 
the deduction, from dynamical calculations, of the laws which in the geometrical 
theory take the place of observed facts must not be overlooked, although here the 
evidence is of a much more complicated character. 

The following illustration is advanced, not so much as explaining the real nature 
of the ether, as for the sake of offering a plausible mode of conceiving how the 
apparently opposite properties of solidity and fluidity which we must attribute to 
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the ether may be reconciled. 

Suppose a small quantity of glue dissolved in a little water, so as to form a stiff jelly. 
This jelly forms in fact an elastic solid: it may be constrained, and it will resist 
constraint, and return to its original form when the constraining force is removed, 
by virtue of its elasticity; but if we constrain it too far it will break. Suppose 
now the quantity of water in which the glue is dissolved to be doubled, trebled, 
and so on, till at last we have a pint or a quart of glue water. The jelly will thus 
become thinner and thinner, and the amount of constraining force which it can 
bear without being dislocated will become less and less. At last it will become 
so far fluid as to mend itself again as soon as it is dislocated. Yet there seems 
hardly sufficient reason for supposing that at a certain stage of the dilution the 
tangential force whereby it resists constraint ceases all of a sudden. In order that 
the medium should not be dislocated, and therefore should have to be treated 
as an elastic solid, it is only necessary that the amount of constraint should be 
very small. The medium would however be what we should call a fluid, as regards 
the motion of solid bodies through it. The velocity of propagation of normal 
vibrations in our medium would be nearly the same as that of sound in water; 
the velocity of propagation of transversal vibrations, depending as it does on the 
tangential elasticity, would become very small. Conceive now a medium having 
similar properties, but incomparably rarer than air, and we have a medium such as 
we may conceive the ether to be, a fluid as regards the motion of the earth and 
planets through it, an elastic solid as regards the small vibrations which constitute 
light. Perhaps we should get nearer to the true nature of the ather by conceiving 
a medium bearing the same relation to air that thin jelly or glue water bears to 
pure water. The sluggish transversal vibrations of our thin jelly are, in the case 
of the ether, replaced by vibrations propagated with a velocity of nearly 200,000 
miles in a second: we should expect, @ priori, the velocity of propagation of normal 
vibrations to be incomparably greater. This is just the conclusion to which we 
are led quite independently, from dynamical principles of the greatest generality, 
combined with the observed phenomena of optics!. 

I take this opportunity of making a few remarks on my explanation of aberration 
(Philosophical Magazine, vol. xxvii, p. 9), more especially as Professor CHALLIS’s 
words at page 168 of the present volume would naturally lead to the idea, which, 
however, I believe was not intended, that I had only explained the change in 
the direction of the normal to a wave of light, so that something was wanting to 
complete, on the suppositions adopted, the explanation of aberration. To prevent 
misapprehension, I would observe, that in the explanation of aberration I here 
include the explanation of the rectilinear propagation of light, if the explanation of 
aberration be divided into two parts; the first, the explanation of rectilinear propa- 
gation; the second, the explanation of aberration on the assumption of rectilinear 


See the introduction to an admirable memoir by GREEN, On the Reflexion and Refraction of 
Light. —Cambridge Philosophical Transactions, vol. vii. p. 1. 
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propagation. To my own mind, the undulatory theory cannot be said to explain 
aberration unless it explains, either rectilinear propagation, or what is equivalent 
to it; for had the stars never been observed, I should have thought it excessively 
improbable that the path of a ray was rectilinear in the neighbourhood of the earth. 
As to the necessity for an explanation of aberration on any theory of light, I quite 
agree with Professor CHALLIS, as he has stated. Indeed, if I ever appeared to differ 
from him on this point, it was not because I held a different opinion, but because I 
failed to catch his meaning. 

In my first paper on aberration, it is true that I did not investigate the nature 
of the path of a ray of light in space; but this was only because the method I 
employed did not require any such investigation. I showed that, on the suppositions 
adopted, the path of a ray, not in space but relatively to the earth, was in the 
immediate neighbourhood of the observer directed to the apparent place of the 
heavenly body from which it came, that is, its place as affected by the observed 
aberration; and that was sufficient for my purpose. My explanation was not even 
deficient in consequence of not taking account of the light coming from the wire to 
which the star was referred; for according to my method, everything was reduced 
to the case in which the earth and the zether in its immediate neighbourhood are 
supposed to be at rest; so that there was no more occasion to notice explicitly the 
light coming from the wires, than there would have been if the earth had really 
been at rest. While, however, I would vindicate my explanation from any flaw or 
deficiency of reasoning (unless the not noticing formally and explicitly the light 
coming from the wires be regarded as such), I allow that, without investigation, I 
fancied the path of a ray in space to be curvilinear. It was first virtually proved 
by Professor CHALLIS, though not explicitly stated, that the path was rectilinear 
throughout. Consequently the angle peq (Philosophical Magazine, vol. xxvii. p. 
14), which I argued was insensible, is in fact zero. The method which consists in 
considering the rectilinear propagation of light as resulting from the supposition 
that udx + vdy + wdz is an exact differential, and then the law of aberration as 
resulting from the rectilinear propagation, instead of considering the whole at once, 
has the advantage of showing that we are at liberty to suppose the velocity of the 
ether at the surface of the earth to be of any amount relatively to the surface. I 
had not contemplated this case; for it was the precise object of my investigation to 
get rid of the apparent necessity of supposing the esther to be rushing through the 
air and through the earth itself as the earth moves round the sun. 
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Part V. 


Appendix 


A. Note A, Article 65. 


Let us apply the general equations, Equation 2.2, and Equation 2.3 to the fluid 
surrounding a solid of revolution which turns about its axis, with either a uniform 
or a variable motion, supposing the fluid to have been initially either at rest, or 
moving in annuli about the axis of symmetry. 

In the first place we may observe, that the fluid will always move in annuli about the 
axis of symmetry. For let P be any point of space, and L any line passing through 
P, and lying in a plane drawn through P and through the axis of symmetry; and 
at the end of the time ¢ let u’ be the velocity at P resolved along L. Now consider 
a second case of motion, differing from the first in having the angular velocity of 
the solid and the initial velocity of the fluid reversed, everything else being the 
same as before. It follows from symmetry, that at the end of the time t the velocity 
at P resolved along L will be equal to u’, since the motion of the solid and the 
initial motion of the fluid, which form the data of the one problem, differ from 
the corresponding quantities in the other problem only as regards the distinction 
between one way round and the other way round, which has no relation to the 
distinction between to and fro in the direction of a line lying in a plane passing 
through the axis of rotation. But since all our equations are linear as regards the 
velocity, it follows that in the second problem the velocity will be the same as in 
the first, with a contrary sign, and therefore the velocity at P in the direction of 
the line LZ will be equal to —u’. Hence u’ = —w’, and therefore u’ = 0, and therefore 
the whole motion takes place in annuli about the axis of rotation. 

Let the axis of rotation be taken for the axis of z; let w be the angle which a plane 
passing through this axis and through the point P makes with the plane of xy, and 
let v' be the velocity at P. Then 


u=—v'-sin(w) , 
v=v' -cos(w), 


w=0, 


and all the unknown quantities of the problem are functions of t, z, and w, where 


wm=vV/2r7+y?. 


A. Note A, Article 65. 


Substituting in Equation 2.2 the above values of u, v, and w, and after differentiation 
putting w = 0, as we are at liberty to do, we get 


/ 2,,/ 2e-t / / 
du! & ats = -3) (A.1) 
a dw wa 

The first two of these equations give p = a constant, or rather p = a function of 
t, which for the same reason as in Art. 7, page 141 we have a right to suppose it 
to be equal to zero. The third equation combined with the equations of condition 
serves to determine v’. 

Now in the particular case of an oscillating disk, the Equation A.1 becomes according 
to the mode of approximation adopted in Art. 8, page 143, 


d2v’ a dv’ 
Bae ae’ 


(A.2) 


which in fact is the same as the second of the Equation 2.8. The solution thus 
obtained is as we have seen 
CS or 2A); (A.3) 


f denoting a function the form of which there is no need to write down, which 
satisfies Equation A.2 when written for v’. Now it will be seen at once that 
Equation A.3 satisfies the exact Equation A.1, and therefore the approximate 
solution obtained by the method of Art. 8, page 143, is in fact exact, except so far 
as regards the termination of the disk at its edge, which is what it was required to 
prove. 

Passing from semi-polar to polar co-ordinates, by putting 


z=r-cos(6), 


@m=r-sin(6), 


we get from Equation A.1, after writing yp for yu 


2,t 9 / 1 / / ! 
d*v dv’ | d (sin( a) Vv 1 dv (A.4) 


r dr | r2-sin(0) dd “dd pe sin2(0) pl dt ~ 
Suppose now the solid to be a sphere, having its centre at the origin. Let a be its 
radius, ¢ its angular velocity, and suppose the fluid initially at rest. Then v’ is to 


258 


A. Note A, Article 65. 


be determined from the general Equation A.4 and the equations of condition 
v =0 when t=0, 
uv’ =ag-sin(0) when r=a, 
v =0 when r=oo. 
All these equations are satisfied by supposing 
uv =v" -sin(6), 
v” being a function of r and t only. We get from Equation A.4 


2,7 " " " 
d*v eee ee du" (A.5) 


dr? r ar r2 jt: dt 


If we suppose ¢ constant, uv” will tend indefinitely to become constant as t increases 
indefinitely, and in the limit dee = 0, whence we get from Equation A.5 and the 
equations of condition v” = a- @ when r = a, v’ = 0 when r = ~, 


ee cee 
Uist sin(0) . 


This is the solution alluded to in Art. 8, page 96 of my paper On the Theories of 
the Internal Friction of Fluids in motion, &c. 


259 


B. Note B, Article 65. 


Let us resume the problem of Art. 7, page 141, but instead of the motion of the 
plane being periodic, let us suppose that the plane and fluid are initially at rest, 
and that the plane is then moved with a constant velocity V, and let the notation 
be the same as in Art. 7. 

The general Equation 2.8 remain the same as before, but the equations of condition 
become in this case 


v=0 when 7=0. from ¢=0-- to’ 2 =o: 


v=V when x=0 from t=0 to t=o. 


By FOURIER’s theorem and another theorem of the same kind, v may be expanded 
between the limits 0 and oo of x in the following form: 


2 me ~ / / / 
ee / i cos(ax) cos(ax’) (2, t) da’ da 
+ - : : / sin(ax) sin(ax’)¢)(2', t) dx’ da. (B.1) 


In fact, v could be expanded by means of either of these expressions separately, and 
of course can be expanded in an infinite number of ways by the sum of the two. If 
however v had been expanded by means of the first expression alone, its derivatives 
with respect to x could not have been obtained by differentiating under the integral 
signs, inasmuch as the derivatives of an odd order do not vanish when at x = 0, but 
would have been given by certain formulze which I have investigated in a former 
paper.! A similar remark applies to the second expansion, in consequence of the 
circumstance that v itself and its derivatives of an even order do not vanish with «x. 
But by combining the two expansions we may obtain the derivatives of v, up to 
any order 7 that we please to fix on, by merely differentiating under the integral 
signs. For we may evidently express the finite function v, and that in an infinite 
number of ways, as the sum of two finite functions ¢(2,t), w(a#,t), which like v 
vanish when « = oo, and which are such that the odd derivatives of the first, and 
the even derivatives of the second, up to the order i, as well as ~(z,t) itself, vanish 
when x = 0. Substituting now in the second Equation 2.8 the expression for v 


1On the critical values of the sums of periodic series. Camb. Phil. Trans. Vol. VIII. p. 533., 
see https: //books. google.de/books?id=_YnvAAAAMAAJ&h1=deksource=gbs_navlinks_s, p. 
237. 


B. Note B, Article 65. 


given by Equation B.1, we see that the equation is satisfied provided 


d@ 7 
athe o=0, 
dy Q 
ap + party =0. 


These equations give 
olw!,t) = x2) ek, 
h(a’, t) = o(2’) . e wot ; 


where y and o denote two new arbitrary functions. Substituting in Equation B.1, 
and then passing to the first of the equations of condition, we get 


0= x(x) + o(2), 


whence o(x) = —yx(x) and 


ga ese (x + 2')) ety (2) de! da 


(e+2')? 


=e i e 4% y(z')dz’. (B.2) 


The second of the equations of condition requires that 


e ace te yda 


Fah 
-—f ey (2s: Vt) as. 


Since the second member of this equation must be independent of t, we get x(a’) = 
a constant, and this constant must be equal to V, since 


2 : 2 
—-: e° ds=1. 
Vm Jo 


Substituting in Equation B.2 we get 


V co (xt2") 
v= Vat : a 4uit dx’ ; (B.3) 
Tp 0 
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For the object of the present investigation nothing is required but the value of se 
for x = 0, which we may denote by Cae We get from Equation B.3 


@ Su, (B.) 
dz / 5 Vat 

Now suppose the plane to be moved in any manner, so that its velocity at the end 
of the time t is equal to f(t). We may evidently obtain the result for this case 
by writing f’(t’) dt’ for V, and t—? for t in Equation B.4, and integrating with 
respect to t’. We thus get 


(2) =a f rengtg=-ge [rw-o. s 


To apply this result to the case of an oscillating disk, let r - a“ =r-F(t) be the 


velocity of any annulus, and G the moment of the whole force of the fluid on the 


disk. Then . i 
G=4nn'p- | (2) dr; 
0 dz / 


and ($2), will be got from Equation B.5 by substituting r- F(t) for f(t). We find 
thus 


Se dt, 
CS = mit pat [ Pith) = 
Le: p ; ( VTE 


If we suppose the angular velocity of the disk to be expressed by A- sin(nt), where 
A is constant, we must put F(t) = A-sin(nt) in Equation B.6, and we should then 
get after integration the same expression for G as was obtained in Art. 8, page 143, 
by a much simpler process. Suppose, however, that previously to the epoch from 
which t is measured the disk was at rest, and that the subsequent angular velocity 
is expressed by A; - sin(nt), where A; is a slowly varying function of t. Then 


(B.6) 


F(t)=0 when ¢<0O, 
F(t) = A;-sin(nt) when t>0. 


On substituting in Equation B.6 we get 


at, 


7 


Now treating A; as a slowly varying parameter, we get from a formula given by Mr 
Airy, and obtained by the method of the variation of parameters, 


t 
G=—/np! - pa‘n- ip A;_1, > cos |[n- (t — t)] (B.7) 
0 


dAg - 3G. 
Ab -sin(nt) , (B.8) 
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where J denotes the moment of inertia. In the expression for G we may replace 
A;_1, under the integral sign by A; outside it, because A; is supposed to vary 
so slowly that A;-;, does not much differ from A; while ¢; is small enough to 
render the integral of importance. Making this simplification and substituting in 
Equation B.8 we get 


1 dA : dt 
i ay = —c-sin(nt) - i, cos [n - (t — t1)] TR (B.9) 
where 
C= ae te 
7 


If then Ag be the initial and A the final value of A;, we get from Equation B.9 


log (=) = e+ [fsinint)- [eo in (¢— ty) Ge hae. (B.10) 


Let now Ag + AAyg be what Ap would become if, while the final arc A and the 
whole time ¢t remained the same, the motion had been going on for an indefinite 
time before the epoch from which t is measured, in which case the superior limit 
in the integral involved in the expression for G would have been oo in place of t. 
Then 


log (a) = e+ [fsinint) [cos In (¢— ay) Ge ba, (B.11) 


whence by subtracting, member from member, Equation B.10 from Equation B.11, 
we get 


log a) =e. ff fsinint)- [eosin (t ay) hat, 


which becomes after integration by parts 


Ag + AAo Cc T 
Sal OVE 
log ( a ) In { a Vt - cos(nt) 


sa dt 
—cos(2nt) + f oan ay 


+ [2nt — sin(2nt)] - ie sin(nt)  } (B.12) 


264 


B. Note B, Article 65. 


Now t is supposed to be very large: in COULOMB’s experiments in fact 10 oscillations 
were observed, so that nt = 107. But when ¢ is at all large the two integrals 


/ beste : 
t t 


i * gin (ad) 7, 


can be expressed under the forms 


as 


— P -sin(nt) + Q - cos(nt) , 
P - cos(nt) + Q- sin(nt) , 


where 


ee ee ee 
n/t An3/t® 


Oia io ee! 
In2/3 8nt/t7 


are series which are at first rapidly convergent, and which enable us to calculate the 
numerical values of the integrals with extreme facility. These expressions were first 
given by M. CAUCHY, in the case of FRESNEL’s integrals, to which the integrals 
just written are equivalent. They may readily be obtained by integration by parts, 
though it is not thus that they were demonstrated by M. CAUCHY. If now the 
above expressions be substituted for the integrals in Equation B.12, the terms 
containing Vt destroy each other, and for general values of t the most important 
term after the first contains a Since however t is supposed to correspond to 
the end of an oscillation, so that nt is a multiple of 7, the coefficient of this term 
vanishes, and the most important term that actually remains contains only Tr 
Hence neglecting insensible quantities we get from Equation B.12 


ig Ao + AAo _ Cc ; T 
° Ao ~ An 2n- 


(B.13) 


We get from Equation B.11 by performing the integrations 


Ag + AA 
log (5 an ree) =e = Ons pz on f sin(nt) - [cos(nt) + sin(nt)] dt 


= 7 4 [5 - {2nt + 1 — cos(2nt) — sin(2nt)} , 
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which becomes since nt is a multiple of 7 


Ap + AAo c T 
l — yf — nts B.14 
oe ( A ) 4n 2n ue ( ) 


We get from Equation B.13 and Equation B.14 


Qnt - log (25=*) = log pee) = log (= an — + log (=) 
A 7 A _ A re 


whence i re , J 
ar 0 0 
l = Aless| —= B.l 
ne ( Ao ) Qnt—-h © ( A ) ; Bo) 


and the same relation exists between the common logarithms of the arcs, which are 
proportional to the NAPIERian logarithms. Now log(Ag) — log(A) is the quantity 
immediately deduced from experiment, and log(Ag+AAp)—log(Ag) is the correction 
to be applied, in consequence of the circumstance that the motion began from rest. 
Instead of applying the proportionate correction SEES to the difference of the 
logarithms, we may apply it to the deduced value of \/y’, which is proportional to 
the difference of the logarithms. In COULOMB’s experiments 10 oscillations were 
observed, and therefore 2nt = 207, and een = (0.01617, and the uncorrected 


value of \/’ being 0.0555, we get 0.0009 for the correction, giving /y’ = 0.0564. 
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The results mentioned in this article were originally given without demonstration; 
but as the mode in which they were obtained is short, and by no means obvious, I 
have thought it advisable to add the demonstrations. 

In order that the right-hand members of Equation 2.138 may be perfect differentials, 
we must have 


do. nde dd du’ dé dw” 
dy dx 0, dz a dy ms dr dz ; 0) 
abd” yaa 8a _ r 
dz dx ’ dx dy ° dy dz ~’ 
dw” dw” du” dw’ dw’ dw” 
- dy _ yg mw 9 Ul 
ape dz oo dz saris m de” dy ; ay 
Equation II give 
dw’ dw” dw” 
peaees — =(. I 
da Ms dy ms dz Ny) 


In the particular case in which 6 = 0, Equation I, Equation I], and Equation IV 
give 

dar a0y. dit S00). de" = 0; 
and therefore w’, w”, and w”” are constant as stated in Art. 50., page 193. In the 
general case Equation I, Equation II, and Equation IV give for the differentials of 
w’, w”, and w” the following expressions: 


dé el) 
hs 2. a od d a eaetiok 
dw rp y a dz. 
dé dé 
Hi, SO joo V 
d a dz re dz , (V) 
i dé dé 
da = dy dx ae dy 


In order that the right-hand members of these equations may be perfect differentials, 
we must have 


d?6 d?6 d6 
— = — I 
dy dz © “deda Mp da dy Ms wy 


C. Note C. Article 50. 


Cee 
dy2 dz?’ dz? da?” da? dy?’ 
and therefore Ls 8 5 
=0 =0 =0. VII 
dx? > dy? dz? wy) 
Equation VI and Equation VII give 
dé dé dé 
ds, 0, sary = 0, ds; =O 


so that #2, 2 and * are constant. Substituting in Equation V and integrating, 


daz? dy dz 


and then substituting in Equation 2.138 the resulting expressions for w’, w””, and 
w’”, and integrating again, we shall obtain the results given in Art. 50, page 193. 
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D. Supplement to a Memoir On 
Some Cases Of Fluid Motion 


In a memoir which the Society did me the honour to publish in their Transac- 
tions', I shewed that when a box whose interior is of the form of a rectangular 
parallelepiped is filled with fluid and made to perform small oscillations the motion 
of the box will be the same as if the fluid were replaced by a solid having the 
same mass, centre of gravity, and principal axes as the solidified fluid, but different 
moments of inertia about those axes. The box is supposed to be closed on all sides, 
and it is also supposed that the box itself and the fluid within it were both at rest 
at the beginning of the motion. The investigation was founded upon the ordinary 
equations of Hydrodynamics, which depend upon the hypothesis of the absence of 
any tangential force exerted between two adjacent portions of a fluid in motion, a 
hypothesis which entails as a necessary consequence the equality of pressure in all 
directions. The particular case of motion under consideration appears to be of some 
importance, because it affords an accurate means of comparing with experiment the 
common theory of fluid motion, which depends upon the hypothesis just mentioned. 
In my former paper, I gave a series by means of which the numerical values of the 
principal moments of the solid which may be substituted for the fluid might be 
calculated with facility. The present supplement contains a different series for the 
same purpose, which is more easy of numerical calculation than the former. The 
comparison of the two series may also be of some interest in an analytical point 
of view, since they appear under very different forms. I have taken the present 
opportunity of mentioning the results of some experiments which I have performed 
on the oscillations of a box, such as that under consideration . The experiments 
were not performed with sufficient accuracy to entitle them to be described in detail. 


The calculation of the motion of fluid in a rectangular box is given in the 13th 
article of my former paper, page 57. I shall not however in the first instance restrict 
myself to a rectangular parallelepiped, since the simplification which I am about 
to give applies more generally. Suppose then the problem to be solved to be the 
following. A vessel whose interior surface is composed of any cylindrical surface 
and of two planes perpendicular to the generating lines of the cylinder is filled 
with a homogeneous, incompressible fluid ; the vessel and the fluid within it having 
been at first at rest, the former is then moved in any manner; it is now required to 
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determine the motion of the fluid at any instant, supposing that at that instant 
the vessel has no motion of rotation about an axis parallel to the generating lines 
of the cylinder. 


I shall adopt the notation of my former paper. u, v, w are the resolved parts of 
the velocity at any point along the rectangular axes of x, y, z. Since the motion 
begins from rest we shall have udz + vdy + wdz being an exact differential d¢. 
Let the rectangular axes to which the fluid is referred be fixed relatively to the 
vessel, and let the axis of x be parallel to the generating lines of the cylindrical 
surface. The instantaneous motion of the vessel may be decomposed into a motion 
of translation, and two motions of rotation about the axes of y and z respectively; 
for by hypothesis there is no motion of rotation about the axis of x. According 
to the principles of my former paper, the instantaneous motion of the fluid will 
be the same as if it had been produced directly by impact, the impact being such 
as to give the vessel the velocity which it has at the instant considered. We may 
also consider separately the motion of translation of the vessel, and each of the 
motions of rotation; the actual motion of the fluid will be compounded of those 
which correspond to each of the separate motions of the vessel. For my present 
purpose it will be sufficient to consider one of the motions of rotation, that which 
takes place round the axis of z for instance. Let w be the angular velocity about 
the axis of z, w being considered positive when the vessel turns from the axis of 
x to that of y. It is easy to see that the instantaneous motion of the cylindrical 
surface is such as not to alter the volume of the interior of the vessel, supposing 
the plane ends fixed, and that the same is true of the instantaneous motion of the 
ends. Consequently we may consider separately the motion of the fluid due to the 
motion of the cylindrical surface, and to that of the ends. Let ¢, be the part of @ 
due to the motion of the cylindrical surface, @, the part due to the motion of the 
ends. Then we shall have 


= Oct Ge: (D.1) 


Consider now the motion corresponding to a value of ¢, wxy. It will be observed that 
way satisfies Equation 4.36 of my former paper, which ¢ is to satisfy. Corresponding 
to this value of @ we have 


U=W'yY, Vew-r, w=O0. 


Hence the velocity, corresponding to this motion, of a particle of fluid in contact 
with the cylindrical surface of the vessel, resolved in a direction perpendicular to 
the surface, is the same as the velocity of the surface itself resolved in the same 
direction, and therefore the fluid does not penetrate into, nor separate from the 
cylindrical surface. The velocity of a particle in contact with either of the plane 
ends, resolved in a direction perpendicular to the surface, is equal and opposite to 
the velocity of the surface itself resolved in the same direction. Hence we shall get 
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the complete value of @ by adding the part already found, namely waxy, to twice 
the part due to the motion of the plane ends. We have therefore, 


b= wary + 2¢. = 26. — wry, by Equation D.1 (D.2) 


and 
be — Pe = WEY. (D.3) 


Hence whenever either @, or ¢, can be found, the complete solution of the problem 
will be given by Equation D.2. And even when both these functions can be obtained 
independently, Equation D.2 will enable us to dispense with the use of one of them, 
and Equation D.3 will give a relation between them. In this case Equation D.3 will 
express a theorem in pure analysis, a theorem which will sometimes be very curious, 
since the analytical expressions for @, and ¢- will generally be totally different in 
form. The problem admits of solution in the case of a circular cylinder terminated 
by planes perpendicular to its axis, and in the case of a rectangular parallelepiped. 
In the former case, the numerical calculation of the moments of inertia of the solid 
by which the fluid may be replaced would probably be troublesome, in the latter it 
is extremely easy. I proceed to consider this case in particular. 

Let the rectangular axes to which the fluid is referred coincide with three adjacent 
edges of the parallelepiped, and let a, b, c be the lengths of the edges. The motion 
which it is proposed to calculate is that which arises from a motion of rotation 
of the box about an axis parallel to that of z and passing through the centre of 
the parallelepiped. Consequently in applying Equation D.2 we must for a moment 
conceive the axis of z to pass through the centre of the parallelepiped, and then 
transfer the origin to the corner, and we must therefore write w- (a _ 54) . (y _ 5b) 
for wry. In the present case the cylindrical surface consists of the four faces which 
are parallel to the axis of x, and the remaining faces form the plane ends. The 
motion of the face xy and the opposite face has evidently no effect on the fluid, 
so that ¢, will be the part of ¢ due to the motion of the face xz and the opposite 
face. The value of this quantity is given near the middle of page 58 in my former 
paper. We have then by the second of the Equation D.2 


aa (=- 5°) (u- 5) . (D.4) 


the sign Uo denoting the sum corresponding to all odd integral values of n from 1 
to oo. This value of @ expresses completely the motion of the fluid due to a motion 
of rotation of the box about an axis parallel to that of z, and passing through the 
centre of its interior. 


nab _ ney _ nab ney 
Resa { (c* —1)-e a +(e @ —1)-e @ pes 
= -No—- -cos ( ) 
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Suppose now the motion to be very small, so that the square of the velocity may 
be neglected. Then, p denoting the part of the pressure due to the motion, we shall 
have p= —p- a Also in finding “ we may suppose the axes to be fixed in space, 
since by taking account of their motion we should only introduce terms depending 
on the square of the velocity. In fact, if for the sake of distinction we denote the 
co-ordinates of a fluid particle referred to the moveable axes by 2’, y’, while x, y 
denote its co-ordinates referred to axes fixed in space, which after differentiation 
with respect to t we may suppose to coincide with the moveable axes at the instant 
a, and if we denote the differential coefficient of @ with respect to t by 


( 2) when x, y, t are the independent variables, and by “ when x’, y’, t are the 


independent variables, we shall have? 


dd\ dg dgdz'  dddy do , da dy! 
a) dt dvd dyad de” ney, 


for £2, 22 mean absolutely the same as ae a 


da’? dy’ 
% / / a = ee 
respectively. Now an a depending on the motion of the axes, are small quantities 


of the order w; their values are in fact wy, —wx; so that, omitting small quantities 


of the order w?, we have 
gO 2180 
diy dee 


We shall therefore find the value of p from that of @ by merely writing —p - fe 
for w. In order to determine the motion of the box it will be necessary to find 
the resultant of the fluid pressures on its several faces. As shewn in my former 
paper, these pressures will have no resultant force, but only a resultant couple, of 
which the axis will evidently be parallel to that of z. In calculating this couple, it 
is immaterial whether we take the moments about the axis of z, or about a line 
parallel to it passing through the centre of the parallelepiped: suppose that we 
adopt the latter plan. If we reckon the couple positive when it tends to turn the 
box from the axis of x to that of y we shall evidently have 


— ff 0 («- -) dvds 


for the part arising from the pressure on the face xz, and 
b c b 
Pz=0 | ¥ — 5 dy dz 
0 Jo 


2It may be very easily proved by means of this equation, combined with the general equation 

which determines p, that whether the velocity be great or small the fluid will have the same 
effect on the motion of the box as the solid of which the moment of inertia is determined in this 
paper on the supposition that the motion is small. 


, and are therefore equal to u, v 
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for the part arising from the pressure on the face yz. It is easily seen from 
Equation D.4 that prig = —P2=0, and py=y = —Py=o, 80 that the couples due to the 
pressures on the faces xz, yz are equal to the couples due to the pressures on the 
opposite faces respectively. In order, therefore, to find the whole couple we have 
only got to double the part already found. As the integrations do not present the 
slightest difficulty, it will be sufficient to write down the result. It will be found 


that the whole couple is equal to —C'- de where 


C= POE (82 _ 30?) 4 


o (D.5) 


This expression has been simplified after integration by putting for Loa its value re 


It appears then that the effect of the inertia of the fluid is to increase the moment 
of inertia of the box about an axis passing through its centre and parallel to the 
edge c by the quantity C’. In Equation 4.40 of my former paper, there is given an 
expression for C' which is apparently very different from that given by Equation D.5, 
but the numerical values of the two expressions are necessarily the same. If we 


denote the moment of inertia of the fluid supposed to be solidified by C,, we shall 
pabe:(a?-+b?) 


have C; = 3 ; and if we put 
ia == flr), 


and treat Equation D.5 as Equation 4.40 of my former paper was treated, we shall 
find 


1 
joe ps = 2 9 3 
f(r) (+7) { 3r° + 2r 
1 
(1.200497 — 1.254821 - Sp vetsin(26,) ) \ (D.6) 
n 


where a 
tab. log tan(0,,) = 10 — 0.6821882 - = 


Equation D.6 is true, (except as regards the decimals omitted,) whatever be the 
value of r; but for convenience of calculation it will be proper to take r less than 
1, that is, to choose for a the smaller of the two a, b. The value of f(r) given by 
Equation D.6 is apparently very different from that given at the bottom of page ?? 
of my former paper, but any one may easily satisfy himself as to equivalence of the 
two expressions by assigning to r a value at random, and calculating the value of 
f(r) from the two expressions separately. The Equation D.6 is however preferable 
to the other, especially when we have to calculate the value of f(r) for small values 
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of r. The infinite series contained in Equation D.6 converges with such rapidity 
that in the most unfavourable case, that is, when r = 1 nearly, the omission of all 
terms after the first would only introduce an error of about 0.000003 in the value 
of f(r). 

For the sake of shewing the manner in which f(r) alters with r, I have calculated 
the following values of the function. Equation D.6 shews that f’(r) = 0 when r = 0; 
and f’(r) is also = 0 when r = 1, since f (4) = f(r). 


r f(r) r f(r) 
0.0 1 0.6 0.3374 
0.1 0.9629 |} 0.7 0.2521 
0.2 0.8655 || 0.8 0.1958 
0.3 0.7322 || 0.9 0.1655 
0.4 0.5873 |} 1 0.1565 
0.5 0.4512 


Table D.1.: Calculated values for f(r) 


The experiments to which I have alluded were made with a wooden box measuring 
inside 8 inches by 4 square. The box weighed not quite 1 lb., and contained about 
45 lbs. of water, so that the inertia of the water which had to be overcome was by 
no means small compared with that of the box. The box was suspended by two 
parallel threads 3 inches apart and between 4 and 5 feet long: it was twisted a little, 
and then left to itself, so that it oscillated about a vertical axis midway between the 
threads. The points of attachment of the threads were in a line drawn through the 
centre of the upper face parallel to one of its sides, and were equidistant from the 
centre. The weight of the box when empty, the length and distance of the threads, 
the time of oscillation, and the known length of the seconds’ pendulum are data suf- 
ficient for determining the moment of inertia of the box about a vertical axis passing 
through its centre. When the box is filled with water the same quantities determine 
the moment of inertia of the box and the water it contains, whence the moment of 
inertia of the water alone is obtained by subtraction. It is supposed here that the 
centre of gravity of the box coincides with the centre of gravity of its interior volume. 
In the following experiments a different face of the box was uppermost each time. 
In Nos. 1 and 2 the long edges of the box were vertical, in Nos. 3 and 4 they were 
horizontal. In all cases the inertia determined by experiment was a little greater 
than that resulting from theory: the difference will be given in fractional parts of 
the latter. The difference was 1/21 in No. 1, 1/13 in No. 2, 1/17 in No. 3, and 1/21 
in No. 4. On referring to the table at the end of the last chapter, it will be seen 
that the ratio of the moment of inertia of the fluid to what it would be if the fluid 
were solid is about three times as great in the last two experiments as in the first two. 
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I had expected beforehand to find the inertia determined by experiment a little 
greater than that given by theory, for this reason. In the theory, it is supposed that 
both the fluid itself and the surface of the box are perfectly smooth. This however 
is not strictly true. The box by its roughness exerts a tangential force on the fluid 
immediately in contact with it, and this force produces an effect on the fluid at a 
small distance from the surface of the box, in consequence of the internal friction 
of the fluid itself. We may conceive the effect of this force on the time of oscillation 
in a general way by supposing a thin film of fluid close to the surface of the box 
to be dragged along with it. Consequently, the moment of inertia determined by 
experiment will be a little greater than it would have been had the fluid and the 
surface of the box been perfectly smooth. 


These experiments are sufficient to shew that in the case of a vessel of about the 
size and shape of the one | used, filled with water, and performing small oscillations 
of the duration of about one second (as was the case in my experiments), the time 
of oscillation is not much increased by friction; at least, if we suppose, as there 
is reason for supposing, that the effect of friction does not depend on the nature 
of the surface of the box. They are not however sufficiently exact to allow us to 
place any reliance on the accuracy of the small differences between the results of 
experiment, and of the common theory of fluid motion, and consequently they are 
useless as tests of any theory of friction. 
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E. Exact Differential. Description of 
Mathematical Properties 


In multivariate calculus, i.e. the extension of calculus in one variable to calculus 
with functions of several variables, a differential or differential form is said to be 
exact or perfect (exact differential), as contrasted with an inexact differential, if 
it is equal to the general differential d@ for some differentiable function ¢ in an 
orthogonal coordinate system (hence ¢ is a multivariable function whose variables 
are independent, as they are always expected to be when treated in multivariable 
calculus). 

Despite the example is shewn in three dimensions here, the definitions of exact 
differentials for other dimensions are structurally similar to the three dimensional 
definition. In three dimensions, a form of the type 


u(z,y,z) dx + v(z,y,z) dyt+w(a, y, z) dz (E.1) 


is called a differential form. This form is called exact on an open domain R? in 
space if there exists some differentiable scalar function ¢ = $(2, y, z) defined on D 


such that 30 30 30 
fe (eas mee? — E.2 


dé=udx+vu dy+w dz 


throughout D, where z, y, z are orthogonal co-ordinates (e.g., Cartesian, cylindrical, 
or spherical co-ordinates). In other words, in some open domain of a space, a 
differential form is an exact differential if it is equal to the general differential of a 
differentiable function in an orthogonal coordinate system. 


F. Napierian Logarithm 


The first definition of the logarithm was constructed by NAPIER and popularized 
through his posthumous pamphlet (NAPIER 1619). In this pamphlet, NAPIER 
sought to reduce the operations of multiplication, division, and root extraction to 
addition and subtraction. To this end, he defined the ”logarithm” L of a number 


N by 
1\2 
N=10'- (: — a) ; (F.1) 
written NapLog(N) = L or ((N) = L. 


This definition leads to the remarkable relations 


VN, Ny = 10" - (1 — 107-7) +42) /2 
107? -.NyN5= 10°. (= 10-9) 


which give the identities 


((/.Ni No) = : - (((N1) + ICN3)) 
(10-7 Ny Ny) = U(N)) + U(No) 
i(10". =) ((N1) — (No) 


While NAPIER’s definition is different from the modern one (in particular, it 
decreases with increasing N, but also fails to satisfy a number of properties of the 
modern logarithm), it provides the desired property of transforming multiplication 
into addition. The NAPIERian logarithm can be given in terms of the modern 
logarithm by solving Equation F.1 for L, giving 


((N) = ess (F.2) 


or 
((N) © 23025851(7 — logy) N), 


F. Napierian Logarithm 


I(x). 
1.95108 - 
1.90 108 - 
1.85108 = 
1.80% 108 = 
1.75 x 108 


1.70 x 108 = 


Figure F.1.: A plot of the NAPIERian logarithm [(z) 


where 23025851 ~ 10° In(10). 

Because a ratio of logarithms appears in this expression, any logarithm base b can 
be used as long as the same value of b is used for both numerator and denominator. 
NAPIERian logarithms are essentially natural logarithms with decimal points shifted 
7 places rightward and with sign reversed. For instance the logarithmic values 


In(.5000000) = —0.6931471806 
In(.3333333) = —1.0986123887 


would have the corresponding NAPIERian logarithms: 


((5000000) = 6931472 
((3333333) = 10986124. 
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G. Sir George Gabriel Stokes 


Sir GEORGE GABRIEL STOKES, Ist Baronet, FRS (13 August 1819 — 1 February 
1903) was an Irish physicist and mathematician. Born in County Sligo, Ireland, 
Stokes spent all of his career at the University of Cambridge, where he was the 
Lucasian Professor of Mathematics from 1849 until his death in 1903. As a 
physicist, Stokes made seminal contributions to fluid mechanics, including the 
NAVIER-STOKES equations; and to physical optics, with notable works on polariza- 
tion and fluorescence. As a mathematician, he popularised ”STOKES’ theorem” in 
vector calculus and contributed to the theory of asymptotic expansions. STOKES, 
along with FELIX HOPPE-SEYLER, first demonstrated the oxygen transport func- 
tion of haemoglobin, and shewed colour changes produced by the aeration of 
haemoglobin solutions. 

STOKES was made a baronet by the British monarch in 1889. In 1893 he received 
the Royal Society’s Copley Medal, then the most prestigious scientific prize in 
the world, ”for his researches and discoveries in physical science”. He represented 
Cambridge University in the British House of Commons from 1887 to 1892, sitting 
as a Conservative. STOKES also served as president of the Royal Society from 1885 
to 1890 and was briefly the Master of Pembroke College, Cambridge. 


